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The microwave emission from a plasma in a magnetic field is calculated theoretically using Kirchhoff’s 
radiation law for cases when characteristic waves do not couple within the plasma. Experimental observa- 
tions of radiation temperatures and cyclotron radiation line breadth and shape are cited to illustrate applica- 


tions of the theory to experiment. 


I. PLASMA IN A MAGNETIC FIELD AS A 
THERMAL EMITTER 
n the limiting cases that will be discussed here, 
Kirchhoff’s radiation law can be used to determine 
the thermal power P(w) per solid angle radiated from a 
plasma of surface area S in the radian frequency interval 
dw about w!*: 


dw § 
P(w)dw= kT ,— —A(w). (1) 


2r 2 


Here \ is the wavelength of the radiation in vacuo, k is 
Boltzmann’s constant, 7, is the radiation temperature, 
and A (w) is the absorptivity of an electromagnetic test 
wave launched from the position of the observer. That 
is, for a test wave of specified polarization with electric 
and magnetic field intensities E; and H,, 


A(w)= f Re(E-o-ESdV / f Re(BixH*)-d8, (2) 
J S 


where @ is the (tensor) rf conductivity of the plasma—a 
function of frequency and plasma composition—and E 
is the electric field within the plasma. Equation (1) also 
gives the net radiation flowing down a waveguide con- 
taining a plasma, provided that the S/d? factor is set 
equal to unity. 

In general, the numerator of Eq. (2) is a sum of terms, 
~ * This research was supported in part by the U. S. Army Signal 
Corps, the Air Force Office of Scientific Research, and the Office 
of Naval Research; and in part by the U. S. Atomic Energy 
Commission. 

1S. M. Rytov, Theory of Electrical Fluctuations and Thermal 
Radiation (Akademiia Nauk S. S. S. R., Moscow, 1953). 

2F. V. Bunkin, Soviet Phys.—JETP 5(32), 227 (1957); 5(32), 


655 (1957) (translation). 


one for each characteristic wave within the plasma, with 
the components of E determined from a boundary-value 
solution for the plasma that is in question; terms in 
Eq. (2) for those characteristic waves that are different 
from the incident wave arise from coupling between 
waves. 

In-establishing Eq. (1) for a plasma in free space, the 
plasma must, in general, be homogeneous and of suffi- 
cient geometrical symmetry so that reciprocity is main- 
tained for propagation to and from the observer. For a 
plasma in a waveguide, the symmetry condition can be 
relaxed so that Eq. (1) applies to inhomogeneous, irregu- 
larly shaped plasmas, provided that they have a plane 
of symmetry normal to the waveguide axis. 

When the plasma is isotropic and homogeneous, the 
two individual polarizations can be treated separately 
and Eq. (1) can be written for either, or both, polariza- 
tions. However, since a plasma in a magnetic field is 
gyrotropic, the separate polarizations generally couple at 
the plasma boundary (or at gradients of refractive index 
within the plasma) and the full form of Eq. (2) is re- 
quired. For a gyrotropic plasma in a waveguide, the 
complete set of vacuum modes is generally needed to 
satisfy boundary conditions at the plasma-vacuum 
interfaces.’ 

Solution of Eq. (1) for a plasma of arbitrary geometry 
and composition, therefore, is reduced to a boundary- 
value problem, with coupled polarizations (or modes) 
for determining the field E within the plasma. To avoid 
complexity, we consider cases in which this coupling is 
either absent or negligible. The coupling is absent for a 
homogeneous plane plasma slab with the external dc 


3 P. S. Epstein, Revs. Modern Phys. 28, 3 (1956). 
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720 HIRSHFIELD 
magnetic field either parallel, or perpendicular, to the 
plasma boundaries. The coupling is negligible when the 
wave refractive indices in the plasma approach unity 
(that is, for a transparent plasma). The plasma will 
also be considered to be free of interference effects arising 
from neighboring boundaries; conditions under which 
this can be achieved have been discussed previously for 
plasmas without magnetic fields.‘ 

Under these restrictions, a geometrical optics formal- 
ism is a good approximation for determining 4A; this 
can be shown to be equivalent to using the equations of 
radiative transfer,’ one for each polarization or mode, 
in cases in which the equations are decoupled. As a re- 
sult, we find that A, = (1—T’,,)[1—exp(—7,) ], whereT’, 
is the power reflection coefficient at the plasma boundary 
and r, is the optical depth, both for the mth polarization 
(or mode). For a plasma of power absorption coefficient 
Qn, we have r,= So" a,(z)dz, where L represents the 
plasma dimension. 

The radiation temperature 7, in Eq. (1) has been 
determined for a steady-state, transparent plasma of 
arbitrary electron velocity distribution. When the dis- 
tribution of electron velocities is Maxwellian, T, be- 
comes 7,, the electron temperature. When collisions 
dominate the emission spectrum, 3k7,,/2 becomes u, the 
average electron energy, whenever v,, the momentum- 
transfer collision frequency, is independent of electron 
velocity. Values of 7, for variations of », with velocity 
and for various distribution functions have been found 
to deviate never more than 10% from the relation 
3kT,,/2=u for helium (which was the gas used in our 
experiments). 


II. CALCULATIONS OF THE EMISSION 
This discussion will be divided into two parts dis- 
tinguished by the magnitude of the absorption: 


t 
) 
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Fic. 1, Attenuation coefficient for the resonant wave propa- 
gating parallel to the magnetic field. No collisions. 
*G. Bekefi, J. L. Hirshfield, and S. C. Brown, Phys. Rev. 116, 
1051 (1959). 
5D. F. Martyn, Proc. Roy. Soc. (London) A193, 44 (1948). 
*G. Bekefi, J. L. Hirshfield, and S. C. Brown, Phys. Fluids 
(to be published). 
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Fic. 2. Attenuation coefficient for the resonant wave propa 
gating perpendicular to the magnetic field. No collisions 


(ad /4r)<K1, a weakly absorbing plasma ; and (a\/4r) > 1, 
a strongly absorbing plasma. We shall limit ourselves 
mainly to plasmas in which the electron’s thermal 
motion has a negligible influence on wave absorption, 
although some effects of thermal motion in weakly 
absorbing plasmas will be treated. 

Since the emission depends on the absorption through 
Kirchhoff’s law, Eq. (1), we first summarize wave 
propagation and absorption in magnetoplasmas. 


A. Absorption of Waves in a Plasma 


Magneto-ionic wave theory for plasmas with negli- 
gible effects of electronic thermal motion dates from 
Appleton’s ionospheric work.’ Astrém® and Allis* have 
reorganized the theory; we follow Allis’ approach. 

If we assume plane waves and infinitely heavy ions, 
Maxwell’s equations yield a wave equation involving 
the elements of the tensor plasma dielectric coefficient 
which are obtained from the Boltzmann equation.” For 
no thermal motion, we obtain a biquadratic deter- 
minantal equation whose roots are the complex propaga- 
tion constants as functions of radiation frequency, elec- 
tron plasma frequency, electron cyclotron frequency, 
and collision frequency. The absorption coefficient 
follows from the imaginary part of the propagation 
constant." 

In Figs. 1 and 2 we have plotted the attenuation co- 
efficient for waves propagating either parallel or perpen- 
dicular to the applied magnetic field ; these are the angles 
of propagation to which our restrictions limit the 
eventual emission calculation for plasmas that are not 
transparent. The values shown in these figures are ob- 

7J. A. Ratcliffe, The Magneto-Ionic Theory and Its A pplications 
to the Ionosphere (Cambridge University Press, New York, 1959) 

8 E. Astrém, Arkiv Fysik 2, 443 (1950). 

*W. P. Allis and R. J. Papa, Quarterly Progress Report No. 55, 
Research Laboratory of Electronics, Massachusetts Institute of 
Technology, October 15, 1959 (unpublished), pp. 19-27. 

10W. P. Allis, in Handbuch der Physik, edited by S. 
(Springer-Verlag, Berlin, 1956), Vol. 21, pp. 383-444. 

4 L. Mower, Technical Report No. MPL-1, Sylvania Electric 
Products, Inc., 1956 (unpublished) 
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tained in the limit of no collisions (v./w)—>0, and 
therefore represent evanescent rather than dissipative 
attenuation. However, as we shall see, a small value of 
(v./w) will bring about dissipative attenuation that 
follows closely the calculation for (v./w)=0. The re- 
spective polarizations are indicated in both figures. 
We see the pronounced electron resonances given by 
w=w, for nXB=0 (cyclotron resonance), and by 
w= (w,?+w,*)' for n- B=0 (plasma resonance). Here n 
is the wave normal. The attenuation coefficient for 
n-B=0 with polarization along B is not shown in 
Figs. 1 and 2; it is independent of magnetic field and 
follows the dependence on w, shown for the other waves 
when w,=0. 

The influence of a small value of (v,./w) is shown in 
Figs. 3 and 4. Here are plotted the absorption coeffi- 
cients, for the resonant wave, for 6, the angle between 
B and n, equal to 0 and x/2, respectively. The curves 
are shown as functions of w/w with (w,/w)? as a param- 
eter. For (w,/w)*<1 both cases are similar, each exhibit- 
ing a symmetrical resonance at w=w». As (w,/w)? in- 
creases, the curves broaden toward lower values of 
(w»/w) and the peaks in Fig. 4 move toward lower values 
of (w»/w), following the relation w= (w,?+w,’)!. 

When (w,’/w»r-)<1 so that the real part of the re- 
fractive index is essentially unity, the absorption co- 
efficient for the resonant wave" is 


w,” {1+cos"6 
Ce) 
c 2 


» d Ve 4orv® 
x f feo)-| - — las (3) 
0 dv ve+(w—w,)* 3 


ABSORPTION COEFFICIENT (NEPERS PER WAVELENGTH) 
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Fic. 3. Absorption coefficient for the resonant wave propa- 
gating parallel to the magnetic field. (»,/w)=10™. 
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7, pp. 399-503, 


.. Goldstein, in Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1955), Vol. 
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. 4. Absorption coefficient for the resonant wave propagating 
” Seales to the magnetic field. (»./w) =7.5X10~%. 


where the distribution of electron velocities f(v) is 
normalized so that fo” 41rv* f(v)dv= 1. The nonresonant 
wave has an absorption coefficient that equals zero in 
this approximation. Equation (3) gives a Lorentz ab- 
sorption profile,"® typical of collision broadening. 
Equation (3) shows the influence of the distribution 
of electron velocity on the absorption coefficient which 
arises from the velocity dependence of v.; otherwise it 
indicates that a is independent of f(v). For the resonant 
waves, which are slow waves, the thermal electrons can 
move with the wave and therefore interact more strongly 
than is predicted for cold electrons." One must now 
employ an absorption coefficient obtained by including 
electron thermal motion. Far example, with v,=con- 
stant, @2=0, and f(v)=exp[—(v/2)*], we obtain'® 


exp(—y*)dy / 
W—-w, C 2 ve c \3 
(YEH 
@ Ue @ U4 


where (w,?/w,v.)K1, and 1?=2kT/m. Equation (4) 
gives a Voigt profile,'® typical of a mixture of collision 
and Doppler broadenings. 


2 a 
1 w,’ vec 


ax— 


V mw vf J_, 


18 A.C. G. Mitchell and M. W. Zemansky, Resonance Radiation 
and Excited Atoms (Cambridge University Press, New York, 
1934), Chap. IV. 

4 LL. Mower, Phys. Rev. 116, 16 (1959). 

18 J. L. Hirshfield, Quarterly Progress Report No. 58, Research 
Laboratory of Electronics, Massachusetts Institute of Technology, 
July 15, 1960 (unpublished), pp. 17-27. 

16D. W.jPosener, Australian J. Phys. 12, 184 (1959). 
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B. Emission from a Weakly Absorbing Plasma 
(Cyclotron Radiation) 


In this section, we calculate the cyclotron radiation 
from a weakly absorbing plasma from single-particle 
considerations, as has been done by Oster.'? Comparison 
with the results of Sec. II-A will then show under what 
conditions these single-particle notions must be aban- 
doned in favor of the complete approach through 
Kirchhoff’s law. 

When the emitting electrons of the plasma are sufh- 
ciently sparsely distributed that they radiate as if in 
vacuo, the power radiated per unit volume per unit 
solid angle’ is 


ew,202d N (v,) £1+c0s70 
dP(v,)= - - - - } watts/m! steradian, 
) 


167 9c? 


where dN (v,) is the differential concentration of elec- 
trons having a component of velocity 2, perpendicular 
to the magnetic field. When the emission is interrupted 
periodically by collisions of frequency y, that destroy 
phase coherence and with v,°dN(v,)=2xNov'dv singd®g, 
the total power radiated per unit volume in a frequency 
interval dw is® 


w,w'm /1-+cos’6 
P(w)dw=— ) 
6n2c2 


x 


a 


where the integration over @ has already been carried 
out. 

This result is identical with that obtained from Eq. (4) 
with the use of Kirchhoff’s law [Eq. (1) ] for the reso- 
nant wave. That is, P(w)dw=a(w)B(w), with B(w) 
= kT 2*dw/8n'c*, if we substitute the value for 7, pre- 
viously derived.® 

Doppler broadening can be included in Eq. (6) by 
substituting w,[ 1— (v,/c)cos6 ] (using Cartesian velocity 
coordinates) for w». For v, independent of electron 
velocity, we write =»v,+9/ and obtain the result 
given by Eq. (5) with the use of Kirchhoff’s law. 

Equation (6) and the discussion following it show 
that correct values for the cyclotron radiation, which is 
the reaction to radiation damping for free gyrating 
electrons, can be obtained from an absorption coefficient 
that is derived without consideration of radiation damp- 
ing. This is seen to be reasonable by comparing the 


v dw 

v4 f(v)dt 
vet+ LW —w,)* 
(6) 


watts/m steradian, 


9 


17L. Oster, Phys. Rev. 116, 474 (1959). 

18H. Rosner, Report AFSWC-TR-58-47, Republic Aviation 
Coporation, Farmingdale, New York, 1958 (unpublished). 

S. Hayakawa, N. Hokk6, Y. Terashima, and T. Tsuneto, 
Paper P/1330, Proceedings of the Second United Nations Inter- 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
September 1958 (United Nations, Geneva, 1958), Vol. 32, p. 385. 
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Fic. 5. Emission in two waves in a plasma 
parallel to the magnetic field, (», 
perpendicular to the magnetic field, (» 


a) Propagation 


w)?=10~*. (b) Propagation 


w)?= 10 


magnitudes of the radiation damping rate and the colli- 
sion frequency, since for harmonic time dependence 
these two quantities can be combined. Their ratio is 
wy7e?/ Omregmc*v.= 6.25 X 10*4w,?/v., which is small com- 
pared with unity for cases of practical significance. 
Although it is an essential underlying mechanism, radia- 
tion damping does not influence the electron’s accelera- 
tion, and thus does not directly enter into the absorption 
coefficient. 

For completeness Eq. (6) should contain a term 
identical to that shown, except that —w, is substituted 
for +w». This term arises from the nonresonant wave, 
with Kirchhoff’s law used in computing the emission, 
or in the Fourier analysis of the interrupted radiation,” 
with the single-particle model used. When (v,/w»)*<1, 
these additional terms are much smaller than the ones 
shown. They represent bremsstrahlung from binary 
encounters between electrons and heavy particles in the 
plasma.‘ The radiation from collisions, for a transparent 
plasma, is thus seen to be distinct from the cyclotron 
radiation (even though the collision frequency appears 
in expressions for cyclotron radiation) and of much 
smaller magnitude. 

The emission calculations given thus far apply to 
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plasmas with small optical depth 7, so that Eq. (1) gives 
P(w)dw= (3kT Sdw/ 2rd?) (71+ 72). For low absorption, 
but large plasma dimension L, so that the 7’s are not 
small, we must use the full form of Eq. (1). The emission 
is there proportional to 1—e~"*, so that a line spreading 
typical of optical spectra with large self-absorption is 
produced. A measure of the self-absorption is the optical 
depth at the line center, w,?1/cv,, when a is given by 
Eq. (3) with 0=2/2. 


C. Emission from a Strongly Absorbing Plasma 


When (aA/42) is not small, the full expressions for a, 
which are given by Mower," must be used to obtain the 
emission. In a highly absorbing plasma, reflections that 
occur at the plasma boundaries will reduce the power 
radiated, as discussed in Sec. I. However, since the re- 
flection coefficient will depend on the detailed geometry 
and environment of the plasma, we shall assume in the 
following discussion that the reflection coefficient has 
been measured separately and used to correct the emis- 
sion values measured. Thus, we show in Fig. 5 the 
quantity P(w)/[B(w)(1—T’) }=1—e-’ for the resonant 
wave. Figure 5(a) is for @=0; Fig. 5(b) is for 0= 2/2. It 
is seen that the plasma radiates as a blackbody over 
bands of frequencies, and radiates much less outside of 
these bands, the magnitude outside depending in a more 
sensitive way upon (y,/w) than the magnitude within 
them. 


III. MEASUREMENTS OF THE EMISSION 


A. Apparatus 

The measurements of microwave radiation were per- 
formed on a 3000-Mc/sec Dicke radiometer” with a 
2-Mc/sec bandwidth and a sensitivity of 10-' w for 
a 1-sec integration time. The plasma under study was a 
section of the positive column of a dc hot-cathode dis- 
charge in helium. The discharge tube was placed axially 
along a tape-wound solenoid that produced the ‘static 
magnetic field. The section of the positive column passed 
through a waveguide that could be arranged with its 
axis either along or perpendicular to the magnetic field ; 
the electric vector in the waveguide (in the absence of a 
plasma) was maintained perpendicular to the magnetic 
field for both waveguide orientations. The magnetic 
field could be swept automatically and the radiometer 
output continually traced on a recorder. Since the radia- 
tion had a sharp spectral response (at cyclotron reso- 
nance, for example), a waveguide filter was inserted to 
suppress one of the two heterodyne sidebands. 

Since the experiments were performed with bounded 
waves, the results of Sec. II, which are for plane waves, 
would not apply. However, for a weakly absorbing, 
tenuous plasma (which perturbs the waveguide fields 
only slightly), Eq. (2) can be applied with the result 
that Eqs. (3) and (4) are multiplied by [1—(A/A,)? }-! 


=j. L. ‘Hirshfield, Ph.D. thesis, Department of Physics, 
Massachusetts Institute of Technology, 1960 (unpublished). 


’ 


RADIATION FROM PLASMA 








2 
w,* VeWp 








ual | oe 


css 


-3 
N(CM~) 
Fic. 6. Measurements of radiation temperature in helium. As 


a function of electron density V. a Cyclotron radiation; @ black- 
body radiation; —theory. 





where \,. is the waveguide wavelength for the mode 
considered. A complete solution for the absorption co- 
efficient of a rectangular waveguide, even uniformly 
filled with plasma and immersed in a static magnetic 
field of arbitrary direction, has not been obtained, but 
two results” of the exact approach have been found: 
(1) For a tenuous plasma, the perturbation solution 
mentioned above is correct; (2) for a highly absorbing 
bounded plasma, the electron resonance appears at the 
same frequency as for an unbounded plasma, namely, 
2=w,?-++-w,” cos”0. 


B. Measurements of Radiation Temperature 


For any dependence of vy, upon velocity, we 
can integrate Eq. (8) over all frequencies to ob- 
tain P= (w,’w,?/3mc*)[ (1+ cos?0)/2}a, w/m*, where 
ti,= 4 fo” mv‘ f(v)do is the average electron energy. 

With 6=72/2, values of %, were obtained experimen- 
tally by graphically integrating the total power under 
resonance lines. Values of w,? were determined from tube 
current and electric field. Sample measurements taken 
at 0.037 mm Hg of helium pressure are shown in Fig. 6, 
in which we have plotted T= 2#,/3 against the electron 
density. Also shown are values of T, obtained when the 
plasma radiates as a blackbody. The theoretical line is 
for the electron temperature in the discharge and is 
obtained by assuming its variation to be T7,= T.D,/Da, 
where 7, is the observed value of 7, well within the 
ambipolar diffusion region (see horizontal arrow in 
Fig. 6), and D, and D, are the transitional and ambi- 
polar diffusion coefficients, whose ratio is obtained from 
the results of Allis and Rose,” for an electron-to-ion 
mobility ratio of 32. 


C. Measurements of Linewidth 
When thermal effects do not influence the absorption 


coefficient, Eq. (8) gives the emission profile, whose 


*1 W. P. Allis and D. J. Rose, Phys. Rev. 93, 84 (1954). 
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3. 7. Measurements of linewidth of cyclotron resonance 
radiation as a function of gas pressure. 


half-width Aw, is related to ».(v); for v.=constant, 
Aw,;=v,. For pure Doppler broadening, assuming a 
Maxweliian electron velocity distribution, we have 
Aw; =w»(kT, In2/mc*)'. In addition, inhomogeneities in 
the dc magnetic field and transit-time effects” can also 
influence the linewidth. Measurements of linewidth as 
a function of gas pressure for a fixed value of opacity 
at the line center, w,?L/cv.=0.1, are shown in Fig. 7. 
For comparison, two theoretical curves are shown: one 
for v-=2.5X10°p) sec, an approximate value” in 
helium for electron energies greter than approximately 
10 ev; and one for the probability of collision P.= v./ pot 
=20 cm mm Hg™, the measured value* at room 
temperature which is approximately valid up to an 
energy equal to several electron volts. The second 
curve was obtained by evaluating Eq. (6), which is 
proportional to fo” [ae~*/(x+a) dx for constant P., 
where a= (m/2kT)[(w—w»)/poP. ?; values of this inte- 
gral have been tabulated by Dingle et al.%* The half- 
width in this case is Aw;= 7.50X 10°poP.T,', where T, is 
in electron volts, and the curve shown in Fig. 7 is for 
T.=4 ev. The fit between experiment and theory is 
seen to favor this second case. 

The data in Fig. 7 are seen to depart radically from 
either of the cases mentioned above at low pressures. 
The departures can be explained qualitatively by either 
Doppler broadening or magnetic-field inhomogeneities. 
Estimates of the effects of Doppler broadening can be 
made by referring to the scale inserted in Fig. 7, which 


2S. Gruber, Quarterly Progress Report No. 58, Research Labo- 
ratory of Electronics, Massachusetts Institure of Technology, 
July 15, 1960 (unpublished), pp. 14-17. 

% S.C. Brown, Basic Data of Plasma Physics (Technology Press 
of Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts, and John Wiley & Sons, Inc., New York, 1959), p. 54. 

* J. L. Hirshfield and S. C. Brown, J. Appl. Phys. 29, 1749 
(1958). 

2°R. B. Dingle, Doreen Arndt, and S. 


K. Roy, Appl. Sci. 
Research B6, 144-252 (1956). 
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gives the half-widths for pure Doppler broadening corre- 
sponding to the values of JT, shown. The effects of 
inhomogeneous magnetic field were demonstrated by 
purposely making the field nonuniform; this produces a 
considerably wider emission line, as shown by the point 
marked @ in Fig. 7. The strong deviations from collision 
broadening at low pressures probably result from some 
combination of Doppler and inhomogeneous magnetic- 


field effects. 


D. Measurements of Line Shape 


In order to avoid any influence of electron transit 
through the receiving aperture on the emission profile, 
the plasma occupied a length in the receiving waveguide 
of 23 cm. This was accomplished by offsetting the wave- 
guide to permit the discharge-tube electrodes to be 
sufficiently far from the interaction region. Furthermore, 
the magnetic field was made uniform (better than 0.5% 
over the plasma volume) by inserting iron shims in the 
solenoid interior. Figure 8 shows a typical experimental 
profile (labeled 8= «) at high pressure, p=0.190 mm 
Hg; here collision broadening is expected to dominate 
the profile. For comparison, theoretical Lorentz profiles 
for constant v, and for constant P, are 
solid and dashed lines, respectively. Note that the data 
do not apply to one case more than to the other. 

At lower pressures, where Doppler broadening is 
expected to enter in, the experimentally determined 
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Fic. 8. Line profiles of cyclotron resonance radiation. 
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profiles are also shown in Fig. 8, together with the theo- 
retical best fits.'® Significant are the large differences 
between Voigt profiles for 0<8< @ ; for 8=0 the profile 
is approximately two orders of magnitude lower than 
that for 8= «, at three half-widths. Here 8B=cyv./vw is 
proportional to the ratio of collision to Doppler half- 
widths, if each contributes separately. The insert in 
Fig. 8 shows the values of pressure at which the experi- 
ments were obtained and values of electron temperature 
inferred from obtaining the best fit between experiment 
and theory. The parameter 8, listed in the insert of 
lig. 8 is inferred from independent measurements of the 
plasma opacity at the line center.'® Knowledge of this 
was necessary in order to correct the line profiles for 
self-absorption. 

The experimental deviations from theory below a 
relative amplitude of 10~* in Fig. 8 are significant. These 
could be caused by depletion in the tail of the electron 
velocity distribution, which has been assumed to be 
Maxwellian. 


E. Emission from Highly Absorbing Plasmas 


Our measurements of radiation from highly absorbing 
plasmas [(a@A/4) not negligible compared with unity ] 
are not amenable to comparison with the theory of 
Sec. II-C because the experiments were for bounded 
inhomogeneous plasmas, and the theory is for un- 
bounded homogeneous plasmas. Nevertheless, some 
characteristics of the observed emission follow the quali- 
tative predictions of theory, as shown in Fig. 9 in which 
we have reproduced radiometer output recorder traces 
for various values of (w,/w)*. Here pp>=0.051 mm Hg, 
and @=2/2. The pronounced asymmetrical broadening 
is evident in the direction of lower magnetic field as one 
goes to higher values of (w,/w)*; also evident is the 
shifting of the peaks of the resonance profile toward 
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Fic. 9. Radiation from a nontransparent plasma. 


lower magnetic fields. The flattening of the peaks for 
the higher values of (w,/w)* results from large values of 
the optical depth 7, brought about here by large values 
of a, in contrast to Fig. 8 in which 7 was large because 
of a large plasma size. In the experiment leading to 
Fig. 9, 4nL/A= 1.25. 
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Using a phenomenological approach, it is shown first that solid He* in equilibrium with liquid He‘ IT along 
the phase separation line, as well as at pressures somewhat above the melting pressure, should have anoma 
lous thermal properties over a finite temperature range or, at least, at isolated temperatures. Such a behavior 
of the solid results from a correlation of thermodynamic character of its thermal properties with those of the 
anomalous liquid. The predicted anomalies of the solid will then be effectively verified in terms of rigorous 
thermodynamics and somewhat incomplete data available on liquid and solid He‘ along the melting line 
over a finite temperature interval. A specific anomaly of the melting pressure consisting in a shallow tempera 
ture minimum will be predicted at low temperatures, where both the liquid and solid phases are assumed to 
exhibit normal static thermal properties. The persistence of the anomalous equilibrium properties of liquid 
He‘ IT on solidification will be discussed qualitatively as suggesting a similar origin of these anomalies in both 


phases, such a situation having been shown previously to exist with respect to the thermal an 


liquid and solid He’ 


1. INTRODUCTION 


iy recent work on the dense phases of the lighter He 
isotope He’, we have studied! the liquid-solid phase 
transformation from the point of view of the statistical 
thermodynamics of the nuclear spin systems of these 
phases. Observations’ seemed to indicate that the 
nuclear spin paramagnetism of the compressed liquid 
was preserved in the solid phase or that this important 
physical property was invariant under the phase trans- 
formation. On the basis of this interpretation of the 
nuclear magnetic properties of these phases, we have 
analyzed, in a semiquantitative way, the pathological 
character® of the liquid-solid transformation. This has 
led us to predict the anomalous thermal properties of 
the solid' at or near the phase transition line. These 
anomalous thermal properties were shown to originate 
with the anomalous partial thermal properties of the 
nuclear spin system of the solid. The spin system was 
shown‘ previously to be responsible for all the anoma- 
lous thermal properties of the liquid phase, over a 
limited region of the state surface associated with the 
liquid, the boundaries of the region included. Actually, 
these dense phases of He* have at least two competing 
groups of thermal excitations localized, respectively, on 
the system of spin degrees of freedom and on that of the 
degrees of freedom other than spin.‘~-®7 

The dense phases of the He isotopes, as collections of 
neutral atoms, represent systems where the pertinent 
quantum statistics, with the interatomic forces, would 
be expected to lead to specific distinctive thermal 


+ A short communication on this paper has appeared in Phys. 
Rev. Letters 5, 104 (1960). 

1 L. Goldstein, Ann. Phys. 8, 390 (1959). 

2 W. M. Fairbank and G. K. Walters, Symposium on Liquid and 
Solid He’ (Ohio State University Press, Columbus, 1958), page 1 
of the Supplement. 

* This anomaly was first conjectured by I. Pomeranchuk, J. 
Expti. Theoret. Phys. (U.S.S.R.) 20, 919 (1950). 

* L. Goldstein, Phys. Rev. 96, 1455 (1954); 112, 1465 (1958). 
.. Goldstein, Phys. Rev. 102, 1205 (1956). 

.. Goldstein, Phys. Rev. 112, 1483 (1958). 
.. Goldstein, Phys. Rev. 117, 375 (1960). 
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properties. The fundamental differences between the 
flow properties of the two liquid isotopes notwith- 
standing, there appeared to be also peculiar similarities 
between some of their static equilibrium thermal prop- 
erties. We had the opportunity recently® to call atten- 
tion briefly to such similarities. In liquid He’, as is the 
case* with liquid He’, the anomalous static equilibrium 
properties can be accounted for in terms of the competi- 
tion between at least two groups of thermal excitations, 
one giving rise to normal, the other to anomalous partial 
thermal properties. In that region of the thermodynamic 
state surface of He‘, reserved to its liquid phase, where 
the anomalous group of thermal excitations is dominant, 
the liquid is anomalous. In those regions of the state 
surface of the liquid, where the group of thermal 
excitations of normal partial thermal properties is domi- 
nant, the liquid must be normal. We could predict in 
this way® that at lower temperatures where the domi- 
nant thermal excitations of liquid He* have been shown 
to be phonons” associated with the compressional 
elastic modes of motion of the liquid, the static thermal 
properties of the latter must become normal, con- 
trasting with their anomalous behavior at higher tem- 
peratures": over a finite temperature range. 

The anomalies of solid He’ as predicted! from those of 
liquid He’ and indirectly verified experimentally," raise 
the following problem in Het: Does solid Het‘, in equi- 
librium with the anomalous liquid along the phase 
separation line or somewhat above the latter, exhibit 


8 L. Goldstein, Ann. Phys. (to be published 

® L. Goldstein, Phys. Rev. 89, 597 (1953) 

10H. C. Kramers, J. D. Wasscher, and C. J. Gorter, Physica 18, 
329 (1952); J. Wiebes, C. G. Niels-Hakkenberg, and H. C. 
Kramers, Physica 23, 625 (1957); A. H. Markham, D. C. Pearce, 
R. G. Netzel, and J. R. Dillinger, Proceedings of the Fifth Interna- 
tional Conference on Low-Temperature Physics and Chemistry, 
Madison, Wisconsin, August 30, 1957, edited by J. R. Dillinger 
(University of Wisconsin Press Madison, Wisconsin, 1958), p. 45. 

1 L. Tisza, J. phys. radium 1, 164, 350 (1940) 

2 W. H. Keesom, Helium (Elsevier Publishing Company, Inc., 
Amsterdam, 1942), pp. 186-254. 

3S. G. Sydoriak, R. L. Mills, and E. R. Grilly, Phys. Rev. 
Letters 4, 495 (1960); Ann. Phys. 12, 41 (1961) 
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also thermal anomalies or not? If the answer were 
affirmative, as was the case in He’, it would point toward 
the existence in solid Het of at least two groups of 
thermal excitations, as in liquid He‘ as well as in liquid 
and solid He*. It would raise in solid He* the important 
problem of the extent of the anomalies, since the pe- 
culiar liquid-liquid transformation would be expected to 
be restrained. At any rate, the partially or completely 
anomalous solid He’, as a collection of interacting atoms 
subject to symmetrical statistics, would raise the prob- 
lem of the existence of a possibly mild transformation- 
like process in this phase. These problems may also 
shed, indirectly, additional light on the phase trans- 
formation of liquid He‘, whose nature has not been 
explained satisfactorily either. 

The object of the present paper is to give an account 
of various studies into several aspects of the above- 
stated problems in He‘. 


II. LIQUID-SOLID TRANSFORMATION IN He‘ 


II.1. Anomalous Region of Liquid He‘ II 
Near the Melting Line 


The first group of problems which will concern us re- 
fers to the anomalous liquid He* II at temperatures 
T<1.8°K. Above this temperature, it was shown ex- 
perimentally" that both liquid and solid He’, along the 
phase separation line, have normal thermal properties. 
The anomalous thermal properties of liquid Het II 
along the phase separation line are characterized by a 
set of interdependent thermodynamic relations. When 
needed, we shall make use of the subscripts / and s to 
refer to some property of the liquid or of the solid. In the 
liquid phase, one has, V denoting its volume, S its 
entropy, C, and C, its constant pressure and constant 
volume heat capacities, 


ap(p,T)= (V (p,T))“"'(0V /8T), 
= —(V(p,T))“"(0S/dp)r 
=(C,(p,T)/TV (p,T) }(8T/dp)s<0, (1a) 
and, 
(dp OT)vy= (dS OV )r 


=—[C,(V,T)/T](8T/aV)s<0. (1b) 


By virtue of the equation of state, 


(Op 0T)y=a,(p,T) KT (p, I}, 
where 


xr(p,T)=—[V(p,7)}°(0V/ap)r>0, (2a) 


is the positive-definite isothermal compressibility, the 
discussion of the anomalous thermal properties of any 
system requires the consideration of a single property 
entering into (la) and (1b). The anomalous thermal 
properties refer to the negative isobaric volume ex- 
pansion coefficient, a,(p,T), or the increase of entropy 
on isothermal compression, or the cooling on adiabatic 


14 E. R. Grilly and R. L. Mills, Ann. Phys. 8, 1 (1959). 
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compression, since 


C,(p,T)>0, C.(V,T)>9, (3) 


these heat capacities being semidefinite positive quanti- 
ties. The relations (1b) are equivalent to the relations 
(1a). They express the anomalous thermal properties 
through the negative temperature coefficient of the 
pressure, the entropy decrease on isothermal expansion, 
or the temperature increase on adiabatic expansion. 

These characteristic anomalies of the thermal prop- 
erties of liquid He* exist over a limited region of its 
equation of state surface reserved to the liquid phase. In 
a cartesian coordinate system of the variables of state 
(p,V,T), the anomalous domain of the liquid region of 
the state surface, when projected onto the (p,7) plane, 
is limited by four lines. Two of these correspond to the 
phase separation lines between vapor and liquid, Psar(T), 
and liquid and solid, p,,(7), respectively. The anoma- 
lous thermal properties of the liquid extend over finite 
arcs of these lines. These finite arcs of the saturation and 
melting lines, Psat(T) and p,,(T), result from their 
intersections by the two loci, 


Ti=T.(p)1, Tu=Ta(p)n, (4) 


of vanishing expansion coefficients in the liquid Het I 
and He‘ II regions. The anomalies of the static thermal 
properties along these loci are given by the set of rela- 
tions (la) and (1b) with vanishing right-hand sides. 
The temperature coordinates of the four intersection 
points of the four lines, psat(T), Pm(T), Ta(p)1, and 


T.(p)1 are thus, respectively : 
T (Psat) 11, t Ada) u, T a(Psat)t; Tal Pm)t- 


We have to consider now the two loci Ta(p): and 
T .(p)11 somewhat in detail since the latter, in particular, 
has not even been studied so far, while the former is 
being currently investigated experimentally and has 
been located approximately.'® 

As briefly mentioned in the Introduction, we have 
been led to predict® the change in sign of the anomalous 
negative isobaric expansion coefficient of liquid He‘ II 
in the low-temperature region where the thermal excita- 
tions of the liquid are phonons predominantly, Let 
S(p,T) denote the total entropy of the liquid. At a 
precise temperature, in a state of thermodynamic equi- 
librium of the liquid, the atoms involved in the two 
groups of thermal excitation, associated with low- and 
high-energy states, may be said to form independent 
subsystems within the liquid, the total multiplicity of 
the states involving the two independent subsystems 
being 

P.=P,Pr, 

in a state (p,V,T) of the liquid, the total entropy is, by 
Boltzmann’s theorem, 


S(p,T)=So(p,T)+Sn(0,T), (5) 


1° Q. V. Lounasmaa and L. Kaunisto, Bull. Am. Phys. Soc. 5, 290 
(1960); Ann. Acad. Sci. Fennicae Ser. A, VI, No. 59 (1960). 
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where S, and 5S, refer to the partial entropies arising 
from the excitation of the phonons and of the higher 
energy states, respectively. Taking negative partial 
derivatives with respect to the pressure on both sides of 
(5) and dividing by the total volume V(p,T), one 
obtains, by (1a), 
Oy(P,T)=ap,6(P,T)+apr(p,T). (6) 

The total isobaric volume expansion coefficient a,(p,T) 
is the sum of the partial expansion coefficient arising 
with the thermal excitations of the phonons, a,,,, and 
with those of higher energy a,,,. Observations indicate” 
that in liquid He’, 

a,(p,T) <0, 

T.(p)uns 


(dp oT) <0, 
STalp)i, Pm(T)2 p= Psar(T), 


(7) 


and since 
Spine VU, (8) 


the phonon expansion coefficient being semidefinite 
positive, one finds, with (6) and (7), 


ap a(p,T)<SO0, (AS,/0p) r=, (9) 


over the temperature and pressure intervals given in (7). 
The equal signs in (8) and (9) would only apply at the 
absolute zero. 

In the phonon system, the pressure arising with the 
excitations is 
(10) 


b,(V,T)=4E,(V,T)/V, 


E, being the total energy of phonon excitations. In the 
system of high-energy excitations, the pressure may be 
written as 
bi(V,T)=Fa(V,T)EWV,T)/V, (11) 
where the parametric function ¢,(V,7) describes the 
nonideal character of these excitations of higher energy 
E,(V,T). Within the formalism of thermodynamics, one 
is led to show®’® that 
ap e(P,T) = 3 (kr (p,T)/V)C.,(V,T), 

and 

ap n(V,T)=F3(kr(p,T)/VyexV,T)Cra(V,T), (13) 
provided that the parametric function ¢,(V,7) varies 
far less rapidly with temperature than does E,(V,T). 
By (6), 


(14) 


a y(p,T)=4(xr(p,T)/V)[Cr,¢+2en(V,T)Cv.a])- 


In order for a, to be positive at low temperatures and 
negative at high temperatures, it is necessary that 
throughout the range of validity of (11) and (13), 


pi(V,T)<0, «(V,T) <0, (15) 
since E,(V,T), the energy of the associated thermal 
excitations must be semi-definite positive. 
Experimental determination of a», xr, V, and the 
prior evaluation of C,,, and C,,,, the latter through 


C,(V,T), the total heat capacity, yields the parametric 
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function ¢,(V,7), to the approximation of (13). As 
mentioned, this is equivalent to neglecting the tempera- 
ture variations of «,(V,7) 
of E,(V,T). 

The preceding analysis of the contributions to the 
total isobaric expansion coefficient of the two groups of 
thermal excitations, (¢) and (h), leads one to assign the 
characteristic thermal anomalies to those arising with 
the group (4). This result is, of course, imposed by the 
empirical findings according to which, in the completely 
anomalous region of liquid He‘ II, the partial thermal 
properties associated with the group of excitations (h) 
completely dominate the thermal properties of the 
liquid. 

It is equally advantageous and important, in an 
analysis of the thermal anomalies of the system, to 
study the total parametric function ¢,(V,7 
with the thermal excitations of the system as a whole. 
This is defined through the representation of the total 
pressure due to the thermal excitations as 

pAV,T 
where E(V,7) is the total energy of thermal excitations. 
It is seen that the numerical coefficient 3, on the right- 
hand sides of (11) or (16), corresponds to a normaliza- 
tion of the pressures p, or p; so as to insure their reduc- 
tion to the ideal limit as €, or e,— 1. Equation (16) 
leads then,®* under the assumption of not too rapid 
temperature variations of €,(V,7), to 


a(p,T)= 3 (xr(p,T)/V)e(V,T)C.(V,T 


which allows one to evaluate e,(V,7) in terms of the 
thermal properties entering into (17). We have thus 
used previously’ (17) in connection with liquid He* and 
water. Clearly, in anomalous systems, where a,(p,7) 
changes sign, €.(V,7) will also change sign, its zero 
being common with that of a,(p,7). 

Recent experimental work on saturated liquid He‘ by 
Kerr and Taylor'® locates the zero of a,.:(7), that is, the 
expansion coefficient along the saturation line psar(T) at 
about 1.17°K. Since 


@p(Psat)— ,T) (dp 


n comparison with those 


associated 


26,(V,T)E(V,T)/V, (16) 


(17) 


Osat(T) dT), (18) 


and since 


dT>0, (19) 


KrTd Psat 


the zero of a, is displaced toward a temperature at which 
@sat 1S already negative or which is somewhat higher 
than the zero of a,q;. For all practical purposes, however, 
the above low temperature zero of a,,, may be taken to 
be the same as that of a,(Psa:). The intersection of the 
locus T4(p)i with the saturation line at Ta(Psat)u at 
1.17°K occurs at about the value of 0.54 of the reduced 
temperature (7/7 (Psat)) where the transition tempera- 
ture T\ (Psat) is about 2.17°K. If, in some approxima- 

*E. C. Kerr and R. D. Taylor (to be published). The zero of 
Gsat(T) was estimated earlier to be at 1.15-1.16°K by K. R. 
Atkins and M. H. Edwards, Phys. Rev. 96, 551 (1954). 
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tion, the locus intersected the melting line p,,(7) at 
about the same value of the reduced temperature 
T/T \(pm), one would find T.(Pm)11 to be about 0.95°K. 
The locus temperature 7.(p)11 would thus be decreasing 
with increasing pressure, as is the case with the locus of 
the lambda points 7,(p), the lambda point T)(p,,) being 
taken to be 1.76°K approximately.'*'” There is a recent 
indirect determination of the temperature T.(p)1 of 
this locus in the liquid at a pressure close to 25 atm due 
to Grilly and Mills." The temperature T, (p= 25 atm) 
obtained by graphical extrapolation is at about 1,05- 
1.10°K. Since the melting pressure at about 1.0°K is 
somewhat higher than 25 atm, one would have to con- 
clude that T'a(Pm)11r<1.1°K, confirming thus the nega- 
tive pressure slope of the locus T4(p)11. 

The high-temperature locus T,()1 is entirely in the 
liquid Het I region.'®'® The existence of this locus is 
qualitatively in accord with the observation" that Cyat, 
the saturated liquid heat capacity, appears to have a 
sharp peak at the lambda temperature and not a finite 
discontinuity as older measurements seemed to sug- 
gest.” The existence of a heat capacity peak at the 
transition temperature was shown" to impose the con- 
tinuity across the transition point of the latent heat of 
vaporization, L(T), with an inflection point of this 
property at the transition temperature. It was also 
shown that whether the tangent (dL/dT), at the transi- 
tion point 7,(Psat), had a finite, though large, negative 
slope or whether this slope tended to become negatively 
infinite, depended on the finite or infinite height of the 
heat capacity peak. At any rate, if the existence of a 
heat capacity peak were confirmed, the locus of transi- 
tion temperatures, 7)(p), instead of being a locus of 
discontinuities of the first derivatives of the variables of 
state, could become associated with second derivatives 
of these variables which would thus exhibit changes in 
sign of their curvatures at the crossing of the transition 
point 7\(Psat) or, more generally, the transition line 
T,(p). With the existence of a heat capacity peak in- 
stead of an actual discontinuity in the heat capacity, the 
liquid-liquid transition stopped to be a lambda transi- 
tion and became a transformation of milder character. 

It is instructive to recall here that in our previous 
discussion” of the liquid He* II — liquid He‘ I trans- 
formation, we made use of older density measurements 
which implied that the transition coincided with the 
onset of both the thermal and transport anomalies of 
liquid He*. The implications of the heat capacity 
measurements, through the appearance of a heat ca- 
pacity peak, led to attribute a cusp or a double point to 
the liquid density or volume at the transition tempera- 


17 C, A. Swenson, Phys. Rev. 79, 626 (1950); 86, 870 (1952) ; 89, 
538 (1953). 

18 W. M. Fairbank, M. J. Buckingham, and C. F. Kellers, Pro- 
ceedings of the Fifth International Conference on Low-Temperature 
Physics and Chemistry, Madison, Wisconsin, August 30, 1957, 
edited by J. R. Dillinger (University of Wisconsin Press, Madison, 
Wisconsin, 1958), p. 50. 

1 T,, Goldstein, Ann. Phys. 2, 177 (1957). 
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ture. The temperature derivatives of the latter had to be 
such that 
lim 

TT) 


dV_/dT — —~, or large and negative, 


lim 
TT \+ 


dV,/dT — +~, or large and positive, 


according as the heat capacity peak tended toward 
infinity or only toward a finite though large value at 7). 
The former case would have required 


lim (d?V_/dT*) — — , or large and negative. 
T—T)- 


Inasmuch as (d*V ,/dT*) appeared to be still (— ©) or 
large and negative at 7, and since it had to change 
rapidly to become positive at 7,+7, t being a small 
temperature interval, because V,(7) becoming concave 
upward at T>T), the latter volume branch had to have 
an inflection point close to T). 

Recent Los Alamos measurements'® seem to show 
that, under saturation condition, both the liquid volume 
and its temperature derivative are continuous at T). 
The volume continues to decrease at T>T), or the 
thermal anomalies extend into the liquid He‘ I region 
in contrast with the implications of older volume meas- 
urements. The onset of the thermal anomalies is thus at 
the locus T.(p)1 beyond the locus 7,(p) of the trans- 
formation temperatures. The locus T,(p)1 is a locus of 
volume minimas. But the volume is concave toward 
smaller volumes at T <7); hence there must be a change 
in sign of the volume curvature at T7<7T,(p). On the 
basis of the Kerr and Taylor measurements,'® one is led 
to expect that the vanishing of (d*V /dT*), under satura- 
tion, might occur at 7\(Psat). Along isobars, one would 
expect 


(#V_/dT?),<0, T<T,(p), 
(#V,/dT*),>0, T>T(p), 
(8V_/8T?),= (0°V,/dT?),=0, 


(20) 
T=T\(p). 


The first direct measurements of (0p/0T),, due to 
Lounasmaa and Kaunisto,'® seem to suggest a similar 
situation. Here the qualitative results may correspond, 
with due regard to the determinations'® of isochores 


p(T), across T,(p), to 

(d°p_/dT*),<0, T<T)(p), 
ee fs (21a) 
(a'p,/8T).>0, T>T(p), 


and, possibly, 


(d2p_/8T*).= (8p,/AT?)»=0, T=Ty(p). (21b) 


So far, a satisfactory experimental verification of the 
rigorous equality of (dp_/dT), and (0p,/0T), at Ty(p) 
is lacking. Also, the occurrence of the inflection point of 
the isobars p(T), at the transition line is conjectural, 
although the volume measurements’ tend to favor such 
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a behavior.” It should be noted that the isochores® 
seem to suggest also the continuity of p(7), and 
(0p/dT), across the transition point. Considering the 
(0p/T), values alone, these are given'® as having a 
cusp-like behavior at 7)() with an attendant discon- 
tinuity of (d°p/d7"), at T,(p). It will be necessary to 
reconcile the latter behavior, if confirmed, with the 
shape of the isochores p(7), themselves, which could 
have an inflection point at 7,(p), as seems to be the case 
with the V(7) curve of Kerr and Taylor'® along the 
saturation line. 

We should like to invoke here an argument of geo- 
metric character on the qualitative behavior of the 
isochores p(7), around the transition line. In the (p,T) 
representative diagram, the locus of transition tempera- 
tures 7,(p) decreases monotonically with increasing 
pressure; the inverse function p,(7) decreases mono- 
tonically with increasing temperatures. The isochores 
p(T), are also monotonically decreasing functions of the 
temperature at T>7.(p)u. The isochores of the liquid 
cannot reach the Het I region unless they cross the locus 
of transition points p,(7). The latter is such that 


dpy dT <0, (d*py dT?) <0, 
Tu(Pm) STS Tal Paat). 


(2?) 


In order for pi T), to cross Pr\ T), it is nec essary that, 
with 
(dp oT) < Q, 
Ta(p)usTST alps, 
one should have 


O> lim (dp_/dT) 


TT) 


> (dp,/aT), 


since 
p (T) > pr(T), 
T<Ty(p), V=V). 


It is an empirically established fact’ that (dp,/dT) is 
finite along the major part of the transition arc p(T). 
Hence, with (23) and (24), (dp_/dT), must be finite 
over the transition arc, where (dp,/dT) is finite. 

Before considering the behavior of (dp,/dT) at the 
approaches of saturation pressure, we would like to 
study briefly the consequences of the relation (24). Let 
us rewrite (2) in the following form: 


—(dV Op) r= KkrV 


(0V/O0T),/(0p/0T),. (26) 


We have just proved that over the major part of p(T), 


2M. H. Edwards, Can. J. Phys. 36, 884 (1958), was the first to 
call attention to the likely extension of the thermal anomalies into 
the He‘ I region. 

*1 Indirect determinations of (dV_/dT), at the approach of 
T,(Psat), through dielectric constant measurements seemed to 
have yielded finite though large negative values of this derivative, 
see E. Maxwell, C. E. Chase, and W. E. Millett, Proceedings of 
the Fifth International Conference on Low-Temperature Physics and 
Chemistry, edited by J. R. Dillinger (University of Wisconsin 
Press, Madison, Wisconsin, 1958), page 53. 
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(0p/9T), is finite. In order for the isothermal com- 
pressibility to stay finite, it is necessary that 


lim (0V/0T), 
TT) 


Vyay(pr,Tr) 


> finite, (27) 
that is, the expansion coefficient must remain finite at 
T,(p). At the present time, there are no empirical indi- 
cations of xr(p,7) becoming very large at the approach 
of the transition line. It should be remembered, however, 
that direct experimental studies on the isothermal 
compressibility xr are lacking at the present time and 
above ail in the critical regions of vicinity of the transi- 
tion line 7,(p). Direct experimental investigations on 
this property appear to be desirable. 

The loci of the minimas of the isochores p(7), and the 
isobars V(T), correspond, of course, to the same tem- 
peratures, At these loci, the compressibility xr is finite. 
Its value is to be evaluated with L’Hospital’s rule, or 


lim 
TT alp)t 


K7( p,T 2) 


lim (V(T,)) 


TT alP)t 


(28) 


CV /aT )\p (0*p oT?),, 


where the minimas of V (7), and p(T), insure the posi- 
tive signs of 
derivatives. 


the two second partial temperature 

The finite character of xr along the transition line, 
together with the finite values of a,(~,,7,), Eq. (27), 
has another major consequence. Consider indeed the 
relation (17) of essentially statistical thermodynamic 
character involving the phenomenological parametric 
function ¢,(V,7). The latter is only a slowly varying 
function of the temperature. Equation (17) requires 
that with a,(p,7) and xr(p,7) being finite along the 
major part of the transition line, the heat capacity 
C,(V,T) must remain finite also at or in the vicinity of 
Ty(p). 

The limitations of the preceding results to only a part 
of the transition line originates with the 
because of the decrease of (dp,/d7 
tive values, the possibility still exists for this derivative 
to become very large in the limit of the saturating vapor 
pressure.” This would allow, by (24), very large values 
for (0p/0T), and (@V/d0T),, under saturation condi- 
tion, at 7,(Psat) and, in turn, this would justify C, 
becoming very large also. A clarification of the actual 
situation under saturation 
helpful indeed. 

The location of the locus 7,(p)1 appears to be fairly 
well established whereby 


situation that 
toward large nega- 


condition would be very 


T.(p)i>T x(p), 
es es Port S PE Pm. 


2 W. E. Keller and E. F. Hammel, Jr., Ann. Phys. 10, 202 
(1960). 


(29) 
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According to the volume measurements'!® 
Ta(Psat)1= Ty (Psat) + (5—8)X 10-*°K, 


while at higher pressures, the vanishing of the deriva- 
tives (0p,/0T), occurs! at increasingly larger values of 
the difference [T.4(p)1—7)(p) ]. The latter may reach 
values as high as'® 0,07-0.075°K at the melting line. 

The region of the state surface of the liquid where its 
thermal properties are anomalous as described by the 
relations (1a) and (1b) has now been fully specified with 
its boundaries formed by the four lines discussed above, 
the boundaries themselves belonging to the anomalous 
region. Geometrically, the anomalous region of the state 
surface or its projection on a representative plane of the 
variables of state is thus a closed set of states, the 
limiting set of states belonging to the set. The region of 
the anomalous thermal properties is thus divided by the 
locus 7,(p), whose subscript is already a misnomer, into 
two regions belonging, respectively, to the He‘ IT and 
He‘ I modifications, 


II.2. Solidification of the Anomalous Liquid He‘ 


The object of this section is a brief discussion of the 
liquid-solid transformation over that temperature range 
where the liquid is anomalous. As shown above, this 
interval extends from Ta(pm)u to Ta(Pm)1, but the 
present discussion will be limited to a somewhat shorter 
interval, extending only from Ta(pm)i to T,(pm), or to 
temperatures somewhat less than T\(p»). Inasmuch as 
our approach is strictly phenomenological, the use of 
experimental data in the vicinity of 7,(pm) becomes 
more difficult to justify as a consequence of the un- 
certainties involved in those data. In the range 
(T\(Pm)—Ta(Pm)11), the liquid may be described, to 
some degree of approximation, in terms of the two-fluid 
model"! used generally for the liquid along the saturation 
line. According to this model, the normal fluid fraction 
of the liquid carries the thermal excitations and, hence, 
the entropy of the liquid. Its complement is formed by 
the group of atoms which are still in the ground state of 
the liquid as a whole. This model imposes certain condi- 
tions on the solidification process. In the range of tem- 
peratures of interest for us, it is observed"? that the 
solidification is accompanied by an entropy decrease of 
the liquid or, 


Sim(T)>S..m(T), 


; (30) 
TalPm)uS i= Ty(Pm), 


that is, the entropy of the liquid, in equilibrium with the 
solid along the phase separation line, is larger than that 
of the solid. Inasmuch as only the normal fluid fraction 
of the liquid has entropy, only this fluid fraction can 
lose entropy in the solidification. As a consequence, the 
phase transformation is determined by the normal fluid 
fraction, and the details of the melting line p,,(7) must 
originate essentially with the entropy S;,,(T) of this 
normal fluid fraction. 
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In a first approximation, the entropy in the He* II 
range is proportional to the number of normal fluid 
atoms" or, along the melting line p,,(T), 


Si(Ppm)/Si(T (pm) JN (Pm)/N 
=Pn(Pm)/p(Pm); (31) 


Si(T(pm)) being the entropy at the intersection of the 
transformation line 7,(p) and the melting line p,,(T), N 
is the total number of atoms, p, and p the densities of the 
normal fluid and of the liquid, respectively. Over the 
indicated temperature range, AS»(T) or [S1.(T) 
—S,,m(T)] is positive, by (30), and the volume change 
on melting, 


AV m(T)=V im(T)—Vs,m(T)>9, (30a) 
is also positive, with AV ,,(7) being only a slowly vary- 
ing function of the temperature. Hence, with (31), the 
Clapeyron-Clausius relation yields 


dpm div = bis A Vs 


_ {S(T (pm ) )Len(Pm) p(Pm) | 


—S,i(pm)}/AVm(T). (32) 


It is remarkable that the empirically derived tempera- 
ture derivative function'* of the melting line resembles 
closely the temperature variation of the (p,/p) ratio in 
the saturated liquid. This ratio in the compressed liquid 
along the melting line would be expected to differ only 
slightly from its value under saturation. The observed 
shape of (dpm/dT) indicates that S,(pm) or Ss,m(T), the 
entropy of the solid, remains generally small in com- 
parison with that of the liquid, on the right-hand side 
of (32). At any rate, the determinations of dp,/dT 
confirm the prominent role played by the normal fluid 
fraction in the solidification process. 

Using in (32) the empirical values of dp»/dT, 
AV,,(T),'7 and the entropy of the liquid” $;(p,), one 
can evaluate, to the approximation of these quantities, 
the entropy of the solid S,(p,,) along the melting line. 
We give in Fig. 1 these approximate solid entropy values 
as a function of the temperature. It will be seen that 
Ss,m(T) is a rapidly increasing function of the tempera- 
ture. It displays the characteristic behavior of the liquid 
entropy at the approaches of the transition temperature 
T\(pm). The qualitative temperature dependence of 
S;(pm,T) indicates that solid Het along the melting line, 
in equilibrium there with the thermally anomalous liquid 
He‘ II, may be expected to be quite different in its over- 
all thermal properties from the conventional or normal 
solids. 


II.3. Thermal Properties of Solid He‘ in Equilibrium 
with the Anomalous Liquid 


The object of the present section is to predict quali- 
tatively within the broad formalism of thermodynamics 
the thermal properties of solid He* in equilibrium along 
the melting line with the liquid in terms of the thermal 
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Fic. 1. Approximate molar entropy S,,»/R of solid He‘ along the 
phase separation line, as a function of the temperature (°K). 


properties of the latter. Before entering this main topic, 
it appears instructive to compare some of the thermal 
properties of the liquid and solid phases of normal 
substances, these phases being in equilibrium along the 
phase separation line. In these normal substances, the 
set of relations (la) and (1b) are modified so as to 
insure the semi-definite positive character of a,, or 


Opn (Pm) =[Vu(pm) F'(0V,/8T),>0, p=l,s. (33) 


In these substances and along the melting line, 


V i(pm)>Vslpm), (34) 


at all points of p,(7), while the inequality 
Ap, t(Pm)> ap (Pm), 


appears to be a rule of empirical foundation. Since in 
these substances, the liquid phase does not exist down 
to the absolute zero, the equal sign in (35) could be 
safely omitted, since the equality could only refer to 
vanishing normal expansion coefficients, realized by the 
Nernst theorem, at the absolute zero only. The em- 
pirical rule of thermodynamic character (35) arises from 
the generally reduced thermal stability of the volume of 
liquids as compared with the thermal stability of the 
volume of solids. The isobaric volume expansion coeffi- 
cient or the relative differential volume change caused 
by a differential temperature increase under constant 
pressure is a measure of the thermal volume stability. 
The rule (35) may perhaps be justified on the basis of 
a proposition put forward by Debye,” according to 


(35) 


%P. Debye, Géttinger Vortrage (B. G. Teubner, Leipzig, 1914), 
p. 17. 
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which the thermal expansion of a solid must originate 
with the anharmonic terms appearing in the expression 
of the energy of a solid considered to be an elastic 
medium. These terms are representative of the devia- 
tions from what would result from Hooke’s law alone in 
the expression of the elastic energy. In liquids, con- 
sidered qualitatively from the point of view of elastic 
media, the importance of anharmonicity may be ex- 
pected to be far greater, in general, reducing the thermal 
stability of their volumes below that of the volumes of 
solids. 

It should be noted that rule (35) is actually a strong 
relation, and the inequality, 

LOV i(pm)/OT ]p>LOV s(pm)/ OT | >, (36) 
may be a better representation of the relative thermal 
stability of liquid and solid volumes along the phase 
separation line. 

More generally, let ap,o(Psat) be the isobaric expansion 
coefficient of the vapor in equilibrium with the liquid 
along the saturation line psat(7) ; one has here in general, 
omitting the vicinity of the critical point, 


Qp,0(Psat) > Op (Psat ). 


In addition, one has, a fortiori, 


, 


Qp,o(ps )>ay,s(Ps ), 


where p,'(7) refers to the sublimation line. 

Consider now the case that in the inequalities (35), 
(37), or (38), the more dilute phase has normal thermal 
properties, and the denser phase is anomalous in the 
sense of the relations (1). It is easy to see that in this 
case, the preceding empirical rules remain valid and 
unchanged. Indeed, the anomalies refer, among others, 
to the existence of negative isobaric expansion coeffi- 
cients in the denser phases, so that the expansion 
coefficients of the latter are necessarily smaller than 
those of the normal low-density phase in equilibrium 
with them along Psa: (7) or p,'(T). 

It is of interest to note here that the above rules con- 
necting the isobaric expansion coefficients of two phases 
in equilibrium along the phase separation line remain 
valid in the singular case of the water-ice I equilibrium. 
This because here the liquid phase is the denser phase, so 
that the inequalities (34) and (35) have to be modified 
simultaneously, yielding the larger expansion coefficient 
of the low-density solid as compared with that of the 
thermally anomalous high-density liquid. 

The rules (36) and (37) lose their validity in the case 
where the low-density phase is anomalous in the sense 
of the relations (1a) and (1b). It is assumed now that 
the low-density phase is the liquid phase so that the 
inequality (34) between the liquid and solid volumes 
remains unchanged throughout the length of the phase 
separation line p,,(7). According to the observations, the 
volume change AV ,,(7) is positive as stated above, 
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(30a). Since along the phase separation line 


CV i.m(T) T° (dV i, m/dT) 
=ap,1(Pm)—K7,1( Pm) (dpm/dT), 
the volume change in the phase transformation at some 


temperature Ty or melting pressure pm,s is, obtained 
from the volume change at 7;<T , AV»(T;), as 


(39) 


Vim(T s)— Va,m(T s)=AV n(T 7) =AV a (T3) 
Ts 


+ 9 [Vism(T)ay,1(T)—Va,m(T)ep,.(T) dT 
T; 
Ps 

-f [xr,1( Pm) V i,m( Pm) 


. —Kr,2(Pm)Vs,m(Pm) |dpm- (40) 


By (30a), AV.(7) must be positive throughout the 
whole length of the phase separation line. This requires 
that 


Ts 
ava(T)+ f CV m(T erp, (T)—Va.m(T erp, o(T) MT 
Ti 


Pf 
>f [xr,1(Pm)Vi(Pm)—K7,2(Pm)Ve(Pm) dpm. (41) 


Now, whether the two phases in equilibrium along the 
phase separation line are thermally normal or anoma- 
lous, there does not seem to be any exception to the rule 


Kr ,t(Pm)>Kr,s(Pm); (42) 


which requires that the isothermal compressibility of 
the liquid in equilibrium with the solid along the phase 
separation line be larger than that of the solid. As long 
aS @p,; and @»y,, are both positive and obey rule (35), it 
seems justified to expect that, whatever the range of 
integration in (40), the inequality (41) will be satisfied. 
However, if a», is negative, over even a finite length of 
the phase separation line, (41) cannot be expected to be 
satisfied over arbitrary intervals (7 ;—T,;), although it 
could still remain satisfied over shorter temperature 
intervals or finite arcs of the phase separation line. If 
@»,, were also negative, that is, if the solid were ther- 
mally anomalous along the phase separation line, then, 
in general, the integral on the left-hand side of (41) 
could allow it to be satisfied over a longer interval 
(T;—T,) than if a,,, were positive. Excluding the case 
of the extreme anomaly whereby ay,, would be more 
negative over the phase separation line than a,,;, one 
is led to expect, in general, the anomalous regions of the 
liquid and the solid to be limited to finite segments of 
the phase separation line. 

The problem which arises now concerns the generali- 
zation of the normal rule (35) to include the anomalous 
situations, subject always to the normal volume condi- 
tion (34). Clearly, (35) cannot be valid in these cases of 
thermal anomaly, since it would require the liquid to be 
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less anomalous than the solid, both a»,; and ay,, being 
negative. Numerically, (35) would require the expansion 
coefficient of the solid to be larger than that of the liquid 
in equilibrium with it. Such a situation appears to be 
one of extreme anomaly as briefly alluded to above in 
connection with (41), although (35), subject to (34), is 
compatible with it. However, the less anomalous situa- 
tions considered above are not compatible with the rule 
(35). If we exclude the rather unlikely occurrence of the 
case of extreme anomaly, it will be seen that (35), 
subject to (34), may be generalized so as to correlate the 
isobaric expansion coefficient of the anomalous liquid 
with that of the almost normal or anomalous solid. One 
is thus led to rewrite (35) as 


Qp,1(Pm)| > lap.e(Pm)|, (43) 


which, of course, reduces to (35) when the liquid and the 
solid are normal. This rule is fully compatible with the 
case of the anomalous liquid He‘, whose anomaly ex- 
tends over the temperature range defined by (7). The 
correlation of the anomalous thermal properties of liquid 
He‘ with the thermal properties of solid He‘ in equi- 
librium with it along the melting line has to be discussed 
in terms of (43) under the restriction of omitting the 
case of extreme anomaly. 

In the present case of He‘, the extreme anomaly could 
occur over a limited temperature range. This is because 
the lambda transition leads to large negative values of 
@»,1, and unless there is some similar transition in the 
solid phase, rule (35) could not be valid throughout the 
whole range of the anomaly. Since a,,, would be lower 
than a,,; over some range, the two negative expansion 
coefficients would cross at some T7,<7\(pm) with rule 
(35) being contradicted at T>T,. Such a situation 
would be difficult to contemplate. 

The relation (43) allows only two possible behaviors 
of solid He* over the interval [Ta(Pm)1—Ta(Pm)11]. In 
both cases, (43) imposes anomalous thermal properties 
on solid He‘ over this temperature interval. These two 
possibilities correspond, respectively, to what may be 
called the case of least anomaly, case (A), and to that of 
the completely anomalous solid, case (B). The study of 
these two possible anomalous solids follows. 


Case (A) 


In this case of least anomaly, ay,.(~m) may be such 
that 


Qp,e(Pm) =, 


or the solid is normal with the exception of isolated 
points at the melting line, such as Ta(pm)r1 and Ta(Pm)1, 
where a,»,, must vanish by (43), in addition to its 
vanishing at the absolute zero, by the Nernst theorem. 
Since ay,s(Pm) is a continuous and differentiable function 
of the macroscopic variables of state, together with its 
derivative, a»,, must have at least one maximum be- 
tween the absolute zero and T.(/m)11, and it must have 


(44) 
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at least one other maximum between 7.(»)1m and 
T a(Pm)1- 

The rule (43) requires that the coefficients a,,; and 
@p,s intersect at their common zeros but at no other 
points. Hence, in case (A), the solid is necessarily 
anomalous at Ta(Pm)iu and Ta(pPm)1. Since 


Op,s(Pm)= —[V e(Pm) 1 (0S./ 8p) r 


°0, T=Talpmu, T=TalpPm)1, (45) 


S,(p,T), being a decreasing function of the pressure, has 
maximas at the melting line at two temperatures, while 
it has no such maximas at any other points along the 
melting line, reached along isothermal curves in the 
solid phase. That is, S,(~,7) increases with decreasing 
pressure, at constant 7 values, but reaches its upper 
limit at p»(7) with a finite slope, (0S,/0p) r being finite 
though negative, in general. 

In this case of least anomaly, the vanishing of a,,, 
at the isolated finite temperatures, Ta(fm)11 and Ta(pm)1, 
where a»,; vanishes also, may be reasonably attributed 
to the competition between at least two groups of 
thermal excitations, as is the case with the liquid. As 
briefly discussed in the preceding sections, the thermal 
anomalies of the liquid may be ascribed approximately 
to the competition between the normal phonon excita- 
tions and the anomalous higher energy excitations of the 
normal fluid fraction. Or, if we denote by the subscripts 
a and n the quantities associated with the anomalous 
and normal excitations of the solid, one is led to repre- 
sent the total entropy of the system as 


S.(p,T)=S.,a(P,T)+Ss,n(P,T), (46) 


which yields at once 
Qp,s(P,T)=ap,a(p,T)+ap, n(p,T), (47) 

where 
Qp,n(p,T)= 0, 


Qy,a(p,T) <0. (48) 


In the case of least anomaly, one has 


Gy, n(P,l)> —ap,a(P,7), (49a) 
and 
Qp, n( Pm] «,11) 


Ap, n(Pmy1 a1) 


—Gy,6( Pm! att); 


(49b) 
—Oy,a(Pm,! al): 
The vanishing of the isobaric expansion coefficient of the 
solid at Ta(Pm)i1 and T.(pm)1 may be ascribed to the 
mutual cancellation of the partial expansion coefficients 
arising from the groups of normal and anomalous thermal 
excitations. The group of normal excitations would 
dominate the anomalous group over the whole tempera- 
ture range with the exception of the isolated temper- 
atures T.(Pm)11 and T.(fm)1- Actually, the possibility 
still exists here that ay,,(Pm) vanishes at isolated points 
between these temperatures along the melting line. Such 
an oscillatory behavior of a,,, is still compatible with 
the rule or conditions used above. 
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Case (B) 


In this case, solid He‘, in equilibrium with liquid He‘ 
along the phase separation line, is completely anomalous 
over at least a limited temperature range between 
Tal(pm)ur and Ta(pPm)1. Clearly, rule (43) still allows 
Qy,s(Pm) to be positive over certain regions of the inter- 
val [Ta(pm)1—Ta(Pm)11} and negative over other re- 
gions of this interval. The oscillatory behavior of the 
thermal properties of the solid, oscillating between 
normal and anomalous behaviors would, however, be 
strange, since it would suggest that the partial thermal 
properties of the groups of normal and anomalous 
thermal excitations would be themselves oscillatory. In 
this case (B) of the completely anomalous solid He’, the 
simplest situation seems to be the one in which the 
anomalies exist over the whole temperature range 
[Ta(Pm)1—Ta(pm)i11], as is the case with the liquid in 
equilibrium with it. 


II.4. Negative Isobaric Volume Expansion 
Coefficient of Solid He‘ 


The prediction, in the previous sections, of the anoma- 
lous character of solid He‘ in equilibrium along the 
phase separation line with the anomalous liquid He‘ 
will now be verified in terms of somewhat incomplete 
data on these two phases along the melting line. We will 
thus evaluate approximately the expansion coefficients 
@p,. and a,,, along the melting line p,,(7). The data to 
be used’*:*!7 extend from about 1.1-1.2°K upward. 
There are no data available on solid He* above the 
melting line at pressures p,,(7)< p~<50 atm, so that an 
evaluation of the thermally anomalous properties (1a) 
or (1b) of the solid in this pressure range is excluded at 
the present time. 

In the numerical evaluation of the expansion coeffi- 
cients, the rigorous thermodynamic formula, 
already above, Eq. (39), 


a&p(Pm)=LV (Pm) | TOV (pm)/OT |p 


=[V (pm) | dV (pm) dT | 
+kr(pm)(dpm/dT), 


used 


(39a) 


will be applied. Here V (p,,) refers to V:(Pm) or Vs(Pm), 
the volume of the liquid and solid along the melting line 
pm(T), kr (Pm) stands for the isothermal compressibility 
Kr,1(Pm) OF Kr,s(Pm), and the straight temperature de- 
rivative is to be taken along the phase separation line. 
It should be clearly kept in mind that the direct 
evaluation of ap,:(Pm) or Of ap.s(Pm) with the exact 
formula (39a) and the available data is, to within the 
approximations of the latter, strictly rigorous in that it 
represents a truly empirical check on the existence or 
nonexistence of the thermally anomalous solid over the 
temperature range to be explored. This verification of 
the predicted anomalies is thus strictly independent of 
the various arguments of either thermodynamic or of 
the two-fluid theoretical background which have been 
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TABLE I. Approximate isobaric expansion coefticients of liquid and 
solid He‘ along the phase separation line. 
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advanced above in connection with the probable be- 
havior of ap,s(Pm) or the associated thermal properties 
of the solid. 

In (39a), with the exception of x7,.(Pm), the quanti- 
ties Vilpm), Vs(pm), and p(T) are available over 
a finite temperature range through direct measure- 
ments’.!6 while the various derivatives and x7,:(Pm) 
could be obtained from the measured quantities and the 
derived diagrams" of liquid He*. The derived isothermal 
compressibilities” of liquid He‘ at p2 20 atm appear to 
be somewhat out of line at temperatures 721.55 
1.60°K. These derived liquid compressibilities, through 
the partial derivatives (0p;/0p)r of the liquid densities 
pi, seem to imply the increase of the isothermal com- 
pressibilities at constant temperature with increasing 
pressure. Asa consequence, the compressibilities x7, (Pm), 
obtained by extrapolation to the melting line, may 
already be larger than their correct values at 721.4 
1.5°K. Hence, by (39a), the calculated isobaric expan- 
sion coefficients a@p,:(Pm) are upper limits of these 
quantities. 

In order to evaluate the expansion coefficients ap, s(Pm) 
of the solid, we had to use the approximate com- 
pressibilities of the liquid along the melting line, there 
being no data whatsoever available on xr,.(pm). Now 
rule (42) requires that the isothermal compressibility of 
the solid be smaller than that of the liquid in equilibrium 
with it at the phase separation line. Since an exception 
to this rule is rather unlikely, it seems reasonable to 
state that the calculated a,,.(Pm) values are necessarily 
upper limits of this property. Actually, at T21.4- 
1.5°K, the calculated a»,.(pm) values would be upper 
limits already, independently of the requirement of rule 
(42) because of the upper limit character of the x7,:(Pm) 
values themselves, as mentioned above. 

We give in Table I the calculated approximate coeffi- 
cients a@p,1(Pm) and ap,.(Pm), the latter being upper 
limits as just noted. There are two series of values for 
both liquid and solid expansion coefficients. They origi- 
nate with two series of values of the derivatives 
(dp»/dT). These were obtained through analytical fits” 
** Thanks are due to Dr. R. K. Zeigler for the various analytical 
fits, to Mrs. J. E. Powers for the numerical calculations, and to 
Mrs. B. M. Hindman for the preparation of the graphs. 
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Fic. 2. Approximate isobaric volume expansion coefficients ap, .! 
and ap, 1! of solid He* (10-*/°K) along the phase separation line, 
as a function of the temperature (°K). 


by the method of least squares of the liquid and solid 
volumes, Vi.n(7) and V., (7) and of the melting pres- 
sure p»(7). These analytical fits gave rise to a»,! and 
. Using values of (dp,,/dT) given by Swenson" and 
obtained through a different analytical fit of his meas- 
ured ~,(T) values, one obtains the second set of ex- 
pansion coefficients a», ;'! and a»,."" 

It is seen that both a,,;' and a,,;"' are negative and 
decrease rapidly with increasing temperatures as ex- 
pected. The major results exhibited by Table I concern 
the values of the isobaric expansion coefficients ay,,! and 
ap,s'! of the solid. These are both negative at low tem- 
peratures. One of them, a,,,! exhibits a minimum, while 
Qy,s'' seems to have such a minimum. They increase 
with increasing temperatures toward zero and positive 
values. The zero of these calculated a,,,! functions is 
close to 1.5°K, that of a»,,!! is close to 1.55°K. The two 
sets of coefficients a,,,' and a,,.!! are close to each 
other, and their differences are of no particular sig- 
nificance. 

According to Table I, solid He* has anomalous thermal 
properties over a finite temperature range along the 
melting line. Hence, case (B) of the completely anoma- 
lous solid, discussed in the preceding section, is at hand 
here. Inasmuch as the existence of the negative ap,, 
values also means that, (1a), 


[8S.(pm)/Op ]r>0, (1c) 


it is seen that the anomalous solid must extend over a 
finite pressure range at pressures p>p,»(T) over the 
relevant temperature range of the anomaly. This con- 
clusion results directly from the continuity and differ- 
entiability of S,(p,7) and of its first derivatives. Indeed, 
the finite positive partial pressure derivative at the 
melting line has to decrease first continuously toward 
zero at constant temperature at increasing pressures to 
become normal or negative at higher pressures in the 
solid phase. 

We give in Fig. 2 the graphs of the two solid expansion 
coefficients a» 4 and a,,,/4. A further discussion of these 


I 
Qp,s 
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coefficients would not be fully justified at the present 
time, because the a,,,(7) curves refer strictly to upper 
limits, so that the final correct form of the a,,,(T) 
function is not available. The correct curves must be 
depressed below those given in the graph. It should also 
be remembered that the temperature values of the zeros 
of the a,,, curves are essentially lower limits, the true 
zero of a»,, must be higher than about 1.50-1.55°K. 

As emphasized above, the numerical values of the a, 
coefficients are strictly rigorous and their limitations 
result essentially from the approximate character of the 
experimental data used to derive them. It thus appears 
justified to conclude that they conform to the predic- 
tions based on the thermodynamic correlation of the 
thermal anomalies of a liquid and solid in equilibrium 
along the phase separation line, developed in the present 
work. The results obtained, with the data available at 
the present time, yield thus an affirmative answer to the 
question, stated in the Introduction, of whether the 
thermal anomalies of liquid He‘ persist or not in solid 
He‘ of higher density than the liquid at or near the 
phase separation line and over a finite temperature 
range. 

At temperatures T 2 2.0°K, the liquid is normal," and 
the solid should also be normal. This higher temperature 
region is of a somewhat reduced interest from the 
standpoint adopted in this work, namely, the investiga- 
tion of the nature of the solid in equilibrium with the 
anomalous liquid. Still, the trend of variation of the 
entropy of the solid beyond 7,(p,,) would be of great 
interest in connection with a determination of the ways 
the anomalous solid becomes normal at these higher 
temperatures. 


Ill. SOLIDIFICATION OF LIQUID He‘ AT 
LOW TEMPERATURES 


We should like to study in this section the liquid-solid 
transformation at low enough temperatures where the 
dominant thermal excitations of liquid He* II are 
phonons. As mentioned earlier, the empirical basis for 


the existence of such a phonon region at low tempera- 


tures consists of the heat capacity measurements” which 
yielded a 7*-type heat capacity in accord with the 
hypothesis originally put forward by Tisza" on the 
probable Debye-liquid character of liquid He‘ at suffi- 
ciently low temperatures. Inasmuch as only longitudinal 
phonons are expected to be propagated essentially, the 
longitudinal characteristic temperature evaluated? with 
the observed liquid density and small amplitude, fairly 
low frequency compressional wave velocity,” is very 
close to the observed one.”° These heat capacity meas- 
urements refer only to the saturated liquid. No heat 
capacity measurements are available in compressed 
liquid He* at low temperatures. However, in this low- 
temperature region, the liquid may reasonably be ex- 
pected to be normal. This limited region of the phase 
diagram of the liquid is outside its anomalous region, 
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discussed above in detail, or 

[dSi(p,T) Op |1 <Q, 

pele (1d) 

T<Ta(Pm)u- 
This normal behavior is imposed by the dominance of 
phonons in the thermal excitations of the compressed 
liquid whose characteristic longitudinal temperature 
increases in compression. Since 

lim S;(p,T)/R 


T«O, 


(4n*/15)(T/O,)3, (50) 
the entropy of the liquid must decrease on compression, 
omitting in S,(p,7) small contributions arising with 
thermal excitations other than phonons. 

We saw above that both liquid and solid He‘, in 
equilibrium along the phase separation line, at 721.1 
1.2°K, have entropies whose temperature variations are 
very rapid. This suggests that at these higher tempera- 
tures where the thermal properties of both phases are 
anomalous, the thermal excitations are also anomalous. 
However, it seems reasonable to assume that solid He‘ 
may itself become a Debye-type solid at the low temper- 
atures where its static thermal properties become normal 
as is the case with the saturated liquid and probably 
also with the compressed liquid. 

It is an experimentally established fact that solid He* 
is a hexagonal close-packed crystal'®:® so that for a 
description of its elastic properties, it would require five 
elastic constants.”® Strictly speaking, there are no data 
available on the elastic constants of solid He*, above all 
near the phase separation line and at the low tempera- 
tures of interest to us here. However, the axial ratio of 
the hexagonal crystal (c/a) is practically the ideal one or 
2(2/3)}. As a consequence, it would appear justified, at 
the present time, to assume that this close-packed 
structure is of high elastic isotropy to some fair degree of 
approximation.’ The five independent elastic constants 
reduce then to approximately two, namely, A and y, the 
two Lamé coefficients, as in the limit of complete elastic 
isotropy.”* In terms of the Poisson ratio o of the solid, 
that is, the ratio of lateral contraction to longitudinal 
extension under terminal pull, 


o=h/2(A+p), 


the characteristic temperature of the solid ©, is given 
by?8 
30,7%= 0,7+20;° 
= (k ‘h)*(4rV ,, 3N ) (psks ola s 
¢(c)=[ (1+¢)/3(1—¢) }! 
+2[2(1+0)/3(1—2c) ]}, 

25 A. F. Schuch, Proceedings of the Fifth International Conference 
on Low-Temperature Physics and Chemistry, Madison, Wisconsin, 
August 30, 1957, edited by J. R. Dillinger (University of Wisconsin 
Press, Madison, Wisconsin, 1958), p. 45. 

2% A. E. H. Love, Elasticity (Dover Publications, New York, 
1944), p. 160. 

27 For recent work in connection with this problem, see L. J. 
Slutsky and C. W. Garland, Phys. Rev. 107, 972 (1957). 


78 L. Brillouin, Les Tenseurs en M écanique et en Elasticité (Dover 
Publications, New York, 1946), pp. 324-6. 


(51) 


(52) 
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©, and ©, being the longitudinal and transverse 
characteristic temperatures, V, the molar volume of the 
solid, N is Avogadro’s number, p, the density, and x, the 
adiabatic compressibility of the solid, along the phase 
separation line. Since in the liquid, 


@;*= (k/h)§(4rV 1/3N)(pixd)!, (53) 


and 


lim S,(p,T)/R= (444/15) TO +20 J, 


T«O, 


(54) 


one obtains at once for the entropy change in the liquid- 
solid transformation, on the assumption of the thermal 
excitations of both phases being essentially phonons, 


AS m(Pm;T)/ R= [Si(pm7)—So(pm,T) /R 
=([Si(pm,7)/ R| 
XL1— (Vi/Ve)*(xe/nr)'e(e) ]. (55) 


At the low temperatures under consideration, the normal 
behavior of the liquid requires that 


Si(PmyT)<Si(Peat,T) 


or the liquid entropy at the melting line must be lower 
than the entropy under saturation pressure Psat at the 
same temperature. Using the experimental volumes or 
densities at saturation” and along the melting line, as 
well as the liquid compressibilities" «:(Psat,7) and 
Ki(Pm,7), all available only at T721.0°K, making the 
reasonable assumption that neither the volumes nor the 
compressibilities will change significantly toward lower 
temperatures, one finds that the liquid entropy along 
the melting line may be only some 25% of the entropy at 
saturation. 

The quantity inside the brackets on the right-hand 
side of (55) depends essentially on g(c). Here V;~1.1V,,, 
and x, could be as small as 0.75x;. In isotropic solids,” ¢ 
varies between 0.25 and 0.43, approximately. The 
function ¢(o) varies, for this range of o, between 4.72 
and 36.3. In general then, AS, is negative, or the 
solidification over the low-temperature region is ac- 
companied by an increase in entropy, the entropy of the 
solid being larger than that of the liquid. 

The temperature slope of the melting pressure line 
bm(T) is, by (32), with AS, given by (55), at low 
temperatures 


lim (dpm/dT) 


T small 
= (49*/15)(T/0,)' 


X[1— (V/V) (ke/xd! e(o) //AVm. (56) 


It is seen that if (dp,,./dT) turned out to be negative at 
low temperatures, this slope would increase rather 
rapidly toward zero at very low temperatures. Since at 
T21.2°K, (dpm/dT) is observed to be positive, it is 
likely that if (56) gave effectively a negative melting 
pressure slope, the zero of this slope will occur at a 
temperature higher than the temperatures associated 
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with the complete dominance of the phonon type of 
thermal excitations. Accordingly, an experimental search 
for the anomaly of the melting pressure p,,(7) should 
start at T72>1.0°K and should be extended downward. 
Also, because of the rapid numerical decrease of 
(dp»/dT) with decreasing temperatures, the observa- 
tion of the probable anomaly of p,,(7) might be more 
advantageous at medium temperatures. 

A remark is of interest here concerning the precise 
meaning of the coefficients \ and yw in (51) or (52), 
appearing in the latter through the ratio a. Inasmuch as 
the solid phase is obtained through compression, the 
lowest pressure solid at a precise temperature at the 
phase separation line corresponds, in a limiting sense, 
to a normal solid under essentially vanishing external 
pressure. All internal pressure effects due to thermal 
excitations are included in the above elastic coeffi- 
cients.?* The pressure effects on these coefficients in the 
compressed solid may then depend, to a certain ap- 
proximation, on the excess pressures (p— pm) above the 
melting pressure. 

The physical basis of the preceding formal discussion 
of the predicted entropy increase on solidification in the 
temperature range where the thermal excitations are 
overwhelmingly phonons is associated with the develop- 
ment of the finite rigidity coefficient » of the solid. This 
elastic coefficient vanishes essentially in the liquid 
phase. As a consequence, the degrees of freedom of the 
solid other than the compressional ones become avail- 
able for thermal excitations, yielding necessarily an in- 
creased thermal disorder or increased entropy, compared 
with that of the liquid at the same temperature. If the 
anomaly of the He* melting line became observable, this 
anomaly would be similar in its origin to the observed 
anomaly"** of the melting line of He*. In the latter 
case, the solidification is accompanied by the release of 
spin degrees of freedom. This results through the de- 
crease in the solid of the strength of the apparent 
internal field existing already in the liquid, tending to 
align the spins antiparallel, yielding thus an increased 
spin disorder in the solid as compared with that of the 
liquid, the two phases being in equilibrium along the 
phase separation line. The increase of spin entropy on 
solidification is large enough to compensate, at the low 
temperatures, 7<0.3°K, for the entropy decrease of the 
normal degrees of freedom, assuring thus the develop- 
ment of the minimum of the melting line. Experimental 
indications at the present time® seem to be compatible 
with a monotonic increase of dp,,/dT toward zero in the 
limit of the absolute zero with the melting line de- 
veloping an inflection point between the temperature of 
its minimum and the absolute zero. This would be in 


2 J. L. Baum, D. F. Brewer, J. G. Daunt, and D. O. Edwards, 
Phys. Rev. Letters 3, 127 (1959). 

# DP. O. Edwards, J. L. Baum, D. F. Brewer, J. G. Daunt, and 
A. S. McWilliams, Proceedings of the Second Symposium on Liquid 
and Solid He’, edited by J. G. Daunt (Ohio State University Press, 
Columbus, 1960), p. 126. 
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agreement with our previous work! on the melting pres- 
sure line p,,(7) of He’. 


IV. CONCLUDING REMARKS 


According to the studies described in the present 
work, solid He‘, in equilibrium with liquid He‘, has 
anomalous thermal properties over a finite temperature 
interval, over which the liquid is also anomalous. Vari- 
ous arguments of macroscopic thermodynamic character 
lead one to predict thermal anomalies in the solid in 
equilibrium with the liquid along the phase separation 
line or near this line. Experimental information, how- 
ever scarce, available in these two phases allow one to 
actually prove, with the help of a rigorous thermody- 
namic formula, that the solid is anomalous over a finite 
temperature range. This proof is entirely independent of 
the rules of thermodynamic background which helped to 
predict the existence of the anomalous solid. The sharp- 
ness of the proof is only reduced by the unavailability of 
certain data needed for it, as well as by the ever-present 
limitation in the precision of the available data entering 
into its numerical evaluation. As a consequence, the 
temperature range of the anomalies could only be 
deduced approximately through its lower limit. 

These results suggest that extensive experimental in- 
vestigations of the anomalous solid He‘ near the melting 
line and over a pressure range above the melting line 
would be of interest. Independently of the intrinsic 
properties of this solid, some of which appear to become 
anomalous at the approach of the temperature associated 
with the characteristic liquid He* Il—He‘ I transfor- 
mation at the melting line, the investigation of the 
anomalies of the solid could also shed additional light on 
the above transformation as well as on the anomalous 
properties of the liquid itself. 

The existence of the anomalous solid raises, of course, 
the problem of the origin of this behavior. In the liquid 
phase, the thermal anomalies have not been explained 
satisfactorily either. Actually, the suggested explanation 
of these anomalies was shown to be associable with the 
one used in accounting for the anomalies of similar 
macroscopic character of liquid He® in a different though 
finite temperature range. Namely, in liquid He‘, these 
anomalies may be assigned to the dominance of high- 
energy excitations as compared with the excitations of 
low-energy states associated with the longitudinal or 
compressional modes of elastic vibrations, that is, longi- 
tudinal phonons. At low enough temperatures, the 
thermal excitations of the latter modes dominate and 
insure the normal behavior of the liquid.’ The thermal 
anomalies of the liquid appearing at higher tempera- 
tures have to originate with a group of thermal excita- 
tions of anomalous character. The thermal anomalies of 
the solid could also originate with the competition be- 
tween at least two groups of thermal excitations, one 
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normal, the other anomalous. In view of the low- 
temperature normal liquid being a Debye-type system 
whose shear modes of elastic motions are inhibited 
through the essentially vanishing rigidity modulus, it 
seems reasonable to expect the low-temperature solid to 
become also a conventional solid in full possession of all 
its elastic modes of motion. The probable occurrence of 
the low- or medium-temperature anomaly of the melting 
line has been discussed in some detail in Sec. III. 

The fundamental problem raised by the thermody- 
namic proof obtained here of the anomalous solid He* 
concerns the similarities and differences between the 
anomalous groups of higher energy excitations in the 
liquid and the solid. Suppose that the anomalous thermal 
properties of the solid actually extended over about the 
same temperature interval as those of the liquid along 
the melting line. This would suggest that the liquid- 
solid phase change, leading at the temperatures under 
consideration to close packing of the atoms, has not 
completely modified the anomalous character of the 
high-energy thermal excitations of the liquid, and these 
persist in possibly milder form in the solid phase also, at 
least at pressures just necessary to produce solidification 
and at somewhat higher pressures. At the present time, 
we saw above, the available data tend to reduce the 
temperature range of the solid anomaly below the one 
exhibited by the liquid. Nevertheless, with the deduced 
temperature region of the solid anomaly being a lower 
limit, it seems necessary to recognize the possibility 
that, ultimately, the anomalies of the solid and the 
liquid at equilibrium have the same or similar roots. 
Assume, indeed, that a successful proof could be ad- 
vanced for the role played by quantum statistical sym- 
metry in the determination of the anomalous thermal 
properties of liquid He*. It would then appear justified 
to attempt at a generalization of the statistical sym- 
metry through its explicit intervention, with the neces- 
sary modifications, in the description of the collection of 
close-packed atoms occupying some ten percent smaller 
volume than that of the liquid phase compressed to the 
phase separation line and forming the solid of enormous 
compressibility. It should be remembered, in this con- 
nection, that a similar situation appears to be realized in 
solid He’* in equilibrium with liquid He’ along the phase 
separation line. Here, antisymmetric statistics seem es- 
sentially to be involved in the explanation of the 
anomalous thermal properties of the liquid phase,*~® 
extending over a fairly wide temperature interval, 
through its nuclear spin system. The idea that this same 
cause should be responsible for the thermal anomalies of 
the solid, along the phase separation line and at least 
over a finite pressure range above it, led one to effectively 
predict! the existence of these anomalies in solid He® 
over a finite temperature interval in agreement with the 
observations." 
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The wave function describing the ground state of a boson system 
is approximated by the function ¥=II exp[4(r;;)]. The super- 
position approximation is then used to derive a linear, inhomo 
geneous integral equation for du/dr in which the only other 
quantities occuring are the experimentally observed two-particle 
distribution function g(r) and its first derivative. A numerical 
solution for He* is computed and compared with the explicit 
approximate solution derived by Abe. Using the computed u(r) 
and a proper smooth extrapolation of g(r) into the region below 
the apparent cutoff at r=2.34 A, the kinetic energy of liquid Het 
at absolute zero is estimated at 2.91 10~"* ergs/atom. 

A functional J(du/dr) is constructed with the property that 


I. INTRODUCTION 


TRIAL wave function consisting of a product of 
two-particle correlation factors appears to provide 
a reasonably good description of liquid helium II at 
absolute zero. Abe! has recently developed a powerful 
technique for deriving physical consequences from this 
description with only observed quantities appearing in 
the final formulas. The present note is devoted first to 
the further development of Abe’s relations. Some con- 
sequences of the virial theorem are developed in Sec. IV. 
The wave function 
W=[J er, 1gi<jENn (1) 
ii 
is used to describe the ground state of an \-particle 
boson system confined to the volume Q, where r;; is the 
distance between the ith and jth particles, u(0)=—«, 
and u(%)=0, 
We need the two- and three-particle distribution 
functions 


palri) =pglris)=a(N—1) f Vv °drzdr4:- ’ dry / 


fiviace des, (2) 
2» f |W \*dry-- -dty / 
fields --des, (3) 


in which p=N/Q is the mean-particle density. The 
function g(r) is subjected to boundary conditions 
g(0)=0, g(«*)=1, and the normalization condition 


(4) 


pf Csr) 1 jdr= —1. 


* Supported in part by the Air Force Office of Scientific Re- 
search of the Air Research and Development Command. 

1R. Abe, Progr. Theoret. Phys. (Kyoto) 19, 57 (1958). 

?R. Abe, Progr. Theoret. Phys. (Kyoto) 19, 407 (1958). 


Abe’s integral equation for du/dr is just the Euler equation associ- 
ated with the problem of finding a « for which J takes on an ex- 
treme value. The extreme value of J (actually a maximum) is 
simply related to the expectation value of the kinetic energy. The 
variational property is used to determine the best u(r) from a 
family of trial functions. 

The calculated value of the kinetic energy and the measured 
total energy are used, in conjunction with the virial theorem, to 
determine the coefficients of a 6-n Lennard-Jones potential. At 
n=12, the calculation yields a deeper potential well and a slightly 
wider repulsive region than is calculated from the properties of 
the gas phase. 


1 
g(r)=1+ — { [s(#)—1% ik-rdk 


(5) 
8:r*p 
gives g(r) in terms of the liquid structure factor S(z), 
a quantity determined experimentally by analysis of 
x-ray diffraction patterns. 

Formulas involving p; are evaluated by introducing 
the superposition approximation, 


p3(1,2,3 )\~p?g(ri2)g(res)g(r31). 


(6) 


In our calculation, experimental values of S(k) for 
liquid He‘ in the ground state are taken from Goldstein 
and Reekie’ after imposing the normalization suggested 
by Feynman and Cohen‘; namely, multiplication by a 
factor 0.97 throughout and linear extrapolation near the 
origin to S(0)=0. The function g(r) and its derivative 
are calculated from Eq. (5). Because of the limitation 
of experimental data, we follow Goldstein in setting 
S(k)=1,k>6 A. From the definition g(r) 20; however 
the cutoff in wave number space has the consequence 
that the computed g(r) approaches the axis sharply and 
crosses at r=2.34 A. Below r=2.34 A, Eq. (5) must 
be replaced by g(r)=0. 


II. BASIC RELATIONS 
The Hamiltonian of the system is 


H=T+V, 


where 


(7) 
V=> V(r) 


are the kinetic 
respectively. 


energy and potential energy operators, 


3 L. Goldstein and J. Reekie, Phys. Rev. 98, 857 (1955). 
4R. P. Feynman and M. Cohen, Phys. Rev. 102, 1189 (1956). 
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Fic. 1. The two-particle distribution function. 


Using the wave function (1), the expectation value 
of the K. E. operator is readily reduced to the form 


h? 
(T)=Np few cae. 
8M 


(V)=$4 Vo f s(e)V (ar. 


An equation expressing u(r) in terms of g(r) can be 
derived by computing Vig(ri2) from Eq. (2). With the 
help of Eq. (3) and the superposition approximation 
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Fic. 2. Solutions of Eq. (11): #9o=Ing(r), zeroth approximation ; 
m4, first approximation; u, exact solution. Curves in dashed lines 
are computed from Eq. (12). 


E. FEENBERG 
Eq. (6), the resulting equation is 


V1 (712) = g(r12) Viu(ris) 
tog(rn) f g(rasglra) ¥au(radn, (10) 
which is equivalent to the scalar equation 


g (riz) = g (riz) (riz) + pg (ria) [str (731) (731) 


e 


Xcos(12,13)dr3. (11) 

Equation (11) is a linear inhomogeneous integral 
equation for u’(r). Abe obtains a formal solution in the 
form of an infinite series by a process of iteration. Each 
term in the series can be represented by a cluster dia- 
gram of a simple closed loop and a complete set of cross 
links radiating from particle 1. The approximation of 
replacing g(r;,) by a constant <1 in all the cross links 
leaves a form which can be summed. The resulting 
formula is 


1 [S(k)—1} 
u(r)=Ing(r)— f e~*k-tdk, (12) 
82*p 1+-[.S(k)—1 


Abe’s approximation results from setting = 1. 

Equation (12) has been integrated for = 1, 0.98, 0.95, 
and 0.80, with the results shown as the curves in broken 
lines in Fig. 2. We have also computed essentially the 
exact solution by setting up the iteration procedure on a 
high speed computer. The u(r) found in this manner is 
shown in Fig. 2. It is seen that the approximation 
represented by Eq. (12) is best when ¢ is somewhat 
smaller than 1. Furthermore the solution corresponding 
to the approximation of retaining only the first term in 
the iteration series is also shown in Fig. 2. Apparently 
both the approximations of setting = 1 and of retaining 
only the first term of the iteration series are inadequate 
if our purpose is to compute u(r) accurately. 

The kinetic energy is calculated by inserting Eq. (11) 
into Eq. (8). We get 

h? 
(T Np (Jat+J>s), (13) 


where 


Jam f (e"/e)dr, 
J = =p f giri)ats f g(reselradu'(r 1) cos(12,13)dre. 


The integrand of J, is poorly defined below r=2.4 A 
by the available information on g(r). We have tried to 
obtain a reasonable estimate by using the function 


2(r)=g(d) exp{A[1—(d/r)" }} (14) 
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TABLE I. Estimate of kinetic energy. 








{T)/N 
(10- erg/atom) 
2.91 
3.15 
3.76 


d 
4n f (g'*/g)rdr 


380 
308 
237 








to extrapolate g(r) below r=d. The parameters \ and 
n are chosen so that we have 2’(d)=g’(d) and 2’’(d) 
= g’’(d). Using Eq. (14) we find 


d 
nf (g’*/g)rdr= tng(d)d| m-+n—1- (n—1) 


1 
xf exp[A(1—1 “isl (15) 


Numerical results are collected in Table I. 

Curve 2(r) for d=2.6 A exhibits the excellent fit to 
g(r) up tor=3 A as shown in Fig. 1. The corresponding 
extrapolation function for d= 2.4 A is unsatisfactory be- 
cause it falls below g(r) in the range 2.34 A<r<2.40 A. 
This behavior permits the conclusion that the last row 
of Table I provides a safe upper limit on the true value 
of the integral and, therefore, a safe upper limit on the 
kinetic energy. In the following calculations we have 
extrapolated g(r) by Eq. (14) for d=2.6 A. 


III. EQUATION (11) AS AN EXTREMUM CONDITION 


Equation (11) is exactly the condition for giving an 
extreme value to the integral 


J= = f straw’ (ru) Pate +2 ff (ra)u’ (radar 


—p f g(rsdelrs )g(r31)’ (r12)u! (731) 


Xcos(12,13)drodr; (16) 


as a functional in w’(r). Our numerical results in Table IT 
are consistent with the extremum being actually a 
maximum. This extremum property permits us to choose 
from a family of particular trial functions the best 
approximation to u(r). Introducing Eq. (11) into Eq. 


TABLE IT. Evaluation of Eq. (20) for u(r) = —(b/r)™. 





(T); N 
b=(vext)!/™ (A)  Jexe (A) (107 erg/atom) 


3.41 455 
3.14 505 
2.98 545 
2.87 575 
2.80 596 
2.74 608 
2.69 612 
2.65 610 


(16), the extreme value is 


Joa= f gradu’ (rudd, 


consequently by Eq. (8), 
(T)= Np(h?/8M)J oxi. (18) 


The form of J in Eq. (16) permits the introduction 
of an amplitude parameter y in conjunction with any 
trial function u(r). Thus we write 


J (y)=2yJi- VJ, 
with 


J\= J su ae 
— f g(hau(rar, 


Jo= fsortw oer 


+0 f grisde(radelradu’(ru)u (rs) 
Xcos(12,13)dredrs, 
and obtain 
Yext=J1/J2, 


J at=J (Yer) =J 7 J; 


2. 


(20) 


To illustrate the usefulness of Eqs. (18)-(20), the 
integrals J; and Jz have been evaluated for the trial 
function u(r)=—(b/r)™. The results are shown in 
Table II. A maximum value of J.x: is observed at m= 10 
which gives u(r)=— (2.69 A/r)” as the best approxi- 
mation to the solution of Eq. (11) for this particular 
family of trial functions. This result is numerically 


TABLE III. Evaluation of Eq. (23). 





n C, (A) 


6 3.042 10-3 
8 2.830 10 
9 9.254 10-5 
3.115 10-° 

11 1.072 10-5 
12 3.759 X 10-6 
13 1.338 X 10-* 
14 4.832107? 
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TABLE IV. Evaluation of the potential. 


a (10-" erg-A") £8 (10~" erg-A®) a (A) 


0.309 
0.630 
1.40 


3.26 


0.0415 
0.0319 
0.0271 
0.0243 
75 0.0223 
388 ] 
7 
2 


[0.01574] 
0.0210 
0.0199 


mo 


NMNN NNN bd bo 
uy 


L 
1% 
4 


e (10 erg) r* (A) e* (107 erg) M e*r*?/f? 


2.52 
2.05 


3.150 
3.093 
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consistent with the zeroth order approximation of 
Eq. (11), namely g’(r)=g(r)u’(r), in the region where 
Eq. (14) is used for g(r). For m=4, Yext has also been 
computed by a cluster expansion procedure using a 
Lennard-Jones 6-10 potential.® The result is b= 2.92 A, 
not far from corresponding value in Table IT. 

A fairly general trial function results from introducing 
two amplitude parameters into the right-hand member 
of Eq. (12). The resulting variational problem exhibits 
an extensive and very flat plateau in the parameters 
and the variable £. The best value of the kinetic energy 
is 2.85X10-" erg/atom. 


IV. VIRIAL THEOREM AND THE 6-n 
LENNARD-JONES POTENTIAL 


In this section we determine the relations connecting 
the range and depth of a 6-n Lennard-Jones potential 
with the energy per atom & (= —0.97X 10~ erg/atom®) 
and the kinetic per Ty (estimated at 
2.91K10- erg/atom in Table I). The connection is 
made by employing the two-particle distribution func- 
tion g(r) to compute the expectation values of the 
potential energy. The assumed potential is written 


energy atom 


V (r)= (a/r”)— (8 r®)=4el (o r)"—(a/r)® | 


=[«*/(n—6) |[6(r*/r)"—n(r*/r)*], (21) 


where r* is the separation at minimum potential and 
— ¢e* the depth at the minimum. 

We start from the trial wave function Vo(Ar,: - - Ary) 
generated by introducing a scale parameter X into the 
normalized ground-state eigenfunction at zero pressure. 


The expectation value of the energy is then given by 
E(A)/N=NT ot €* (6r*"A"C,,— nr °C) /(n—6), (22) 


in which 


C.” 2p f g(r)r?-"dr 


is given in Table III for n=6, 8, 9, ---, 14. 


5 Clayton Williams (private communication). 
®K. R. Atkins, Liguid Helium (Cambridge University Press, 
New York, 1959), p. 22. 


The parameters r* and e* are now determined by the 
conditions E(1)=N & , and dE(A)/dA=0 at A=1 
virial theorem for zero pressure). Thus 


(the 


= 
ze 24) 
[(n—2)7 


—NnOo nL ¢. 


The parameters r* and e*, hence a, 8, a, and €, com- 
puted from Eq. (24) appear in Table IV. 

Values of these parameters are known for n 
puted by quantum mechanics’ from the properties 
of the gas phase. These values appear in brackets in 
Table IV. Unfortunately the corresponding parameters 
have not been computed for other values of n. The 
discrepancy at m= 12 is substantial. A smaller value for 
To (say 2.50X10-" erg/atom 
ment; ¢* 


12 com- 


does not bring agree- 
is reduced, but r* is increased by the change. 
It is also noteworthy that r* is quite insensitive to small 
variations in &; €* 
degree. 


is also insensitive, but to a lesser 


An informative comparison is possible, at n= 10, with 
the critical potential which just fails to posses a bound 
state. Under this condition the two-particle eigenfunc- 
tion for the zero-energy S state is exactly 


I 
exp —4(r" 
; 


r)' (25) 


y(r) 


One finds easily that Eq. (25) satisfies the Schrédinger 
h? Sh’ , 


equation 
r r*\ & | 
A+ of ) -10( ) Jv 0. (26) 
M 2Mrel \y rJ 3) 


[ M e*r®? h leritic A; 6. 


Thus 


The corresponding number from the analysis of the 
liquid state is (from Table IV) 
M e*r®/h?= 


7R. B. Bird, J. O. Hirschfelder, and C. F. Curtiss, Handbook 
of Physics (McGraw-Hill Book Company, New York, 1958), 
Part 5, Chap. 4, Table 4.1. 
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Study of the Internal Fields Acting on Iron Nuclei in Iron Garnets, Using the Recoil-Free 
Absorption in Fe*’ of the 14.4-kev Gamma Radiation from Fe*’{ 


R. BAuMINGER, S. G. CoHen, A. MARINOV, AND S. OFER 
Department of Physics, The Hebrew University, Jerusalem, Israel 
(Received December 22, 1960) 


The shape of the recoil-free absorption spectrum obtained in iron garnet absorbers has been investigated, 
using, as a source, a Co*’ source embedded in stainless steel. The results confirm the existence of two iron 
sublattices each showing a Zeeman structure characterized by different parameters. No significant differ- 
ences have been detected between the Zeeman structure in yttrium iron garnet and dysprosium iron garnet. 
The values obtained for the effective magnetic field at the Fe*’ nuclei at room temperature are 3.90 10° oe 
and 4.85 X 10° oe for the d and a iron lattice sites, respectively. At liquid air temperature the corresponding 
fields are 4.6X 10° oe and 5.4X 105 oe, respectively. The mean value of the chemical shift for the d sites rela- 
tive to stainless steel is about 0.04+0.005 cm/sec and about 0.06+0.005 cm/sec for the a sites. 


INTRODUCTION 


HE phenomenon of recoil-free resonance absorp- 

tion (Méssbauer effect)! of nuclear gamma rays 
has already been shown to constitute a powerful tool 
for investigating the properties of the internal fields 
acting on nuclei in solids. In particular, the 14.4-kev 
gamma rays of Fe*’™ have been employed in a striking 
way to study the internal fields at iron nuclei in ferro 
and antiferromagnetic materials.?— 

In these cases the Zeeman splitting patterns obtained 
in the absorption spectra can be simply interpreted.® 
From a knowledge of the nuclear magnetic moment of 
the nuclear ground state, values for the effective mag- 
netic fields at the iron nucleus can be obtained and 
also in some cases the magnitude of the quadrupole 
interactions. 

In the magnetic materials investigated so far, the 
iron atoms occupy equivalent lattice positions and the 
local fields at the iron nuclei are characterized by a 
single set of parameters. In the present investigation, 
a study has been made of the local fields in a ferri- 
magnetic material in which the iron atoms occupy 
two nonequivalent sets of positions. It was thought 
that this might result in a difference in the effective 
magnetic fields at the iron nuclei in the two sites. The 
ferrimagnetic materials studied were the iron garnets 
(stoichiometric formula 5 Fe.O3-3M2O3, where M in- 
dicates a rare earth ion or yttrium). The magnetic 
properties of these materials have been studied inten- 
sively in recent years.* Pauthenet has shown that in 
order to explain these properties it is necessary to 
assume that the two iron sublattices in this structure 
have opposite and unequal magnetizations. The garnets 


+ Supported in part by the U. S. Air Force, Air Research and 
Development Command through its European Office. 

1R. L. Méssbauer, Z. Physik, 151, 124 (1958). 

2S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S. 
Preston, and D. H. Vincent, Phys. Rev. Letters 4, 177 (1960). 
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have a body-centered cubic structure, space group O,", 
the unit cell containing 96 oxygen ions in the general 
lattice positions, with 16 Fe** ions in the @ special 
positions (octahedral sites) and 24 Fe** ions situated 
in the d special positions (tetrahedral sites). These 
constitute the two iron sublattices. The yttrium or 
rare earth ions occupy the 24 c dodecahedral sites. 
The unit cell edge is about 12 A. 

Two representative garnets of the above type were 
studied, yttrium iron garnet and dysprosium iron 
garnet. The yttrium ion is diamagnetic, whereas the 
dysprosium ion is strongly paramagnetic. It is known 
that in these garnets there is an exchange field which 
tends to align the rare earth ions relative to the mag- 
netization of the iron ions. Although this exchange 
interaction is known to be small relative to the domi- 
nant exchange interaction, which occurs between the 
two iron sublattices (10° oe compared to 6X 10® oe),’ 
it was thought of interest to see whether this could 
give rise to a difference in the effective field at corre- 
sponding iron nuclei for the yttrium and dysprosium 
garnets, respectively, at a given temperature. 

Since the magnetization of the garnets is a function 
of temperature® it was also considered interesting to 
try to correlate the effective fields at the nucleus with 
temperature, 


EXPERIMENTAL 


In these experiments the absorption of the 14.4-kev 
gamma ray of Fe*’” bound in stainless steel was meas- 
ured in polycrystalline garnet absorbers, containing 
iron enriched in Fe®’, as a function of the relative 
velocity between source and absorber. A stainless steel 
source containing Co*’ has already been shown to give 
a relatively narrow unsplit emission line.** Such a 
source can be used very effectively to explore the ab- 
sorption spectrum of an absorber containing Fe’. A 
large argon-filled proportional counter was used to de- 
tect the 14.4-kev radiation and provided a better reso- 
lution of this radiation against background than a thin 


7P.-G. de Gennes, C. Kittel, and A. M. Portis, Phys. Rev. 
116, 323 (1959). 
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Fic. 1. The absorption by stainless steel of the 14.4-kev gamma 
ray emitted in the decay of Fe’ embedded in stainless steel, as 
a function of relative velocity between source and absorber. 


NaI(TI) scintillation counter. As absorbers, two types 
of garnets were used in this work, yttrium iron garnet 
and dysprosium iron garnet. These were synthesized 
from YO; or Dy2O;3 and Fe,O;, containing iron en- 
riched in Fe®’ (70%) in order to maximize the Méss- 
bauer absorption relative to competing processes. X-ray 
photographs taken by Mr. Kallman of this laboratory 
showed a unique crystal structure for the samples. 
The samples were ground fine, spread out to an average 
thickness of about 10 mg/cm? and held rigidly be- 
tween thin Lucite disks, and in this form used as 
absorbers. 

At first, the Doppler shift between source and ab- 
sorber was provided by a mechanical device* consisting 
of a uniformly rotating eccentric wheel driving a 
carriage bearing the source, whose speed could be 
varied via a coupling. Later an instrument was de- 
veloped which enabled the counting rate to be auto- 
matically recorded as a function of the relative velocity,® 
and the final results presented here were carried out in 
this way. The source was mounted on a loudspeaker 
membrane and vibrated sinusoidally at 65 cycles/sec. 
The amplitude of the output of the pulse-height se- 
lector, channelled on the 14.4-kev peak recorded in the 
proportional counter, was modulated in appropriate 
phase with the sinusoidal motion, so that the modu- 
lated part of the amplitude would be proportional to 
the source velocity at the time of emission of the corre- 
sponding photon. The spectrum of modulated pulses 
was displayed on the first 128 channels of a 256-channel 
pulse-height analyzer. As a consequence of the har- 


8S. Ofer, P. Avivi, R. Bauminger, A. Marinov, and S. G. 
Cohen, Phys. Rev. 120, 406 (1960). 

®* The instrument used was similar to a device constructed 
recently by Dr. E. Sunyar of Brookhaven National Laboratory. 
We are indebted to him for information concerning his instru- 
ment, particularly the electronic circuits. 
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monic motion, the time the source spends in each 
velocity channel is itself a function of velocity. In order 
to obtain the true spectrum of counting rate as a 
function of velocity, the spectrum recorded on the 
analyzer was normalized in the following way. The 
output pulses from an independent scintillation counter 
and radioactive source were identical 
fashion as described above for the 
proportional counter and displayed on the second half 
of the multichannel analyzer. The output of the two 
counters were alternately switched every half-minute 
into the single-channel analyzer equipped with modu- 
lated output and the two spectra stored in the two 
halves of the analyzer. Identical counting rates were 
arranged in order to insure similar counting losses in 
the two halves of the multichannel analyzer. The 
normalized spectrum was obtained by dividing the 
number in a given channel of the first half of the 
analyzer by the number in the corresponding channel 
in the second half. This method of normalization en- 
sured good stability over long periods of time against 
drift in the electronic instrumentation. In practice, a 
scale of velocities was established by using as a calibra- 


treated in an 
pulses from the 


tion the absorption spectrum of antiferromagnetic 
Fe,O; and relying on the velocity assignments to the 
peaks in the Zeeman pattern obtained by Kistner and 
Sunyar* and as confirmed, also, by measurements in 
this laboratory, using the mechanical device providing 
uniform relative velocity mentioned at the beginning 
of this section. In both the latter measurements the 
relative velocities were measured directly. A typical 
absorption spectrum of Fe2Os, embedded in 
stainless steel, is shown in Fig. 2. Figure 1 shows the 
results obtained using a stainless steel absorber with 
the same source and confirms that an unsplit emission 
line is indeed obtained. The width of the absorption 
line is about four times the natural linewidth. Assuming 
an emission and absorption line of the same shape in 
the stainless steel source and stainless steel absorber, 
respectively, one concludes that the width of the 
emission line is about twice the natural width. 


using Co* 


Measurements were carried out for both types of 
garnet absorbers at room temperature and also at the 
temperature of liquid air. The latter experiments were 
carried out with the garnet absorbers immersed in 
liquid air contained in a Styrofoam container. 


RESULTS AND DISCUSSION 


Figures 3 and 4 show the results obtained with the 
yttrium garnet absorber at room and liquid air tem- 
peratures, respectively. These spectra should be com- 
pared with the spectrum obtained with antiferromag- 
netic Fe,O; shown in Fig. 2. The latter spectrum has 
already been investigated by Kistner and Sunyar* and 
analyzed in terms of a Zeeman splitting of the nuclear 
levels produced by a single magnetic field at the iron 
nucleus (5.15 10° oe) somewhat modified by a quad- 
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rupole interaction of the Fe*” nucleus with a finite 
electric field gradient at the nucleus, 

It is seen that there is an essential difference between 
the garnet spectra and the FesO; spectrum, the garnet 
spectra consisting of a series of doublets, but otherwise 
resembling the Fe.O; spectrum. An actual splitting is not 
apparent in the lines close to zero velocity (i.e., for the 
two “3” and ‘‘4” lines in Fig. 3 and for the three “2”, 
“3” and “4” lines in Fig. 4) but these lines are wider 
than would be expected assuming a single field.‘ This 
pattern in the garnets is in fact exactly that to be ex- 
pected if the conjecture mentioned in the Introduction 
is correct, namely, that the iron nuclei situated in the 
two different lattice sites experience local fields which 
arefappreciably different. One would then expect to 
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Fic. 2. The absorption at room temperature by Fe2O; of the 14.4-kev gamma ray emitted in the decay of Fe5™™ 
embedded in stainless steel, as a function of relative velocity between source and absorber. 


L 


obtain a superposition of two patterns, whose intensi- 
ties are in the ratio of 3:2 (ratio of iron atoms in the 
two nonequivalent sites) and each resembling in shape 
that of Fe,O; to a first approximation, but character- 
ized by spacings determined by different parameters. 
The spectra have been analyzed in accordance with 
this interpretation. 

In the cases when the doublets are resolved, the 
stronger component is assigned to the d sites (which 
are more numerous than the a sites in the ratio 3:2) 
and are labeled d in the figures, and the weaker com- 
ponent is assigned to the a sites. For the spectrum 
taken at room temperatures (Fig. 3) the positions of 
the four resolved lines “1d,” “2d,” “‘5d,” and “6d” 
were used to calculate the four parameters determining 
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Fic. 3. The absorption at room temperature by yttrium iron garnet of the 14.4-kev gamma ray emitted in the decay of 
Fe5™ embedded in stainless steel, as a function of relative velocity between source and absorber, 
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Fic. 4. The absorption at liquid air temperature by yttrium iron garnet of the 14.4-kev gamma ray emitted in the decay 
of Fe*’™ embedded in stainless steel, as a function of relative velocity between source and absorber. 


the Zeeman pattern of the iron nuclei in the d sites, 
and the positions of the four corresponding a lines to 
calculate the parameters of the nuclei at the a sites. As 
described in the work of Kistner and Sunyar,' the 
Zeeman spectrum is characterized by four parameters 
and these are uniquely determined by the position of 
four peaks. The parameters are, in the notation of 
Kistner and Sunyar: go and g;, the magnetic splitting 
parameters for the } and } nuclear levels, respectively ; 
AF, the shift between the center of gravity of the ab- 
sorption lines and the emission lines of Fe*’ in stainless 
steel; and ¢, the quadrupole interaction parameter, 
shifting only the substates belonging to the upper 4 
level. When the parameters were found in this way, the 
expected positions of the lines “3a” and “3d,” “4a” 
and ‘‘4d” were calculated, and found to be in very 
good agreement with the position of the experimentally 
unresolved lines ‘‘3’”’ and ‘‘4,”’ thus demonstrating the 
consistency of the analysis. Moreover, the values of 
go/gi (equal to the ratio of the nuclear g factors in the 
} and # states) obtained are in satisfactory agreement 
with the value obtained by Hanna e/ al.? and Kistner 
and Sunyar.* 

In the analysis of the spectrum taken at liquid air 
temperature (Fig. 4) in which only three clearly re- 
solved doublets are seen, the four characteristic pa- 
rameters for each site were calculated, assuming a 


value of 1.77 for go/gi and using the position of the 
three resolved lines appropriate to each lattice site, 
i.€., “1d.” “5d,” and “6d” for the d sites, and “1a,” 
“Sa,” and “6a” for the a sites. As in the previous 
example, the expected positions of the remaining lines 
were calculated from these parameters thus obtained 
and found to be in good agreement with the position 
of the observed unresolved peaks ‘‘2,” “3,” and ‘‘4.” 

The spectra obtained with the dysprosium garnet 
absorber are not shown since they so closely resemble 
those obtained with yttrium garnet at the same tem- 
perature. They were analyzed in a similar way. The 
final values of the characteristic parameters go, g:, AE, 
and ¢ for the two sites in the various experiments are 
given in Tables I and II. Table I, showing the results 
obtained at room temperatures, also shows the values 
of go/gi obtained directly from the experiments in each 
case. The value of the effective magnetic field at the 
nucleus, Hess, in each case was calculated from the 
value obtained for go using a value” of + (0.0903 
+0,.0007) nm for the magnetic moment of the nuclear 
ground state of Fe®’. The values of H.s;, determined in 
this way, are given in Tables I and II. 

The results demonstrate that the a and d sites are 
indeed characterized by considerably different values 
of H.t:. Thus the values obtained for H., at room tem- 
perature are 3.9X10° oe at the d sites and 4.85 10° 


TABLE I. Results of analysis of measurements on yttrium and dysprosium iron garnets at room temperature. 


Y;Fe;O;2 (yttrium iron garnet) at 300°K 


trong spectrum 
d sites 


0.46+0.02 
0.270+0.015 
0.035+0.010 
0.00+0.01 
1.7+0.1 
(3.90+0.1) x 105 


go (cm/sec) 
gi (cm/sec) 
AF (cm/sec) 
e (cm/sec) 
£0/ 81 
Hess (0€) 


0.58+0.02 


0.00+0.01 
1.8+0.1 


Weak spectrum 
a sites 


0.325+0.015 
0.055+0.010 


(4.85+0.15) x 10° 


Dy3;Fe;O.2 (dysprosium iron garnet) at 300°K 
Strong spectrum 
d sites 


Weak spectrum 


a sites 


0.460+0.025 
0.275+0.020 
0.05+0.01 
0.00+0.01 
1.7+0.1 1 
(3.95+0.15) «10 4.8 


0.580+0.025 
0.325+0.020 
0.06+0.01 
0.00+0.01 
540.1 
5+0.20) « 10° 


/ 


0G. W. Ludwig and H. H. Woodbury, Phys. Rev. 117, 1286 (1960). 
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TABLE II. Results of analysis of measurements on yttrium and dysprosium garnets at liquid air temperature. 


Y;Fe;Oy2 (yttrium iron garnet) at 85°K 


Strong spectrum 
d sites a sites 


0.550+0.015 
0.31+0.01 


go (cm/sec) 
gi (cm/sec) 0.36+0.01 

0.06+0.01 
—0.010+0.01 


AE (cm/sec) 0.04+0.01 
0.00+0.01 
(4.60+0.15) x 10° 


€ (cm/sec) 


Hert (oe) 


oe at the a sites. The results at liquid air temperature 
give higher values for Hs, but still different for the 
two sites —4.6X10° oe and 5.35 oe for the d and a 
sites, respectively. 

Nagle et al."' have recently shown that in ferromag- 
netic iron, He, which has a well-defined value for 
temperatures below the Curie temperature, shows the 
same functional dependence on the temperature as the 
relative saturation magnetization M,, from tempera- 
tures at which the magnetization is almost saturated 
up to the Curie temperature. This remarkably simple 
result seems to demand that the fluctuations in the 
value of the nuclear field at a particular iron nucleus 
must take place in a time short compared to the 
Larmor precession period of the nucleus in the magnetic 
field produced by the extranuclear electrons. 

These fluctuations may be expected to follow the 
fluctuations of the magnetic moment of the extra- 
nuclear electrons. The temperature dependence of the 
expectation value of the extranuclear moment in the 
direction of magnetization will then determine the tem- 
perature dependence of both the microscopic Hes, at 
the nucleus and the macroscopic magnetization. It is 
of interest to test these ideas in the case of the garnets 
and to see whether the values of Hers at different 
temperatures are proportional to the values of the 
partial spontaneous magnetizations of the appropriate 
sublattice. The partial magnetizations cannot of course 
be directly measured for ferrimagnetic materials. 
Pauthenet, however, starting from the experimental 
results for the relative saturation magnetization of the 
garnets as a function of temperature, and using the 
Néel two-sublattice model," has calculated the partial 
spontaneous magnetization for yttrium ion garnet as 
a function of temperature for the two iron sublattices.” 

Table III shows a comparison between the ratio of 
the values of H.¢¢ at 85°K and 300°K in yttrium iron 
garnet for the a and d sites and the corresponding ratio 
of the spontaneous magnetization per ion (m) as calcu- 
lated by Pauthenet.® 

The agreement is seen to be quite good and suggests 
that in this case, also, H.s¢ follows the variation in 
magnetization. It should be pointed out that the calcu- 


11D. E. Nagle, H. Fraunfelder, R. D. Taylor, D. R. F. Cochran, 
and B. T. Matthias, Phys. Rev. Letters 5, 364 (1960). 

12, Néel, Ann. Phys. 3, 137 (1948). 

18 See reference 6, Fig. 12 and p. 454. 


Weak spectrum 


0.635+0.015 


(5.35+0.15) x 10° 





Dy;FesOi2 (dysprosium iron garnet) at 85°K 


Strong spectrum Weak spectrum 
d sites a sites 
0.545+0.020 
0.310+0.015 
0.030+0.015 
0.00+0.015 

(4.60.2) X 105 





0.64+0.02 
0.360+0.015 
0.060+0.015 
—0.010+0.015 
(5.40.2) x 105 





lations of Pauthenet, based on the Néel model, indicate 
that at liquid air temperatures the partial magnetiza- 
tions of the a and d lattices should both be very close 
indeed to saturation, corresponding to a value of 5 us 
per ferric ion. Nevertheless, the values of Hert remain 
different for the @ and d sites. Assuming saturation 
really occurs at liquid air temperature, this behavior 
implies a difference in the extranuclear electronic con- 
figurations determining the nuclear field in the two sites, 

As seen from the results in Tables I and II, no 
significant difference in the values of Hr and the other 
parameters between the corresponding sites in yttrium 
and dysprosium garnets has been detected. The local 
fields at the corresponding sites in the two garnets 
cannot differ by more than a few percent. This is not 
unreasonable in view of the relatively small value of 
the exchange interaction acting between the rare earth 
ions and the ferric ions. 

It is not to be expected that a reliable value of the 
quadrupole interaction can be obtained from measure- 
ments on polycrystalline materials, since the shift in 
the sublevels due to the quadrupole interaction is a 
function of the angle between the magnetic field and 
the direction of the field gradients which are well 
defined with respect to the crystallographic axis. In 
fact, for the case of an axially symmetric field gradient 
and completely random orientation between the direc- 
tion of magnetic field and the field gradient, the average 
quadrupole shift, to first order, would be zero, and only 
a line broadening would be produced. In ferromagnetic 
and ferrimagnetic materials the correlation which in 
general will exist between the orientation of a crystallite 
and the orientations of the domains within this crystal- 
lite may very well lead to an average value of the 
quadrupole shift different from zero. The present re- 
sults show no evidence of an appreciable quadrupole 
shift, but in view of the above, little can be deduced 


TAsLe III. Comparison of ratio of value of Herr at 85°K and 
at 300°K, with ratio of partial magnetizations at these tempera- 
tures as calculated by Pauthenet, for yttrium iron garnet. 





a sites 


Heee(85°K) / Hee: (300°K) 
m(85°K)/m(300°K) 


1.11 
1.08 
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concerning an upper limit for the quadrupole interac- 
tion at the iron nucleus. 

Concerning the chemical shifts, there is no evidence 
of any temperature dependence. The values of the 
chemical shift however, do seem to be consistently 
greater at the a sites than the value at the d sites. 
Noting that Hus: is greater at the a sites than at the 
d sites, one might speculate on a possible correlation 
between chemical shift the saturation value of 
H.«:. If an appreciable part of the chemical shift is due 
to an isotope shift, as has been suggested by Kistner 


and 


and Sunyar,‘ such a correlation may arise since the 
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isotope shift should certainly be influenced by changes 
in the value of:s wave functions at the nucleus and it is 
possible that Hi will also be influenced by these 
changes. 
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Photoconductivity and Trapping in Silver Chloride Crystals* 
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Photoconductivity and trapping were investigated in pure, 
cuprous-chloride-doped, nickel-chloride-doped, and darkened 
silver chloride crystals. The photoconductivity was measured 
primarily at 88°K. The initial photoresponse increases with rising 
absorption constant, peaks at wavelengths for which the absorp- 
tion constant is 3 to 5 cm™, and falls rapidly to 1/20 to 1/10 of 
the peak value at wavelengths at which the absorption constant 
is 50 to 100 cm™. This decrease in photoresponse at short wave- 
lengths is explained in terms of trapping and recombination 
through centers in a surface region. The effect of irradiation and 
the filling of traps was investigated. Values of the schubweg for 
electrons in the bulk material were obtained from these experi- 
ments. The cuprous-chloride-doped samples had a long-wave- 
length tail on the photoresponse curve corresponding to the long- 
wavelength tail observed in the optical absorption. The photo- 
conductivity does not show any peaks in the infrared. There was, 
however, a photoresponse with a threshold at approximately 


I. INTRODUCTION 
HOTOCONDUCTIVITY in silver chloride crystals 
at low temperatures is a well-known phenomenon. 
Early measurements by Lehfeldt! and Hecht? showed 
that photoconductivity could be produced by the 
absorption of light in the region of the fundamental 
absorption edge. The results could be interpreted by 
attributing a finite range to the electrons. Later photo- 
conductivity measurements** showed that the contri- 
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New York, 1961. This work was in part supported by a research 
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10000 A in samples irradiated at 88°K and a peak for those 
irradiated at room temperature. This response was attributed to 
photoemission from free silver introduced unavoidably during the 
preparation of the samples. The warming of samples irradiated at 
88°K to fill traps produced no measurable thermoluminescence. 
Electrical warming curves (measurement of current as a function 
of time during warming) disclosed a number of trapping levels. 
All samples except the nickel-chloride-doped sample showed peaks 
at 115°, 140°, and 180°K related to activation energies of approxi 
mately 0.20, 0.28, and 0.45 ev. The nickel-chloride-doped sample 
showed only peaks at 115° and 180°K. The cuprous-chloride- 
doped samples and the darkened pure sample showed a peak at 
160°K corresponding to a thermal activation energy of approxi 
mately 0.36 ev. On some samples another peak was visible at 
240°K with a thermal activation energy of approximately 0.62 ev 
Possible interpretations for these various peaks are discussed. 


bution of hole motion at temperatures below 200°K is 
insignificant in comparison with that of electron motion. 
These observations also indicated that the schubweg 
(range per unit field) was not constant over the entire 
crystal but had different values depending on whether 
the electron traveled in the surface region or in the 
bulk. The schubweg in the surface region was either 
smaller or larger than in the bulk region depending upon 
the sample preparation. 

The existence of such a surface layer is of wider 
interest since it may give a clue to the unsuccessful 
attempts in this laboratory to observe photoconduc- 
tivity in the alkali halides during irradiation in the 
region of fundamental absorption.’ A comparison of 
the optical absorption spectra for the alkali® and the 
silver’? halides demonstrates a striking difference in 

5 J. W. Taylor and P. L. Hartman, Phys. Rev. 113, 1421 (1959). 


6 J. E. Eby, K. J. Teegarden, and D. B. Dutton, Phys. Rev. 116, 
1099 (1959). 
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KI Ia, 14, 275 (1956). 





PHOTOCONDUCTIVITY 


absorption constant in the wavelength region where the 
band to band transition (creation of free electron-hole 
pairs) makes a significant contribution to the absorp- 
tion. Because of the exciton peak in the alkali halides, 
the absorption constant is near 10° cm™ in this wave- 
length region. In the silver halides, the absorption 
constant is much lower in the wavelength region to the 
long-wavelength side of the exciton peak in which the 
absorption is best explained in terms of a parity- 
forbidden band to band transition from the silver 4d" 
valence band to a 4d°5s conduction band. Thus, free 
electron-hole pairs can be produced by absorption of 
light in the region of fundamentai absorption in the 
bulk in the silver halides but only in a very narrow 
surface layer for the alkali halides. A highly disturbed 
layer with a high density of traps or recombination 
centers could prevent the detection of a photocurrent. 
In addition, a high absorption constant would imply a 
high free-charge density with the resulting increased 
probability of free-carrier recombination. Thus it was 
felt that a detailed knowledge of the wavelength depend- 
ence of the photoresponse in silver chloride crystals 
containing various amounts and kinds of impurities 
might shed light on this problem. 

Trapping of electrons and holes is of primary impor- 
tance in determining the range of these carriers. Both 
the drift mobility and lifetime depend strongly on 
trapping. The range of electrons in silver chloride is 
quite sensitive to the crystal treatment? and to the 
additions of impurities, in particular of nickel* and 
oxygen.** It was thought that a study of the occurrence, 
and of the activation energies of the trapping levels as 
a function of crystal composition and treatment might 
prove valuable in the understanding of the trapping 
mechanism in the pure material. 

Activation energies of trapping levels in silver chloride 
have been investigated by means of optical activation,” 
thermoluminescence," and electrical warming curve 
measurements.®:”.2.18 In the first method the positions 
of peaks in the photoresponse for wavelengths outside 
the fundamental absorption region are measured at a 
temperature at which charges created by prior iJlumina- 
tion have been trapped. The latter two types of meas- 
urements are performed by observing the luminescence 
and electrica] currents generated during the warming of 
the crystal from the low temperature at which the 
charges were freed and trapped. A combination of these 
three measurements with various samples could prove 
useful in determining more exactly the nature of the 
trapping centers. 
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Il. THEORETICAL CONSIDERATIONS 
Photoconductivity 


If upon the absorption of a quantum of light, an 
electron is excited into the conduction band, leaving a 
hole in the valence band, conceivably the electron and 
hole will be free to move. If, at time ‘=0, No free elec- 
trons (or holes) are created, the number of electrons (or 
holes), V, that are still free after a time / is given by 


N=Noe~'*. (1) 


r is defined as the lifetime of the electron (or hole). The 
schubweg, w, i.e., the range per unit electric field, is 
wo=mr, where yp is the drift mobility. The range, w, is 
given by w= wok, where E is the electric field strength. 
Equation (1) can then be rewritten in terms of w and x, 
the distance from the point of release of the No carriers, 
in the direction of the field, 


N=Noe7?'”. (2) 


If Zo electrons are released per second and drift an 
average distance £ in the direction of the electric field, 
a current 


T= e%/l (3) 


will flow in the outside circuit, where / is the separation 
between the electrodes and e is the electronic charge. 
In order to obtain the photocurrent that can be ex- 
pected from this mode], one must calculate the average 
drift distance, . This can be done for different field 
geometries in terms of the absorption constant K for the 
wavelength of illumination, the electron range w, and 
some geometrical factors of the crystal. J) depends on 
the light intensity Fo, the reflectivity R, the quantum 
efficiency 7, for the production of electron-hole pairs, 
the absorption constant K, and the thickness of the 
crystal d. 


Ip=n(1—R)Fo(1—e-*4). (4) 


The two geometries to be considered are illustrated 
in the block diagram of Fig. 1. In case I, the illumination 
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Fic. 1. Block diagram of the apparatus. The sample is shown 
in position for measurement of optical absorption and illumination 
perpendicular to the field direction (case I). For illumination 
parallel to the field direction (case II), the cryostat is rotated 
through 90 deg so that the illumination passes through the split 
electrode. 
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is perpendicular to the applied field direction. In case IT, 
the illumination is parallel to the applied field direction 
through a transparent electrode. This geometry is 
obtained from the picture in Fig. 1 by rotating the 
cryostat through 90°. In both cases, the electrodes are 
formed by parallel plates. 

For case I, using the formula of Hecht? for Z, with 
the assumptions of a uniform field, no hole motion, no 
charge injection, a constant electron range for the whole 
materia], the current is 


T=enF )(1—R)(1—e-*4) (1—e (5) 


a Ww 4 


where the light is incident midway between the two 
electrodes. The equation is the same for the reverse 
field direction. 

In case II, one must consider separately two possible 
field directions. Under the same assumptions as before, 
Van Heyningen* has shown that for forward bias, i.e., 
with the transparent 
current is given by 


electrode as the cathode, the 


é K Kwe 


+ (6) 
1— Kw 


l,aaitdi~ij-41~ 
l —_ Kw 


and for the reverse bias (transparent electrode is the 
anode) by 


u“ 


T,=enF o(1—R) 


Trapping 


Electrons or holes trapped at localized centers in the 
crystal can be released optically or thermally. The activ- 
ation energies for the two processes may differ.* In 
thermal activation the two states, between which the 
electron or hole makes the transition, are equilibrium 
states, while in optical activation, the state to which the 
electron or hole is excited may not necessarily be an 
equilibrium state. Only the trapping and release of 
electrons will be discussed in the following analysis 
although the analysis will be general enough to include 
holes, too. 

Optica] activation generally will produce peaks in the 
photocurrent as a function of wavelength for illumina- 
tion with light of wavelength outside the region of 
fundamental absorption. However, this photocurrent 
will only be detectable if the rate of release of the elec- 
trons and the range are large enough. The optical 
activation energy is given by the wavelength at which 
the peak occurs. 

Thermal activation energies may be measured by 
warming the crystal from a low temperature at which 


4 N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, London, 1940). 
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electrons have been generated and then trapped. If 
definite trapping levels are present, the electrical con- 
ductivity and luminescence (if it is connected with free 
carriers) will show peaks as a function of time (tempera- 
ture). The temperature of these peaks can be correlated 
to the thermal activation energy of the trapping levels. 
In both of these measurements, the rate of release of 
electrons from the traps and the range of electrons or 
the luminescent efficiency must be large enough to 
enable detection. The reason for the peaks in the 
luminescence or conductivity can be seen easily if the 
assumption is made that the current or luminescence is 
proportional to the rate of release of free carriers from 
the traps. This rate is proportional to the probability 
for release and the number of trapped carriers. The 
probability of release increases while the number of 
trapped carriers decreases with increasing temperature. 
Thus a peak will result. 

Randall and Wilkins'® have derived an expression for 
the thermoluminescence as a function of temperature 
during warming. Under the assumption of a single 
trapping level, no retrapping, 
efficiency over the temperature range in question, and 
a small number of electrons in the conduction band 
compared to the density of states, the thermolumines- 
cence as a function of temperature will be 


constant luminescent 


T 


5 
*¥ = Cnose—U/*7 exp -{ 
: 'e 


kT dT ; (8) 


where C is a constant the luminescent 
efficiency, m) the density of trapped charges, U the 
thermal activation he frequency factor 
appearing in the excitation probability of the trapped 
electron, 8 the rate of warming, and T 
temperature. Similarly, the same equation can be 
derived for the current. The only difference occurs in 
the constant C, which now involves the range of the 
electrons rather than the luminescent efficiency. 


Solving Eq. (8) for the maximum, under the assump- 


involving 
energy, s t 


the absolute 


tions that ds/dT and dC/dT are zero over the tempera- 
ture region in question, gives the condition 


8 exp(U kT*), 
kT* 


where 7* is the temperature at the maximum. For 
s~10" sec! and 8 a few degrees per minute, U is 
approximately 25k7*. The experimental curves can be 
compared with the theoretical Eq. (8) and the values 
of U and s calculated approximately. Since s in Eq. (9) 
depends so strongly on the selected value of U, the 
activation energies can be calculated 
accurately than the frequency factors. 


much more 
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Ill. EXPERIMENTAL PROCEDURES AND APPARATUS 


The apparatus consisted basically of a cryostat, a 
monochromator, and an electrometer. (See Fig. 1.) The 
monochromator was a Cary model 14 recording spectro- 
photometer.'® The light source was the standard 
tungsten lamp provided with this instrument. Stray 
light was very low since the monochromator of this unit 
has two dispersing elements. With the slit width used 
normally (0.3 mm), the band width was approximately 
10 A. In addition to serving as a monochromator, the 
instrument could be used in its usual manner to measure 
the optical absorption of the sample. When used as a 
monochromator, the chopper was turned off and all the 
light was allowed to pass through the sample. The 
monochromator had a wavelength scanning mechanism 
with a wide variety of speeds, from } A/sec to 100 A 
sec. The wavelength calibration was checked and 
corrected using a mercury line source. The wavelength 
calibration was reproducible to 3 A. Spectral intensity 
curves for this source and monochromator are available 
in the literature.” The present instrument was checked 
at 9000 A with a Kipp thermopile, and the intensity 
was found to agree with the published value within the 
accuracy of the measurement. Other points were 
checked relative to this value and the shape of the 
spectral intensity curve found toagree with the published 
data except for several small peaks which were attribu- 
ted by the manufacturer to the optical system. These 
peaks were outside the range of interest for the photo- 
conductivity experiments. The published data were 
used in all cases to calculate the measured photoresponse 
(1/Fo) as a function of wavelength. 

The cryostat was mounted in the cell compartment 
of the spectrophotometer, fitting tightly into a special 
cover built for this compartment. This assured repro- 
ducible alignment in the light beam. The cryostat was 
a helium cryostat with two concentric reservoirs. The 
sample holder was mounted on the bottom of the inner 
reservoir and shielded thermally with a copper can 
which fastened onto the outer reservoir. The sample 
holder consisted of two gold-plated brass electrodes 
fastened to a 3y-in. thick piece of Teflon. One electrode 
was split in the center to allow illumination through 
the electrode. The other electrode was attached by way 
of a thin copper strip which applied enough pressure to 
hold the sample in place. Electrical contacts to the 
sample holder were made by a thermocouple attached 
to the spring loaded electrode and by a 3-mil copper 
wire connected through a high-impedance vacuum 
lead-in to the split electrode. Three quartz windows 
were mounted on the outer wall of the cryostat to 
provide a Jight path through the crystal for absorption 
measurements and also for photoconductivity measure- 
ments of both cases I and II. 3-mil diameter copper- 
constantan thermocouples were used to monitor the 


16 Cary model 14 recording spectrophotometer, Applied Physics 
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temperature of the sample. Actually the temperature 
of the spring loaded electrode was monitored, but the 
temperature thus determined was checked against the 
true sample temperature using a piece of silver chloride 
in which a thermocouple had been imbedded. The agree- 
ment was within 1°K at 88°K and within 5°K during 
warming of the sample. The temperatures were recorded 
on a chart recorder. 

The photocurrents and warming currents were deter- 
mined with a Cary model 31 vibrating reed electrom- 
eter’? measuring the voltage drop across one of the 
high value resistors built into the pick-up head. The 
smallest detectable current with the existing noise level 
was 5X10-'* amp. The output was recorded on a chart 
recorder. 

In cooling the sample to 88°K, much care was taken 
to keep the cooling rate below 30°K per hr. Several 
observers*‘ have referred to the effect of thermal strains 
on the electrical properties of silver chloride which 
prompted this precaution. The natural cooling rate of 
the evacuated cryostat with liquid nitrogen in the outer 
reservoir alone was slow enough to provide the needed 
rate. Because of the long time (20 hr) required to reach 
the desired temperature, an automatic transfer system 
was designed to keep the nitrogen level in the reservoirs 
constant overnight. 

The luminescence was investigated using the 1P28 
photomultiplier in its place in the spectrophotometer 
or an E.M.I. photomultiplier, type 6097S, which looked 
at the sample through a hole bored in the side of the 
cell compartment. The geometry for the E.M.I. photo 
multiplier was the better one. The photocathode 
intercepted a solid angle of approximately 0.2 sterad 
at the sample. With only 600 v applied to the photo- 
multiplier for low dark current, it was estimated that a 
luminescent intensity of 210° quanta/sec could be 
detected. 

Great care was taken in the sample preparation to 
prevent excessive straining or contamination of the 
crystals. The silver chloride crystals were obtained from 
the Research Laboratories of the Eastman Kodak 
Company.'* The preparation procedures were quite 
similar to those described elsewhere in the literature.‘ 
Sampies were cut from the boules using a chrome plated 
model makers saw in a miter box in which the crystals 
were held with beeswax. The samples were then polished 
on ground glass plates. The plates were ground to 
various degrees of roughness using grinding compounds 
of different mesh sizes. For the coarse polish, ammonium 
hydroxide was used to lubricate the plates. For the 
finer polish, distilled water -was used. Polishing was 
concluded when the samples had all surfaces flat and 
relatively free from scratches when viewed using the 
reflection of the filament of a red safe light. Before 

17 Cary model 31 vibrating reed electrometer, Applied Physics 
Corporation, Pasadena, California. 
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annealing, the samples were etched for one minute in 
concentrated HC}, rinsed in distilled water, and dried 
carefully. The samples were annealed for 10 hr at 420°C, 
For the annealing, the samples were placed on a quartz 
slide which had been dusted with fine quartz powder to 
prevent sticking. After annealing, they were cooled 
slowly (20°C/hr). All annealing was done in an atmos- 
phere of helium. 

Aquadag electrodes were painted on the sample to 
provide good electrical contact. The samples were in 
size about 1 cmX1 cmX3 mm. The electrodes were 
painted on the two largest faces. Dag was painted on 
one face only for the crystal which was to be illuminated 
through the electrode. 

The sample preparation was done under red safe 
light conditions. The red filters used with flashlights 
also employed had an optical density greater than 5.4 
between 5600 and 2000 A except for a narrow trans- 
mission band from 3800 to 4500 A where the optical 
density decreased to 4.0. The red safe lights had no 
measurable output below 4800 A as determined with 
the Cary model 14 spectrophotometer. Though these 
absorption values are high, this still permits traces of 
active light to reach the crystal during the long time 
necessary for the preparation. 


IV. RESULTS AND DISCUSSION 


The various silver chloride samples studied can be 
classified as follows: pure; grown in vacuum; doped 
with cuprous chloride or nickel chloride; pure, darkened 
at room temperature; and doped with cuprous chloride, 
darkened at room temperature. 


Photoconductivity 


In measuring the photoresponse of the samples, the 
wavelength of the illuminating light was scanned 
through the region of interest at 2.5 A/sec with a 
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Fic. 2. Wavelength dependence of the photoresponse for pure, 
vacuum-grown AgC] (curve 1) and cuprous-chloride-doped AgCl, 
20 ppm, (curve 2), case I geometry, 100 v, electrode separations 
3.6 and 3.5 mm, respectively, and crystal width’ 1.1 cm. For 
the photoresponse, 100=3.3X10-" coul/quanta.4Temperature 
88°K. The optical absorption data is that of Van Heyningen.* 
The theoretical photoresponse for a single-region model is plotted 
also. 
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constant voltage applied to the crystal. The scanning 
was both from long to short wavelength and vice versa. 
There was a hysteresis in the response due to the 
response time of the recorder producing a 5 A shift in 
the peak position from the one type scan to the other. 
The values shown in the figures of this paper are 
averages of the forward and backward sweep, each 
normalized to 100 and divided by the number of quanta 
per second at each wavelength, and renormalized to a 
value of 100 at the peak. There was evidence of some 
polarization since the current decreased by about 5% 
between the initial and the second scan. However, the 
shape of the photoresponse versus wavelength curve for 
one direction scanning was well reproducible in most 
cases. The cases for which this was not true will be 
discussed in detail later. The schubwegs were calculated 
from the currents during the initial sweep, before any 
significant polarization could occur. 

The photoresponse at 88°K for a pure, vacuum grown 
sample can be seen in Fig. 2 for case I geometry. For 
comparison the optical absorption constant at 88°K is 
also reproduced. The absorption data are a combination 
of those of Van Heyningen* and Okamoto’ adjusted for 
the temperature difference. As can be seen, the photo- 
response has a peak where the optical absorption con- 
stant is about 3 cm™ and falls off at shorter wave- 
lengths, i.e., at higher absorption constant, to a value of 
about 1/20 of the peak value. The theoretical curve 
calculated from Eq. (5) is also plotted in Fig. 2. Ob- 
viously some mechanism not considered in the deriva- 
tion of Eq. (5) is decreasing the short wavelength 
photoresponse from the expected value. This result was 
reproducible for the three pure samples studied and 
agreed in the general peaked appearance with some of 
the measurements of others.’ 

This behavior can be explained qualitatively and 
also, as will be shown later, quantitatively, by assuming 
the existence of a layer near the surface with a very 
short free electron lifetime. This short lifetime may be 
caused by recombination or by trapping. Such a surface 
layer with electronic properties different from those of 
the bulk material had been postulated earlier by Van 
Heyningen® and by Michel‘ in order to explain their 
experimental findings. 

To check the importance of bimolecular (free carrier) 
recombination, the dependence of the photocurrent on 
light intensity was investigated at three wavelengths, 
one on either side of the peak and one at the peak. In 
all cases the photocurrent was linearly dependent on the 
light intensity over the range of 10° to 10” quanta/sec. 
This was also true for measurements taken on all other 
samples. This implies that if one can consider all the 
free carriers to be generated by the light, bimolec- 
ular recombination does not play an important role in 
this decrease of the photoresponse at short wavelengths. 


1 PD. A. Wiegand, thesis, Cornell University, Ithaca, New York, 
1956 and Phys. Rev. 113, 52, (1959). 
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Fic. 3. Wavelength dependence of the photoresponse for pure, 
vacuum-grown AgCl, 50 v, case II geometry, forward bias, elec- 
trode separation 2.6 mm. Sweeps number 3, 5, and 8 through this 
region are shown. For sweep 3, 100 = 1.3 10- coul/quanta. For 
sweeps 5 and 8, 100=0.31X 10-” coul/quanta. Temperature 88°K. 


A square root dependence of current on light intensity 
would be expected if bimolecular recombination were the 
limiting factor.” If recombination is of importance, it 
must be by way of recombination centers. 

To determine the role of trapping, a pure sample was 
irradiated with 5X10" quanta at 3850A while the 
field was applied, in an attempt to fill traps. However, 
even after this illumination, the short wavelength 
response had not built up significantly; but the results 
were ambiguous due to a large electronic polarization 
having been produced, which could be shown to exist 
by the observation of reverse currents upon subsequent 
illumination with no field applied. 

It was felt that experiments with the illumination 
through the electrode might shed light on this problem. 
With geometry I, the electrons remain approximately 
a fixed distance from the surface during their drift in the 
electric field. With geometry II, for forward bias, the 
electrons are pulled away from the surface into the 
interior of the crystal. The initial sweep from 3900 to 
3800 A for this geometry produced the same type of 
photoresponse as for case I, i.e., a sharp peak. With 
repeated sweeps, however, the short wavelength photo- 
response began to built up. (See Fig. 3.) Apparently the 
traps were being filled up, increasing the electron ranges 
in the surface region. (There was little change in the 
response for the reverse bias photoresponse.) The 
slight dip in the response for sweep number 8 can be 
attributed to the preferential filling of traps in a very 
narrow layer immediately at the surface within a wider 
low lifetime region. The preferential filling is a direct 
consequence of the very strong absorption for shorter 
wavelengths. The difference between the buildup of 
the short wavelength response in case I and case IT can 
be explained by recombination. In fact, recombination 
is less important in case II because the electrons and 
holes are separated from one another by the electric 

* Richard H. Bube, Photoconductivity of Solids (John Wiley & 
Sons, Inc., New York, 1960), p. 63, 
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field. In case I the electrons move through the region of 
release of the carriers and the chances for recombination 
are enhanced reducing the possibilities of filling traps 
and in general reducing the importance of traps in 
limiting the electron range. 

To investigate further the role of recombination, the 
photoresponse of samples doped with cuprous chloride 
was studied using geometry I. These samples contained 
approximately 1, 10, and 20 ppm by weight of cuprous 
chloride. The cuprous ion is believed to act as a hole 
trap” since it increases the photolytic sensitivity at 
room temperature, i.e., prevents the recombination of 
the electron and hole. Thus one would expect that the 
addition of Cut will reduce the importance of the 
recombination process in the short-wavelength photo- 
response, and thus enhance the role of the traps. Indeed, 
experiments bear this out. Figure 2 shows the initial 
response of a 20-ppm doped sample. Compared to the 
pure, vacuum grown sample, there was no significant 
increase in the short-wavelength photoresponse. Upon 
further illumination, however, with less than 10" quanta 
of 3850 A, the short-wavelength response built up 
greatly as shown in Fig. 4 for a sample doped with 
approximately 1 ppm. It actually exceeds that near the 
peak of the initial response indicating a range greater 
in the surface than in the bulk. The dip in the curve 
can be explained in the same manner as the similar dip 
shown in Fig. 3. 

Since trapping and recombination in a surface region 
seem to be important in limiting the photoresponse, the 
photoresponse was calculated assuming a surface region 
with a Jow lifetime. Comparing the peak in Fig. 2 to the 
short wavelength value, it can be seen that the ratio 
between the range in the surface and in the bulk is 
approximately 1/20. Thus to a first approximation, the 
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Fic. 4. Wavelength dependence of the photoresponse of cuprous- 
chloride-doped AgCl, 1 ppm, for the sample initially and after 
irradiation, case I geometry, electrode separation 4.3 mm, sample 
width 1.1 cm. Initial voltage 100 volts, final applied voltage 300 
volts, but modified by polarization. 100=0.64X 10-* coul/quanta. 
Temperature 88°K. 

21 F, Moser, N. R. Nail, and F. Urbach, J. Phys. Chem. Solids 
9, 217 (1959), 
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Fic. 5. Wavelength dependence of the photoresponse of cuprous- 
chloride-doped AgCl, 1 ppm, and pure, vacuum-grown AgCl, case 
I geometry, compared to the theoretical response assuming no 
contribution from a surface region of thickness (d,) 510-2 cm, 
100 v, electrode separation 4.3 and 3.6 mm, respectively, widths 
1.1 cm. 100 for the cuprous-chloride-doped sample =0.64X 10-2 
coul/quanta. 100 for the pure AgCl=3.310™" coul/quanta. 
Temperature 88°K 


photocurrent is due only to light absorbed in the bulk. 
With this approximation, Eq. (5) has to be multiplied 
by a factor exp (—Kd;,), where d, is the thickness of 
the disturbed surface region. This function is compared 
to the experimental curves for the pure and the 1 ppm 
cuprous doped samples in Fig. 5 using the absorption 
constant values referred to earlier and dj;=5X10™ cm. 
For the theoretical curve, »(1— R) is assumed constant. 
The experimental curve for the cuprous-chloride-doped 
sample has been renormalized to bring the peak value 
to 100. As can be seen, the agreement between the 
experimental and theoretical curves is much better on 
the short wavelength side for the cuprous-chloride- 
doped sample than for the pure sample. 

The conclusions that can be drawn from this series of 
experiments are that the short-wavelength photo- 
response is limited mainly by trapping in a surface 
region; recombination through centers plays a minor 
role in the initial decreased response but plays a major 
role with further illumination, delaying the filling of 
traps; and the cuprous ion acts as a hole trap at 88°K 
as well as at room temperature, counteracting recom- 
bination. 

The cuprous-chloride-doped AgCl samples showed a 
long-wavelength tail on the photoresponse curve corre- 
sponding to the long-wavelength tail on the optical 
absorption curve. (See Fig. 6.) There is much uncer- 
tainty in the measurement of the optical absorption in 


the long-wavelength region because of an uncertainty 
in the baseline so that it is difficult to correlate photo- 
current and absorption. The photoresponse in these 
samples was lower than that in the pure samples by 
about a factor of two. This can be attributed to a 
decrease in the range by photolytic silver introduced 


during the sample preparation. A cuprous-chloride- 
doped sample intentionally darkened at room tempera- 
ture to an optical density of 0.04 at the colloidal silver 
peak (5700 A), for a 1.1-cm thick sample, showed a 
further reduction in the photoresponse at 88°K to 
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approximately § of that of the pure sample. This 
optical density was just above the detection limit of the 
present equipment. This decrease is ascribed to either 
traps introduced by strains accompanying the photolytic 
silver formation, or to trapping at the photolytic silver 
specks. Purposeful mechanical straining decreased the 
lifetime of the pure sample since the photoresponse of 
a pure crystal which had not been annealed and was 
cooled rapidly was about 30% lower than the response 
of the same sample after repolishing, annealing, and 
slow cooling. 

The silver chloride sample doped with approximately 
1-ppm nickel chloride showed, for case I geometry, the 
same type of peak at 88°K as the pure, vacuum grown 
samples except that the response was lower by a factor 
of 200. 

Schubwegs for electrons can be calculated from the 
measured photoresponses using Eq. (5). The values of 
n(1—R) and Fy are taken from the published values of 
Van Heyningen® and Gilleo,"’ respectively. A value of 
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Fic. 6. Wavelength dependence of the photoresponse of cuprous- 
chloride-doped AgCl, 20 ppm, compared to the optical absorption 
measured for the same sample, case I geometry, electrode separa 
tion 3.5 mm, width 1.1 cm, 100 v, temperature 88°K. 


5X10-* cm?/v is obtained for the schubweg in pure, 
vacuum-grown AgCl and of 2.610-* cm?/v in the 
nickel-chloride-doped sample. The calculated lifetimes 
for a mobility of 300 cm?/v-sec” are 1.7 10~* sec and 
8.7X10-" sec, respectively. If the values of n(1—R) 
and Fy used are correct, the calculated schubwegs are 
accurate to approximately 30%. These values agree 
reasonably well with other published values for the 
range and lifetime.* 


Trapping 


Attempts to measure at 88°K the optical activation 
energy for release of trapped electrons did not succeed 
due to the existence of a long-wavelength tail on the 
photoresponse with a threshold at 1.1 to 1.2 ev. This 
response at 9000 to 10000 A was not visible in the 
samples before illumination at 88°K with approximately 
10" quanta of 3850 A. It has been observed before* and 

2 F.C. Brown and F. Dart, Phys. Rev. 108, 281 (1957) 


3 W. C. Caldwell, thesis, Cornell University, Ithaca, New York, 
1948 (unpublished), 
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is attributed to photoemission from colloidal or atomic 
free silver. The shape of this photoresponse versus wave- 
length curve compared favorably with the similar curve 
taken for silver chloride darkened intentionally at room 
temperature. The only difference was the lack of the 
colloidal silver peak which appeared in the intentionally 
darkened samples. This colloidal or atomic free silver 
must have been formed during preparation of the 
samples at room temperature and not by the illumina- 
tion at low temperature. The lack of initial detection 
can be attributed to a short initial range which was 
increased during the illumination and trap filling at 
88°K. No photoresponse was seen in the region from 1 
to 2 in any sample. 

No thermoluminescence was detected in any of the 
samples with the photomultiplier used which peaks in the 
blue-green. The geometry was not ideal for a measure- 
ment of this type but an upper limit can be placed on 
the amount of luminescent light that could have been 
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Fic. 7. Electrical warming curve for pure yvacuum-grown AgCl, 
current and temperature vs time during warming from the low 
temperature at which charges have been trapped. Electronic 
polarization field is used. The peaks at approximately 117°, 138°, 
190°, and 250°K are visible. 


emitted and not detected. This was 2X 10° quanta/sec. 
Thermoluminescence has been seen in powdered silver 
chloride with peaks at 85° and 240°K." These peaks 
may take on more significance if the luminescence is 
associated with the trapping of free holes." 
Observation of electrical warming curves provided 


information about thermal activation energies of 
trapped carriers. In these measurements charges were 
trapped in the crystal by illumination with 10" quanta 
of 3850 A radiation while a voltage of 100 to 200 v was 
applied to the sample at 88°K. The voltage was then 
removed, the samples warmed from this temperature 
and the current measured as a function of time. The 
electric field was provided by the electronic polarization 
field which existed after the irradiation mentioned 
above. This avoided the large noise which was present 
when the measurements were attempted using extern- 
ally applied fields. Figure 7 shows a typical electrical 
warming curve. Both current and temperature are 
plotted versus warming time. Experimentally there 
were some difficulties; occasionally the current would 


AND 


TRAPPING IN AgCl 755 
reverse in direction from that expected from the direc- 
tion of the polarization field. This effect could not be 
explained easily. In most cases, the current was in the 
expected direction when a large peak was observed. 

Peaks were observed for the pure, vacuum grown 
samples and the cuprous-chloride-doped samples at 
115°, 140°, and 180°K. (These temperatures are used to 
represent peaks seen in the temperature region close to 
the temperatures quoted. The actual peak temperature 
depends on the warming rate.) The nickel-chloride- 
doped sample had peaks at 115° and 180°K. The 
cuprous-chloride-doped sample and the darkened pure 
sample had an additional peak at 160°K which gave the 
180°K peak a doublet appearance. In all samples, the 
115°K peak was quite distinct. The 140°K peak was 
much smaller and hard to distinguish from the tail of 
the 115°K peak. The 180°K peak in the nickel-chloride- 
doped sample was much larger in relation to the 115°K 
peak than in any of the other samples. In some samples 
another small peak was observed near 240°K. It may 
have been present in all samples since it was difficult to 
detect. The rapid increase of the ionic conductivity with 
temperature may have obscured it. Since the peak at 
115°K occurs just as the temperature of the sample is 
starting to rise, it was felt that a better determination 
could be made by cooling the sample to a lower tem- 
perature. A pure, vacuum-grown sample was cooled to 
48°K, traps filled by irradiation, then the sample 
warmed. The same peaks at 115°, 140°, and 180°K 
were visible with the suggestion of a peak at 240°K. The 
peaks at 140° and 180°K in silver chloride have been 
reported in the literature.*:"".".’ The other peaks have 
not been reported previously. 

Estimates of the thermal activation energy can be 
made by attempting to fit the theoretical warming 
curve to the experimental curve. Figure 8 shows such a 
fit for the 115°K peak. The agreement is as good as can 
be expected considering the assumptions made in 
deriving the theoretical expression. The values of U and 
s which gave the best fit where U=0.20 ev and s= 
5.2 10° sec". The 180°K peak was treated in the same 
manner with the resulting values of U=0.45 ev and 
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Fic. 8. 115°K peak in the electrical warming curve of pure, 
vacuum-grown AgCl, current versus temperature, experimental 
curve compared to the theoretical curve using s=5.2X10® sec 
and U=0.20 ev. 
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s=2.4X 10" sec”. With the thermal activation energies 
determined approximately for these two peaks, the 
activation energies for the other peaks could be esti- 
mated. These two peaks were chosen because they both 
were isolated and quite distinct. The values for the 
approximate activation energies are 115°K—0.20 ev, 
140°K—0.28 ev, 160°K—0.36 ev, 180°K—0.45 ev, and 
240°K—0.62 ev. 

The 160°K peak is probably associated with electron 
trapping at or in the region near colloidal silver because 
of the presence of this peak in the samples which 
were darkened intentionally and in those samples 
which probably were darkened unintentionally (the 
cuprous ion increases the sensitivity of volume photol- 
ysis"). The trapping level associated with the 115°K 
peak gives rise to multiple trapping in the samples at 
88°K because of the low thermal activation energy. 
This may be the trapping level responsible for the 
decreased short-wavelength response because it has such 
a low activation energy and was so prominent in all 
samples. A rather shallow trap would be necessary to 
allow limitation of the short-wavelength response with 
the role of recombination discussed above. As was 
proposed by Van Heyningen,’ the 180°K peak ma, be 
largely responsible for the determination of the bulk 
range in silver chloride at 88°K if the relative sizes of 
the 115° and 180°K peaks in the nickel-chloride-doped 
sample have significance. The 240°K peak may be 
associated with hole trapping because of the coincidence 
of the temperature of this peak and the peak observed 
in the thermoluminescence.'! This association can be 
made if the trapping of a free hole is responsible for the 
luminescence as proposed by Wiegand.” Holes may be 
mobile at these temperatures‘ so that they could give 
rise to this peak in the conductivity. If this interpreta- 
tion is correct, it would imply that holes are trapped in 
quite deep traps at 88°K. Verification of the proposed 
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interpretation of these peaks and identification of 
trapping sites must await further experimentation. 


V. CONCLUSIONS 


A study of the wavelength dependence of the photo- 
response in various types of silver chloride crystals for 
both case I and case II geometry, showed that it was a 
strongly peaked function. The increase at long wave- 
lengths followed the rising absorption constant. The 
decrease at shorter wavelengths, higher absorption 
constant, was shown to be primarily due to trapping in 
a disturbed surface layer, a few tenths of a millimeter 
thick. Recombination through centers played a minor 
role in this decrease, but played a major role in prevent- 
ing filling of traps with further irradiation. 

Trapping levels giving electrical warming curve peaks 
near 115° and 180°K were observed in all samples. 
Another peak at 140°K was observed in all samples 
except the nickel-chloride-doped silver chloride. A peak 
at 240°K was observed in some samples and may be 
connected with a hole-trapping center. Another peak 
near 160°K was observed in those samples which had 
been darkened at room temperature and was attributed 
to the trapping of electrons at or in the region near 
colloidal silver. 
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The electron paramagnetic resonance spectrum of a small impurity of Gd** in AlsO; has been examined 
at 24kMc/sec. The over-all zero-field splitting of the ground state of 1.24 cm™ is among the largest so far 
observed for Gd**. The analysis of the spectra suggests that the Gd**, which has twice the ionic radius of 
aluminum, essentially entered substitutionally for the Al** (but distorted the environment in such a way as 
to approach a condition of nine-fold oxygen coordination, the symmetry still remaining C;). The substitu- 
tion of Gd** for Al** whose ionic radius is half as large would indicate that at impurity levels less than 
6.02% matching of ionic radii is not an all-important criterion for incorporation into the lattice. 

Although there are two types of Al sites which are physically equivalent, the Gd** entered selectively 
into one of these sites. This seemingly paradoxical result is ascribed to the dynamics of the crystal growth. 
The sites referred to are actually inequivalent during the growth process as the Gd falls into place and are 


only equivalent in the grown crystal. 





I. INTRODUCTION 

HE incorporation of a small impurity of a large 

ion such as Gd** into the Al.Os lattice raises some 
interesting questions as there is seemingly little room 
either substitutionally, or interstitially, for the Gd**. 
For example, the Gd-O distance ranges around 2.6 A in 
a variety of compounds,' whereas the Al-O distances in 
Al.O; are 1.988 and 1.845 A. The situation is even less 
favorable in the interstitial site. We might ask how 
severely is the environment distorted and to what extent 
is the Gd*+ ion compressed. The observation by para- 
magnetic resonance of the ground-state crystal field 
splitting parameters of Gd** in Al,O; and comparison 
with data on Gd** in “roomier” environments might 
shed some light on this problem. 


II. EXPERIMENTAL PROCEDURE 


Single crystals of Al,O3 were grown from flux to which 
was added Gd,O;. Maximum concentrations of a part in 
several thousand of Gd were achieved. The concentra- 
tion was determined from the intensity of the spectra. 
Crystals in the range of 10 to 20 milligrams were used. 
In one case, they were mounted on a polystyrene rod 
with the (1010) plane perpendicular to the rod. The 
rod was then mounted vertically in a 24.0-kMc/sec 
cavity operating in the TZ ,;,, mode so that the mag- 
netic field could rotate in the (1010) plane. To study 
the @= 90° spectrum the crystals were mounted with the 
c axis parallel to the polystyrene rod so that the mag- 
netic field was rotated in a plane perpendicular to the 
c axis. Details of the paramagnetic resonance spectrom- 
eter are to be found elsewhere.? The samples contained 
an unwanted contaminant of Fe** in concentrations in 
the range of 0.03%. 


Ill. THEORY OF THE SPECTRUM AND 
EXPERIMENTAL RESULTS 
As the subsequent analysis will indicate, the Gd**, 
which is in a (f7)8S7/2 ground state, essentially entered 


1 For a discussion of the Gd—O distance, see S. Geller, Acta 
Cryst. 10, 27 (1957). 
2S. Geschwind, Phys. Rev. 121, 363 (1961). 
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substitutionally into the aluminum site, which has point 

symmetry C3. The spin Hamiltonian for Gd** appropri- 

ate to this symmetry is given by 

= gBH-S+ B..0.°+ BLOL+ BLO 
+BJOZ+BF0F+Be°O,°. (1) 

Here the O,”’s are spin operators which transform 
as the corresponding spherical harmonics, Y,™, and are 
given by the following expressions, where the z axis 
coincides with the c axis of the crystal. 
0°=3S?—S(S+1), 

Of=35S,—[30S(S+1)—25 |S? 
—6S(S+1)+3S7(S+1)?, 
O¢ = 231S,— 105[3S(S+1)—7]SA 
—[105.S?(S+ 1)?—525S5(S+1)+294]S? 

— 5.53(S+1)'+4057(S+ 1)?—60S(S+1), 
O#=4[5S,(S42+S_2)+ (S43+S_)S,], 
O¢=3{[115,8—35(S+1)S,—59S, ](S43+S_') 

+ (S,3+S_)[1153—35(S+1)S,—59S,]}, 
Od=}3(S45+S_*). 

In order to avoid the use of large numbers, it is 
customary to redefine the constants in the spin Hamil- 
tonian as follows: 

= 3B,%, 

¢=3Bé, 


bP=60Be, 
b= 36Be, 


b= 1260B~, 


(3) 
b,°= 1260B,°. 

The second order axial crystal field parameter usually 
called D is equivalent to 6.°. With the field parallel to 
the ¢ axis seven widely spaced lines should be observed 
corresponding to the AS,=-+1 transitions. We neglect 
terms of the order of (b¢°)?/g8H which are far less than 

J. M. Baker, B. Bleaney, and W. Hayes, Proc. Roy. Soc. 
(London) A247, 141 (1958). 

* For evaluation of the matrix elements of O. and O¢ see B. R. 
Judd, Proc. Roy. Soc. (London) A227, 522 (1955). For the others 
the reader is referred to the tables by W. Low in Paramagnetic 


Resonance in Solids (Interscience Publishers, Inc., New York, 
1960). 
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Fic. 1. Portion of the Al,O; lattice. The aluminums are found 
between equally spaced planes of oxygens. They are octahedrally 
coordinated with the octahedran severely distorted, the site 
symmetry being only C3. The Al** sites are all physically equiva- 
lent ; however, there are two types of sites which are magnetically 
inequivalent. All Al** sites between adjacent planes of oxygens are 
magnetically equivalent, i.e., (b) and (c), while they are magneti- 
cally inequivalent to those in the next set of planes, i.e., (a) and 
(f), in that their yg axes are rotated from each other by nearly 60° 
as explained in the text. (d) and (e) are interstitial sites which 
have site symmetry C3;, whose cubic axes are rotated from each 
other by (60°—2a), about the c axis. 


10~ cm~. The positions of the lines including second 
order corrections are then given by the following 
expressions : 


+7 +8 g8H = hv (66.°+20b.+65,") 
7 é 7 


— as 
= 1+2R] 





1 
+$— +3 g8H=hvF (4b.°— 108-1450) ~47| — 
1+2R] 


+3 —> +3 g8H =hv¥ (2b.°—12bo+14b,") 


rere] 
— P} ——___—_—___ |, 
1+4R 142R 


7 4 
ae a s6H = 29] — 1—16R' 1 al 
ee 1-48 


Here y is the microwave frequency, k= Planck’s con- 
stant, P= 20(b,')?/3g8H, and R=b.°/g8H. With the dc 
magnetic field along the c axis, @2=0°, the —} — —$ line 
occurred at a field just beyond the range of our magnetic 
field, so that we saw only six of the AS,= +1 transitions 
at this angle. 

Using these equations and the positions of the ob- 
served lines for 6=0°, we can determine 5,°, b,°, be, 
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TABLE I. Ground-state crystal field splitting parameters of 
Gd** in Al,O; in units of 10~* cm™ 


b6.°= +1032.94+2.0 63| =18.3+1.0 
0 |. } 


=+ 26.0+1.0 be®} = 5.0+0.5 
bo=+ 1.0+0.5 6,3 1.0 
g=1.9912+0.0005 


(with relative signs) and g by first neglecting the second 
order corrections. The values so determined may be 
further refined, by adding the second order corrections 
after 6,2 has been found, which will be described below. 
The final room temperature results are listed in Table I, 
and gave an excellent fit also with the observed 6=90° 
spectrum. These parameters change insignificantly at 
low temperature (<1.0%). 

The absolute sign of }.°, and hence of 6b and B,’, 
since their relative signs are already known, were found 
in the usual way by observing the relative intensity of 
the lines at 6=0° at low temperature (4.2°K). The ob- 
served increase in intensity of the high-field lines com- 
pared to the low-field lines indicates according to Eq. 
(4), that 5° is positive. Note that the over-all zero-field 
splitting of 12b.°—2b°+6b,°~1.24 cm™ is among the 
largest reported to date for Gd**, and may prove useful 
in maser applications. 

The description of the determination of 64°, b.°, and 
b¢° is helped by a slight digression at this point on the 
Al,O; structure.® A section of the hexagonal unit cell is 
shown in Fig. 1. The aluminum sites are all physically 
equivalent to each other but there are two types of 
sites which are magnetically inequivalent in that their 
cubic crystal field axes are rotated from each other 
about their [111 ] direction, which coincides with ¢ axis, 
by nearly 60°. This inequivalence appears in paramag- 
netic resonance only for those ions which substitute for 
Al** whose spin S> 2, as a cubic crystal field does not 
lift the spin degeneracy when S<2. All the aluminum 
sites between adjacent layers of oxygens, for example 
planes (1) and (2) in Fig. 1, are magnetically equivalent 
while those between (2) and (3) are magnetically in- 
equivalent to those between (1) and (2), etc. 

The equivalence of Al sites between adjacent planes 
of oxygens is illustrated, for example, with sites (b) and 
(c). Site (b) can be brought into site (c) by a reflection 
through a plane perpendicular to the ¢ axis passing 
through the aluminum, and a rotation of 60° about the 
c axis. Successive application of these operations pro- 
duces in both the O, and O,' terms in the spin Hamil- 
tonian, which go, respectively, as zcos3¢ and z’cos3¢, a 
double sign change which leaves them invariant. 


5K. Bowers and C. F. Hempstead, Phys. Rev. 118, 131 (1960), 
have reported a splitting almost as large for Gd+ in CaWO,. 
J. M. Baker, B. Bleaney, and W. Hayes, Proc. Roy. Soc. (Lon- 
don) A247, 141 (1958) have reported an even larger splitting of 
2.1 cm in an axial spectrum observed in CaF». 

®R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1948), Vol. II. See also Z. Krist. 1, 240 (1931); 
L. Pauling and S. B. Hendricks, J. Am. Chem. Soc. 47, 781 (1925) ; 
H. W. Zachariasen, Z. Krist. 2, 310 (1937). 
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The inequivalence, on the other hand, of site (a) and 
(b) is best seen by first assuming the angle a in Fig. 1 to 
be zero. In that case site (b) could be brought into site 
(a) by a reflection through a plane perpendicular to the 
¢ axis containing the Al. This changes the sign of z and 
hence that of O and O,’, which is equivalent to a 
rotation of 60°. In actual fact, the angle @ in Fig. 1 
according to the known crystal structure of Al,O; is 4.3°. 
A calculation based upon a point charge model taking 
into account only the nearest neighbor oxygens, with 
a=4.3° shows therefore, that actually the cubic axes of 
these sites are displaced from each other azimuthally 
by 54.6° rather than 60°. 

The observed symmetry of the Gd** spectra indicates 
that the Gd* is along a threefold axis and one would 
expect that it essentially entered substitutionally for 
the Al**. To be sure, because of the much larger size of 
Gd**, it could not do so without severely distorting the 
local environment. However, in spite of the expected 
distortion, the local point symmetry is preserved and 
we observe two types of Gd** spectra (just as one does 
for Fe** in Al,O3) associated with the two types of Al** 
sites. It is in this context that we shall continue to 
speak of the two types of Gd** sites as if there were a 
precise substitution for the Al*+. A speculation on the 
detailed nature of the site distortion will be presented 
below. 

When the angle 6 between the c axis and the magnetic 
field is varied in the (1010) plane, the two types of sites 
will give rise to the maximum ¢ splitting of each Gd** 
transition, associated with the O,* and O,' terms in the 
spin Hamiltonian. This is illustrated in Fig. 2 for the 
—4-—++4 and +4— +3 transitions. The O,° term 
does not contribute to this splitting. b and d,° were 
then found by best fitting the ¢ separation for several 
transitions at several angles @ with the aid of an IBM 
704 computer, using the values 5°, 64°, and b¢° already 
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Fic. 2. Azimuthal, or ¢ splitting of the —4-—> +4and +4— 
lines observed as the magnetic field is rotated in the (1010) plane. 
This splitting arises'from the 0, and O° terms in the spin Hamil- 
tonian. @ is the angle between the c axis and the magnetic field. 
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Fic. 3. ¢ variation of the —4— +4 and —}— —# transitions in 
a plane perpendicular to the ¢ axis, i.e., 0=90°. This variation 
arises from the O¢* term in the spin Hamiltonian and has 60 
periodicity as seen in the figure. The choice of g=0 is arbitrary 
in the figure. 


found.’ The results are given in Table I. In the (1120) 
plane this splitting is absent as this plane makes equal 
angles with the axes of the two types of sites. This 
¢ splitting is, of course, well known for Fe** in Al,O; as 
pointed out by Bogle and Symmons, and Kornienko 
and Prokhorov.® 

At 6=90°, the expectation values of O, and O,' are 
zero, so that as H is rotated in a plane perpendicular to 
the c axis, the variation in the spectrum will reflect the 
influence only of the O,° term. This term has a sixfold 
symmetry about the ¢ axis, i.e., goes as cos6y, and 
indeed this is what one observes for all the transitions 
at @=90°. This i is illustrated in Fig. 3 for the —4 — +4 
and —}— —3 transitions. 

Note that only one 6=90° spectrum is observed for 
each transition. This is more or less to be expected for 
the two types of sites as their ¢ axes are rotated from 
each other about the c axis by almost 60° and since the 
O¢® term goes as cos6¢ the two spectra will coincide. 
As the width of the lines was approximately 9 gauss, 
it can be seen from the —}— + transition in Fig. 3 
that a displacement of 1° of the two spectra would have 
resulted in a broadening of the line by about 1 gauss and 


7A similar procedure was used to find @ for Fe® in yttrium 
gallium garnet by S. Geschwind, Phys. Rev. Letters 3, 207 (1959). 
See also C. Kikuchi and L. M. Matarrese, J. Chem. Phys. 33, 
601 (1960). 
8G. S. Bogle and H. F. Symmons, Proc. Phys. Soc. (London) 
73, 531 (1959). See also L. S. Kornienko and A. M. Prokhorov, 
5 Exptl. Theoret. Phys. (U.S. S. R.) 33, 805 (1957) [translation : 
Soviet Phys.—JETP 6, 620 (1958) ]. 
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Fic. 4. ¢g splitting of —4 — +4 transition with H in the (1010) 
plane, The two lines arise from the two types of sites whose cubic 
axes are rotated almost 60° from each other about the ¢ axis. The 
two sites are physically equivalent, however, and so one would 
expect equal intensity for both sites. Note in addition that the 
inequality is reversed for —@ compared to +6, further indicating 
that the Gd has gone in preferentially into one site. @ is the 
angle between the ¢ axis and the magnetic field. 


a decrease of intensity of 10% at the points of maximum 
slope in Fig. 3 compared to the turning points. Actually, 
the linewidth and peak intensity of the 2=90° Gd* 
transitions were carefully monitored and were found to 
vary by no more than 10% as ¢ was varied. This places 
an upper limit of one degree on the displacement from 
60° of the ¢ axes for the O,° term for the two sites. 


IV. SITE SELECTIVITY IN PHYSICALLY 
EQUIVALENT SITES 


As already indicated, aside from the displacement of 
their magnetic axes, the two types of Al sites are 
physically equivalent. In this case, one would expect the 
Gd** impurity to show no preference for a particular 
Al site and one would anticipate spectra of equal in- 
tensity from both sites. However, contrary to expecta- 
tion the spectra from the two sites showed a marked 
difference in intensity. This is illustrated in Fig. 4 for 
the —} — +4 line, with the magnetic field in a (1010) 
plane. This splitting reflects the influence of the O,' and 
O. terms as discussed above. To be sure, one expects a 
slight difference in intensity due to the fact that the 
O¢ and O, both have almost opposite signs for the two 
sites (since these terms go as cos3¢ and the two sites 
are 60° apart in ¢) and to the very small extent that 
these terms determine the intensity of the —}— +3 
transition (the main contribution to the intensity of the 
lines comes from the O,° term and the Zeeman energy). 
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However, this difference of intensity should amount to 
a few percent and moreover should be the same for 
plus and minus 6. Reference to Fig. 4, however, shows 
that the pattern is reversed for plus and minus @. One is 
therefore led to conclude that the Gd impurity has gone 
in selectively (a factor of eight or so in this case) to one 
of the sites even though they are physically equivalent. 
In fact the intensity of these lines varied in different 
crystals from a ratio of 8:1 shown here to a ratio of 1:1 
in some crystals. 

The explanation of this seeming paradox probably 
lies in the dynamics of the crystal growth. In effect, the 
sites are physically equivalent in an infinite crystal 
but may be inequivalent with regard to their being 
filled while a layer of atoms is being deposited on a 
given face of the crystal during the growth process. This 
is illustrated in a general schematic way for a hypo- 
thetical case in Fig. 5. Assume that the oxygens in plane 
(1) have been deposited and now a Gd ion is to fall in 
place above this plane. As the distances of the sites (a) 
and (b) from plane (1) are different, the energy for 
deposition for the large Gd ion in the two sites will be 
different and could give rise to a site selectivity in this 
fashion. Of course, when the next layer of oxygen atoms 
in plane (2) is deposited, sites (a) and (b) will be 
physically equivalent. Of course, one would not expect 
such a site selectivity for diffusion of an impurity into 
an already grown crystal. 

Returning to the actual case of Al,O; (see Fig. 1), 
consider growth along the c axis and assume that plane 
(4) of oxygen atoms has been laid down. It is seen that 
the energy involved in the subsequent deposition of a 
Gd ion in site (b) is different from site (c). This would 
give rise to a site selectivity in this plane but could not 
explain our result as sites (b) and (c) have the same 
magnetic spectra, i.e., they occur between the same 
layers of oxygen atoms. To explain our result we must 
seek a growth direction such that in this particular 
direction there is a selective deposition of Gd ions be- 
tween alternate planes of oxygen atoms perpendicular 
to the ¢ axis. These Al,O; crystals also had (1012) 
growth faces. It is not readily apparent how the site 
selection would occur for growth on this direction either. 
However, there are planes in the crystal which would 
give the required selectivity and it is proposed: that 
some type of spiral growth on the faces of the crystal 
give rise to the selective entry of the Gd into one or the 
other sites (a) or (b) in this general fashion. 

The Fe** spectrum in these crystals was completely 
normal and did not show any such site selectivity. This 
is to be expected as the Fe** radius more nearly matches 
the Al* radius, in other words, any site preference 
energy will be greatly exaggerated for the oversized 
Gd** ion. The actual ratio of Gd between the two sites 
varied with different crystal growth conditions. 

While to our knowledge this is the first time that 
such a site preference for physically equivalent sites 
has been reported in paramagnetic resonance, the 
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preference of an impurity for certain crystal growth 
directions is well established. For example, Holden® was 
able to make ADP crystals grow in a given direction by 
chromium doping. More recently, Torgesen and 
Horton” have examined sections of crystal faces of 
ADP grown with chromium doping. They find that the 
chromium selectively deposits on the (100) faces. 


V. SPECULATION ON LOCAL DISTORTION 
IN Gd** SITE 


It is difficult to determine from the values found from 
the fine structure parameters alone, the exact nature of 
the distortion of the lattice in the neighborhood of the 
Gd** ion. However, the size of 54° leads to the following 
observation. The cubic crystal field component of the 
ground-state splitting is approximately (48/Vv2)b, (neg- 
lecting the much smaller b,° term) and from Table I is 
seen to be 0.0621 cm. This is several times smaller 
than that found for Gd** in other environments such as 
CaF,"-” and ThOs," even though these latter environ- 
ments are more accommodating in terms of ionic size so 
that the ligand charges are further away and will there- 
fore produce a smaller crystal field. This suggests that 
the Gd in site (b), for example (see Fig. 1), has moved 
down even further towards plane (4), pushing apart the 
oxygens in such a way as to give the Gd more of a 
ninefold oxygen coordination somewhat similar to that 
found for the rare earths in the ethylsulfates. This is in 
the direction of Cy, symmetry for which the 5, and b¢' 
terms vanish. The reduction of the cubic crystal field in 
this fashion is in no way inconsistent with a very large 
axial field as evidenced by the large b.°. 

A point-charge calculation leads one to expect that 
the Y,° in the potential at site b, for example, will arise 
mainly from the triangle of oxygens in plane 4 im- 

* A. N. Holden (private communication). 

10 J. L. Torgesen and A. T. Horton, National Bureau of Stand- 
ards Report NBS-5882 (unpublished). 

11 C, Ryter, Helv. Phys. Acta. 30, 353 (1957). 

12 W. Low, Phys. Rev. 109, 275 (1958). 

13 W. Low and D. Shaltiel, J. Phys. Chem. Solids 6, 315 (1958). 
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Fic. 5. Illustration of how physically equivalent sites in final 
crystal may not be equivalent during growth process. After plane 1 
of oxygens has been deposited, an impurity will have different 


energies for entry into site (a) compared to (b). However, when 
plane 2 is deposited, the sites are physically equivalent. 
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mediately below site (b). If this triangle retained its 
angular orientation, the g axes for the O,° term for the 
two types of sites would be (60°—2a)=51.4°, instead 
of the nearly 60° that is observed and referred to above. 
Therefore, we must further assume that the entry of 
the Gd** into site (b) rotates the triangle of oxygens 
in plane (4) immediately below the site so that a is 
nearly 0°. 
VI. CONCLUSION 


An important conclusion to be drawn from this ex- 
periment is that the matching of ionic radii is mot an 
important criterion for incorporating an impurity ion 
into a lattice when concentrations of less than 0.02% 
are involved. The ionic radius of Gd** is generally re- 
garded as being twice that of Al**, yet at these low levels 
of doping the Gd** can enter the lattice without dis- 
rupting its over-all structure. This suggests that at these 
low concentrations other rare-earth ions could be in- 
corporated in the Al,O; lattice. 
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The magnetic resonance spectra of Cr**, Mn?*, Fe**, and Ni?* 
present as substitutional impurities in MgO crystals and powders, 
and of Mn** in cubic ZnS have been observed as functions of 
hydrostatic pressure at room temperature. The results are in- 
terpreted assuming the local compressibilities to be equal to those 
of the pure host lattices. 

The measured volume dependence of the orbital contributions 
to the magnetic moments of the F-state ions, Cr°* and Ni**, are 
consistent with a point-charge model within the experimental 
error. This simple model can only crudely account for the observed 
magnitudes of the orbital singlet-triplet splittings, however. 

The pressure dependences of the cubic field splittings of the 


INTRODUCTION 


HE results to be presented in this article represent 

a continuation and refinement of earlier efforts 
to study crystalline potentials by observing paramag- 
netic resonance of iron group ions in samples whose 
strain and temperature state may be varied. Previous 
investigations of nickel fluosilicate, chrome alum, and 
chromicyanide crystals! proved difficult to interpret due 
to insufficient knowledge of the changes in internal 
structure of these complex unit cells produced by stress 
and temperature variations. Though these experiments 
served to indicate the importance of explicit lattice 
vibration effects as well as time-averaged geometrical 
parameters the analysis could at best be made only 
semiquantitative. 

Recent paramagne ‘ic resonance (PMR) studies have 
shown that a variety of magnetic ions may be substitu- 
tionally incorporated into simple cubic, diamagnetic 
lattices such as magnesia and zincblende, despite size 
and even valence disparities with respect to the host 
cations. The possibility of obtaining interpretable data 
in such straightforward geometries prompted the present 
research. Single crystals and powders of MgO containing 
several types of iron group ions in low concentrations 
were obtained. In particular, the PMR spectra of Cr**, 
Mn**, Fe**, and Ni** were examined fairly extensively. 
A natural crystal of cubic ZnS (zincblende) containing 
traces of Mn** was also studied. Following a description 
of some experimental details (Sec. I) the paper separates 
quite naturally into two parts (Secs. II and III) which 
deal with the F-state ions, Cr*+ and Ni**, and the 
S-state ions, Mn?* and Fe**, respectively. 

* This work received support under a Joint Services contract. 
A preliminary account was presented at the March, 1959, Meeting 
of the American Physical Society. Certain results have been 
published in Phys. Rev. Letters 4, 507 (1960). 

t Now at Bell Telephone Laboratories, Murray Hill, New 


ersey. 
1W. M. Walsh, Jr., Phys. Rev. 114, 1473, 1485 (1959). 


S-state ions, Mn?* and Fe**, are identical in MgO and correspond 
roughly to a fourth power law if an ionic potential is assumed. 
The cubic field parameter for Mn** in ZnS varies half as rapidly 
with volume. These results are consistent with recent calculations 
of Powell, Gabriel, and Johnston if it is assumed that the volume 
dependence of the cubic potentials in these lattices are given by 
the ionic model, though the relative magnitudes are not. 

The hyperfine structure of the manganese spectra also proves 
sensitive to sample volume, particularly in the sulfide. The effect 
may be qualitatively understood in terms of the exchange-polariza 
tion theory of the strong electron-nuclear interaction 


I. APPARATUS 


Much of the equipment described earlier’? was used 
in these experiments though improvements in sensi- 
tivity, stability, and accuracy were required. The neces- 
sity for such refinements arose from the usually low 
concentrations of magnetic ions in the available samples 
and to the minuscule changes in spin-Hamiltonian 
parameters to be measured. 

The sensitivity of the X-band spectrometer was in- 
creased by two to three orders of magnitude upon con- 
verting from diode (1N23C) to bolometer (Narda 610B) 
detection. The small conversion gain of the thermal 
detector required the use of a low-noise preamplifier 
(Millivac VS-64A) in order to profit from the improved 
signal-to-noise ratio. Various crude determinations of 
spectrometer sensitivity yielded figures near 5X 10"AH? 
spins for unity signal-to-noise ratio at room temperature 
with a 1-cps bandwidth. 

In order to improve the stability of the current regu- 
lated magnet, the output of the PMR spectrometer was 
added to the feedback signal in the control loop, thus 
locking the magnet to the zero-slope point of the reso- 
nance line being measured. Under optimum conditions 
a short-term field stability of a few parts in 10° could be 
attained by this means. The field was measured using 
a modified Pound nuclear magnetic resonance (NMR) 
spectrometer. The NMR frequency was zero-beat 
against a harmonic of a military-type frequency meter 
whose fundamental was amplified and read from an 
electronic counter. The short-term stability of this chain 
was one or two parts in 10° after warming up for several 
hours. The reproducibility and therefore the limiting 
relative accuracy of the best field measurements proved 
to be only a few parts in 10°, however, due to the widths 
of the magnetic resonance lines. The microwave fre- 
quency could be measured to better than 0.5 Mc/sec 


2,W. M. Walsh, Jr., and N. Bloembergen, Phys. Rev. 107, 904 
(1957). 
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using a wavemeter calibrated against a Gertsch fre- 
quency standard. 

A matter of considerable practical concern in these 
experiments was the change in the microwave cavity 
frequency during a high-pressure run due principally to 
the varying dielectric constants of the insulators which 
filled the cavity. This effect causes slow leaks at “‘con- 
stant” pressure to be troublesome in that they lead to 
frequency drift of the microwave spectrometer while one 
is supposedly measuring the field positions of PMR lines 
at constant frequency. Teflon filler pieces resulted in 
cavity frequency shifts of nearly 800 Mc/sec over the 
available pressure range of 10* kg/cm?’ Polystyrene was 
used in the experiments reported here and proved 
roughly half as sensitive to pressure. The use of alumina 
in this application yields an order of magnitude 
improvement.‘ 

Samples were obtained from a variety of sources 
mentioned below. Single crystals were cut into the 
requisite tori? by the A. D. Jones Optical Company 
of Cambridge, Massachusetts. Powder samples were 
usually blended with small amounts of stopcock grease 
to prevent grain motion in the microwave cavity. 


II. THE F-STATE IONS 


The orbital magnetic moments of both trivalent 
chromium (3d°,4F) and divalent nickel (3d°,3F) are 


suppressed to a great extent by an electrostatic field of 
octahedral cubic symmetry. The sevenfold orbitally 
degenerate levels of the free-ion F ground state are split 
into two triplets and a singlet, the latter lying lowest in 


octahedral coordination (Van Vleck’s “upright” energy 
angular momentum were it not for the spin-orbit inter- 
action, AL-S, which mixes some of the orbital moment 
of the first excited triplet into the ground state. This 
admixture manifests itself as an isotropic shift of the 
spectroscopic splitting factor, g, away from the free- 
electron value, g= 2.0023. Weaker crystalline field com- 
ponents of lower symmetry split the excited triplets and 
lead to additional, anisotropic g shifts as well as partial 
or complete removal of the ground-state spin degeneracy 
remaining in the absence of a magnetic field.* Whereas 
our earlier efforts were devoted to examining these small 
spin level splittings in slightly noncubic crystalline sites 
we now wish to focus attention on the effects of the 
cubic field : the singlet-triplet energy separation, A,’ and 
the associated g shift of the ground state. 


3 Two polymorphic transitions of Teflon occurring near 250 and 
5400 kg/cm? at room temperature are clearly observable as dis- 
continuities in the slope of a plot of cavity frequency versus 
pressure. 

‘I. Kaminow, thesis, Harvard University, 1960 (unpublished). 

5 J. H. Van Vieck, Phys. Rev. 41, 280 (1932). 

6B. Bleaney and K. W. H. Stevens, Reports on Progress in 
Physics (The Physical Society, London, 1953), Vol. 16, p. 108. 

7 The symbol A here represents the quantity_usually designated 
by 10Dgq in the American literature and by 15Q in the continental 
literature. 
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TABLE I. Numerical parameters of the F-state ions.* 


Cyt Ni?* 
in MgO in MgO 


1.9797 2.217 
A=10Dgq (exp), cm™ 16 100 8600 
A(exp, solid), cm 45.5 — 231 
A(exp, free ion), cm 87 — 335 
r*)o(th, free ion), A‘ 0.337 0.235 
r*) (th, solid), A‘ 0.799 0.387 
d(estimate), A 1.90 2.10 
A(th), cm 15 130 3660 
[0 In(g—-go)/8P ]7 X 10° (kg/cm?) 1.14 1.08 
[8 In(g—go)/d InV Jr (exp) 2.0+0.2 1.9+0.3 
8 In(g—go)/d InV (th) 1.84 1.67 


Ion and host parameter 


g (exp) 


® The experimental values were obtained at room temperature. 


A. Experimental Observations 


The optical and infrared absorption as well as the 
paramagnetic resonance (PMR) spectra of small con- 
centrations of Cr*+ and Ni** in crystals and powders of 
MgO were first reported by Low.* His results indicate 
that these magnetic impurities usually occupy sites of 
cubic symmetry (the existence of Cr*+ ions whose charge 
compensation is localized sufficiently near the magnetic 
site to produce visible axial field effects*°" will be 
ignored as not of present interest). The magnetic reso- 
nance spectra are particularly simple in such high sym- 
metry, the spin Hamiltonian consisting of an isotropic 
Zeeman term: 


H= 8H -S, (1) 


where S=$ for Cr*+ and S=1 for Ni*+. The g values 
listed in Table I were obtained in the course of the 
present work. They differ only slightly from those 
measured by Low. The hyperfine structure of the chro- 
mium resonance arising from the 9.5% abundant isotope 
Cr (J= $3, A=16.0X10~ cm~') was observed but not 
investigated in detail. 

The hydrostatic pressure dependences of the g values 
have been measured to 10000 kg/cm? at room tem- 
perature. The numerical results are given in Table I as 
are the isothermal logarithmic derivatives of (g—go) 
versus volume which is the form of theoretical interest. 
The compressibility of MgO as determined by Bridg- 
man” and confirmed by elastic constant measurements 
was used to convert the measured pressure dependences 
to volume dependences: 

AV/Vo=—0.59X 10-§P+2.2K10-"P2 (25°C), (2) 
where P is measured in kg/cm*. The validity of this 
conversion will be discussed below. 

The samples used in these experiments were powders 
containing roughly 0,01 atomic percent of the magnetic 


’ W. Low, Phys. Rev. 105, 801 (1957). 

®'W. Low, Phys. Rev. 109, 247 (1958). 

10 J. E. Wertz and P. Auzins, Phys. Rev. 106, 484 (1957). 

1 J. H. E. Griffiths and J. W. Orton, Proc. Phys. Soc. (London) 
73, 948 (1959). 

2 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 67, 345 (1932). 

‘8S. Bhagavantam, Proc. Indian Acad. Sci. A41, 72 (1955). 
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Fic. 1. Pressure dependence of the g value of Cr*+ in MgO. 
The solid curve represents an estimated best fit whereas the 
dashed line indicates the result predicted by a simple point 
charge model 


impurity. These were prepared by C. Quadros of this 
laboratory using coprecipitation and firing techniques 
similar to those described by Low.’ Single crystals con- 
taining Cr** as well as comparable amounts of Mn** and 
Fe** were obtained indirectly from the Norton Company 
via W. V. Smith of IBM Research, Poughkeepsie and 
S. Shapiro of this laboratory. A large single crystal of 
nickel-doped MgO containing significant amounts of 
Mn**, Fe**, and Cr** as well as Ni?* was provided by 
L. Schupp of the General Electric Company, Lamp 
Research Division. 

The pressure dependence of the chromium g value was 
not investigated in the single crystals because the reso- 
nance line falls almost exactly on one of the Mn** 
absorption peaks. Since the Cr°+ PMR line is quite 
narrow in MgO [approximately 1.5 gauss between 
points of maximum slope on the (dx’’/dH), recording } 
relatively precise g-value measurements are possible as 
indicated in Fig. 1. More accuracy would be desirable 
however, since the shift is very small. 

One might hope for greater precision in the case of 
Ni** since the shift is an order of magnitude greater 
than that of Cr**+. Unfortunately, the nickel spectrum 
proves to be quite smeared out. From 20°K (and pre- 
sumably below) up to about 77°K the Ni** resonance in 
our best samples consists of a broad absorption peak 
(~50 gauss wide) with a slight doublet character, i.e., a 
relatively weak “dip” in the center (derivative width 
about 12 gauss). At higher incident microwave power 
levels the “dip” is replaced by a narrower peak (~5 
gauss wide) which has recently been explained by Orton, 
Auzins, and Wertz'* as a AS,=2 transition occurring 
at g8H=hy due to simultaneous absorption of two 
quanta from the radiation field. As the temperature is 
raised above 77°K the broad linewidth increases mono- 
tonically and nonlinearly. The doublet character re- 
mains visible up to the vicinity of 400°K (see Fig. 2) 


4 j. W. Orton, P. Auzins, and J. E. Wertz, Phys. Rev. Letters 
4, 128 (1960). 
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Fic. 2. Central portion of the differentiated absorption line 
of Ni?+ in MgO (powder sample) at low microwave power and 
room temperature 


above which temp: rature range only a single resonance 
peak is found, With the modest power (~ 25 mw) avail- 
able from the 2K25 klystron we were unable to observe 
the double quantum transition much above 77°K. Thus 
the g-value determinations at room temperature were 
made by recording many field sweeps through the broad, 
slightly split line at each of three pressures. The re- 
sultant pressure dependence of the g value is given in 
Table I. Undoubtedly higher accuracy could be attained 
if the sharp high-power peak were to be used to define 
the line center. 

Before turning to the analysis of the g-value data, a 
few comments on the nickel PMR line shape may be 
made. One is easily led to attribute the doublet character 
of the line to a small splitting of the zero-field spin 
level degeneracy, i.e., the existence of terms 
DS?+ E(S?2—S,7) in the nickel spin Hamiltonian. The 
principle axes of this low symmetry perturbation pre- 
sumably may assume several distinct but equivalent 
orientations with respect to the cubic crystalline axes. 
The resultant spectrum of a single-crystal sample will 
therefore be very similar to the isotropic average seen 
in a powder sample. This is indeed the case, the single- 
crystal Ni?* line showing no anisotropy of linewidth or 
shape. Below 77°K the linewidth is independent of 
temperature and may presumably be attributed to in- 
homogeneous broadening by the low-symmetry dis- 
tortions. The temperature-dependent broadening above 
77°K is probably caused by spin-lattice relaxation. 
While the measurements above room temperature are 
not very accurate, the data are « onsistent with the spin- 
lattice relaxation time, 7), being proportional to T~. 
This temperature-dependent broadening is also found 
in the spectrum of MgO: Fe* 

The origin of the line splitting remains a puzzle, 
particularly as Low® reports no such behavior in his 
samples. We have found the linewidth and doublet 
character to be fairly insensitive to concentration in the 
range 0.1 to 0.001% but to be somewhat affected by 
preparation and annealing techniques. One might be 
tempted to ascribe the zero-field splittings to magnetic 
interaction between nickel ions preferentially clustered 
near each other. There is, however, no obvious physical 
reason for such segregation as divalent nickel and mag- 


bW. M. 
(unpublished). 
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nesium are closely equal in size. Furthermore, no pres- 
sure dependence of the linewidth or loss of line intensity 
at low temperatures (20°K) was observed. These effects 
might well be expected if the postulated clustering were 
to give rise to appreciable (presumably antiferromag- 
netic) exchange coupling between nickel ions. 

A simple alternative line-broadening mechanism may 
be the natural imperfection of the samples. A distribu- 
tion of weak noncubic crystalline electric fields must 
exist due to vacancies, dislocations, and other lattice 
irregularities. Divalent nickel is extremely sensitive to 
such low-symmetry fields. The relative narrowness of 
the Cr*+ resonance line does not weaken this argument 
as the crystalline field splittings of the ground spin levels 
of these ions are proportional to (g—gpo)’,' 1.e., trivalent 
chromium is ~ 100 times less sensitive to axial or lower 
symmetry perturbations than is divalent nickel. The 
argument is further borne out by the relative widths of 
the PMR lines of the S-state ions which indicate that 
such a distribution of noncubic fields is indeed present. 
However, the magnitude of the nickel linewidth relative 
to that of Mn** seems excessive when one compares the 
over-all magnetic field widths of the PMR spectra of 
these two ions present as dilute impurities in the same 
noncubic host lattice, e.g., zinc fluosilicate."® 

It is also conceivable that the Jahn-Teller effect is 
present to some extent despite Low’s evidence*:"’ to the 
contrary. A tendency of Ni** to reduce its zero field spin 
degeneracy by seeking sites of rhombic or lower sym- 
metry is suggested by the excessive linewidths found in 
MgO (cubic) and zine fluosilicate (trigonal) and the 
narrow lines found in zinc fluoride (rhombic divalent 
site symmetry).'* 


B. The Magnitudes of the Singlet-Triplet 
Splittings 


In the crystalline field approximation the g shift of 
both Ni** and Cr*+ may be written as 
g— go= —4Ago/A, (3) 
where J is the spin-orbit coupling parameter. The energy 
denominator, A, is the singlet-triplet energy separation 
mentioned earlier and is proportional to the cubic 
moment of the lattice potential, @, at the position of 
the magnetic ion. If the bonding in MgO is primarily 
ionic it is reasonable to estimate the crystal potential 
by treating ions as point charges. Phillips'® has recently 
provided theoretical encouragement for such an 
approach. 
At a cation site the approximate cubic potential 


16K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 304. 

17 Note that Orton et al.'* found the same broad, split character 
of the nickel PMR spectrum in their samples. 

18M. Peter (private communication). 


1 J. C. Phillips, J. Phys. Chem. Solids 11, 226 (1959). 
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where g= 2e is the charge of the nearest-neighbor oxygen 
ions, d is their distance from the metal-ion site and r, 
@ and ¢ are polar coordinates referred to [100] axes. 
[ Limiting the summation in Eq. (4) to nearest neighbors 
alone causes only a small error since the net contribution 
of the second and third nearest neighbors is only three 
percent of that of the nearest-neighbor shell. ] The re- 
sultant singlet-triplet splitting is”! 

A= 10e*(r*)/3d°. (5) 
By (r*) is meant the average value of r* over the radial 
part of the 3d orbitals. Numerical values of (r*) for Cr+ 
and Ni** have been calculated using Watson’s analytic 
Hartree-Fock wave functions” and are listed in Table I. 
Since the lattice parameters of NiO and MgO differ by 
less than one percent, there is little risk of error in taking 
the Ni?#+—O* distance in MgO as 2.10 A. The computed 
value of A for Ni?* in MgO is thus found to be 2230 cm“, 
whereas Low found A=8600+100 cm~ by infrared 
spectroscopy. 

It is not surprising that our calculated singlet-triplet 
splitting is smaller than the experimental number, since 
magnetic form factor measurements in manganous salts 
have indicated that the 3d orbitals on Mn** are signifi- 
cantly more spread out. in the solid state than in the 
free ion.” A good fit to the neutron data may be ob- 
tained by expanding the radial scale of the free-ion 
orbitals by approximately ten percent. This ionic ex- 
pansion in the solid results from partial shielding of the 
manganese nuclear charge by the over-lapping ligand 
orbitals. A detailed theoretical discussion of this effect 
has been given by Freeman and Watson.™* Using the 
empirically determined 3d charge distributions, Stuart 
and Marshall®® have obtained quantitative agreement 
with experimental values for the superhyperfine inter- 
action of Mn*+ and F- ions in ZnF2:Mn and MnFs». 
The general consequence of such radial spreading is 
increased values of (r”) if n>0. The approximate mag- 
nitude of the effect for the particular case of Ni** in MgO 
may be obtained by comparing the experimental value 


© J. Becquerel and W. Opechowski, Physica 6, 1039 (1939). 

"1 R. Finkelstein and J. H. Van Vleck, J. Chem. Phys. 8, 790 
(1940). 

= R. E. Watson, Technical Report No. 12, Solid-State and 
Molecular Theory Group, Massachusetts Institute of Technology, 
Cambridge, Massachusetts, 1959; and Phys. Rev. 118, 1036 
(1960). 

J. M. Hastings, N. Elliott, and L. M. Corliss, Phys. Rev. 
115, 13 (1959), 

* A. J. Freeman and R. E. Watson, Phys. Rev. 118, 1168 (1960). 

2° W. Marshall and R. N. Stuart (unpublished). 
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of the spin-orbit coupling parameter, A= (go—g)A/4go0 
= — 231 cm™, in the solid state (see Table I for values 
of g and A) with the free-ion value, A\sx= —335 cm™. 
Since A is roughly proportional to (r~*), the increased 
value of (r*) in the solid may be estimated assuming the 
spreading to be describable as a linear scale change: 


(ry (No/A) Kr*Do. (6) 


The corrected value of (r*) is 65% greater than (r*)o 
which leads to a calculated value of A= 3660 cm~, still 
quite far from agreement with experiment. 

The theory of trivalent chromium is very similar to 
that of divalent nickel save for the effect of the extra 
charge of the chromic ion on the local crystalline po- 
tential. It is difficult to estimate accurately the equi- 
librium distance of the six O?~ nearest neighbors from 
the trivalent ion as it is extremely sensitive to details 
of the repulsive part of the Cr**—O*~ interaction po- 
tential. The distance will presumably be somewhat less 
than the shortest chromium-oxygen spacing found in 
Cr.O; or garnets, i.e., the value 1.90 A appears to be a 
likely upper bound on d for MgO: Cr. 

A further complication arises due to the large electric 
polarizability of the O*~ ions. The excess charge of the 
trivalent chromium ion (relative to the normally di- 
valent occupant of the site) induces electric multipole 
moments on the surrounding anions. These modify the 
electrostatic potential at the chromium site. The most 
important induced moment is the dipole moment, yg, 
whose magnitude can be calculated if we know the di- 
polar susceptibility, x, of the O?~ ions. This, as well as 
the higher multipolar susceptibilities, is difficult to 
estimate theoretically since the free ion is unstable.?®?7 
By intercomparison of optical refractive indexes, Tess- 
man, Kahn, and Shockley”* arrived at the empirical 
value x= 1.66 A® for O?- in MgO. Using this number 
and the following expression for the induced dipole 
moment yp: 


m/l Ih 


we obtain n= 1.46X10~'® esu at the estimated equi- 
librium Cr*+— 0? distance. One effect of the six induced 
dipoles is to increase the cubic moment of the potential 
at the Cr** site: 


35 q Su 
4) — r( — ) [sin (sint4-+c0s'g) +eost— |. 
4 ad’ dé 


The expression for A [Eq. (5) ] is similarly modified. 
Taking into account the 50% increase in the (r*) of the 
Cr** ion in the MgO lattice which is implied by the 
reduced spin-orbit coupling in the solid (see Table I) we 


26 R. E. Watson, Phys. Rev. 111, 1108 (1958). 

27 G. Burns (to be published). 

28 J. R. Tessman, A. H. Kahn, and W. Shockley, Phys. Rev. 
92, 890 (1953). 
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find A= 15 130 cm. The experimental value, A= 16 100 
cm™,?* is slightly larger than the result of a rather 
“pushed” ionic-type calculation though the discrepancy 
is not as marked for Cr** as for Ni**. This degree of 
agreement is presumably fortuitous. 


C. The Pressure Dependence of the g Shifts 


Differentiation of expression (3) with respect to 
volume (V «d*) which enters through the energy de- 
nominator A [see Eq. (4) | gives the predicted volume 
dependence of g—gy for Ni** in MgO subject to certain 
assumptions: 


1. The local compressibility in the unit cell containing 
the magnetic ion is identical to that of the host lattice, 
as is plausible in this case where NiO and MgO are 
nearly identical in lattice constant. 

2. The radial distribution of the magnetic orbitals 
does not change significantly as the solid is compressed. 
The g shift is sensitive to such variations through the 
ratio \/(r*). If, as above, we assume the radial wave 
function in the solid to be linearly related to that of the 
free ion by a scaling factor &, i.e., 


t(r) (Atha &<1 (8) 


Lh} 
solid nm 


then (g—go) <«k*. If & is insensitive to small volume 


changes the predicted volume dependence of the g shift is 


0 In(g—go)/d InV = 1.67, (9) 


which agrees with the measured value, 1.9+-0.3, within 
the (unfortunately large) experimental error. It is possi- 
ble that the sign of the discrepancy between theory and 
experiment indicates that the scaling factor k decreases 
slowly as the lattice is compressed, i.e., assumption (2) 
fails. This interpretation should not be unduly stressed, 
however, since the theory rests on an oversimplified 
model which is apparently incapable of yielding the 
observed value of the singlet-triplet splitting. It is 
perhaps remarkable that such a model accounts moder- 
ately well for the volume dependence of the splitting. 
Assumption (1) appears rather dubious in the case of 
Cr** since the local binding energy is probably signifi- 
cantly higher in a cell containing a trivalent cation. 
Though no attempt will be made to estimate the mag- 
nitude of the decreased local compressibility it should be 
borne in mind that neglect of this factor certainly 
decreases the experimental value of 0 In(g—go)/d InV. 
Subject to assumptions (1) and (2) and allowing for the 
induced dipole moments on the 0? neighbors, the pre- 
5x 
0 In(g—go)/d InV =1.67-+— ( 


dicted value is 
1+6v2 “) . 
2d' 4 ad 


11+6v2 x : 
(1+ ) ~1.84, (9’) 
} ad’ 


* D. L. Wood (private communication) 
are incorrect. 


; Low’s assignments? 





RESONANCE SPECTRA OF 
whereas the observed derivative is 2.00.2. The dis- 
crepancy is within experimental error but its sign implies 
that assumption (2) is not valid, just as indicated by the 
nickel results. Correction for the failure of assumption 
(1) would only increase the discrepancy. 

Before turning to the S-state ions, it is worthwhile 
to mention that direct measurements of A as a function 
of pressure have been made by Parsons and Drickamer.® 
They observed the optical transitions between the 
ground singlet and the two triplets of Cr*+ and Ni** in 
several rather complex unit cells up to 130000 atm. 
The general magnitudes of their results are consistent 
with mono- or dipolar potentials at the magnetic ions 
but detailed analysis is precluded by the complicated 
structures of the host lattices. Similar experiments using 
MgO or some other simple crystal would be interesting 
as corollary to our PMR data. 


D. Conclusions 


From the preceding discussion of the F-state ions in 
MgO, we conclude: 


1. A simple model of the crystalline potential based 
on point charges (and induced dipole moments where 
appropriate) is able to account for the majority, if not 
all, of the observed volume dependences of the orbital 
part of the magnetic moments. 

2. The model can only account within a factor of two 
for the magnitude of the singlet-triplet splittings in its 
present degree of crudity. 


It is felt that the first conclusion justifies the simple 
assumptions that the local compressibilities about 
foreign di- and trivalent cations are essentially un- 
changed from that of the MgO host lattice and that the 
cubic potential variation with small volume changes 
may be closely estimated using the point-charge model. 


Ill. THE S-STATE IONS 

Divalent manganese and trivalent iron occupy a 
unique position within the iron group since they have no 
orbital angular momentum in the ground configuration 
(3d5,8S). The small but readily observable interaction 
of the spin moment with crystalline potentials must, 
therefore, occur via higher multiplets of 3d° and perhaps 
other configurations. General arguments limit the form 
which this anisotropy energy may assume in various site 
symmetries, ®*!- but the exact mechanisms which de- 
termine the magnitudes of the spin-Hamiltonian param- 
eters are still matter for discussion. By varying the 
strength of the crystalline potential with hydrostatic 
pressure, one hopes to learn something of the spin-level 

3% R. W. Parsons and H. G. Drickamer, J. Chem. Phys. 29, 
930 (1958). 

31. R, J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A219, 387 (1953). 

2 G. Koster and H. Statz, Phys. Rev. 113, 445 (1959). The 
less general spin Hamiltonian in common use accounts for the 


observed spectra of Mn** and Fe** in MgO within the experi- 
mental accuracy. 
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TABLE II. Numerical parameters of the S-state ions.* 








Mn?** 
in ZnS 


¢ 2.0021 
a’, gauss 8.53 
aX 104, cm 7.97 
(0 Ina/@P) 7X 108 (kg/cm?) 4.0 

(8 Ina/d InV)r 

A’, gauss 

A X104, cm= 

(0 InA/dP)rX 10° (kg/cm?) 
(dInA/dInV)r 


Mn?+ 


in MgO 


2.0010 
20.35 
19.01 

4.03 

—7.08 
— 86.82 
—81.11 

—0.035 

0.06 


Fe** 
in MgO 

2.0033 
217.9 
203.8 

4.03 
—7.08 


Ion and host parameter 








® These values were measured at room temperature. 


splittings in exactly cubic sites. These results may be 
compared with recent theoretical work of Watanabe* 
and Powell, Gabriel, and Johnston. 

The large hyperfine structure of the Mn** spectrum 
also proves sensitive to sample volume as is not sur- 
prising in view of its known variation with host lattice. 
The effect is qualitatively in agreement with various 
proposed mechanisms of the contact interaction. 


A. Experimental Observations 


Paramagnetic resonance of divalent manganese in 
natural crystals of cubic ZnS (zincblende) has been re- 
ported by Mattarese and Kikuchi** and by Watkins. 
Professor Kikuchi kindly provided the sample of this 
material which was used in the present experiments. 
Low first observed Mn** and Fe** present substitu- 
tionally in MgO.*7*5 We have examined single crystals of 
magnesia containing Mn?* and Fe*+, as well as other 
trace impurities, indirectly supplied by the Norton 
Company. 

These PMR spectra may be succinctly described by 
the spin-Hamiltonian : 


H=g8H-S+ia(SA+S/+5S/)+Al-S. (10) 


The first (Zeeman) term involves the g value which 
differs very little from that of the free electron in the 
case of S-state ions (see Table II). Since no pressure 
dependence of these minute g shifts**® could be meas- 
ured, these parameters will be treated as constants 
below. 

The second term of Eq. (10) describes the orienting 
action of the cubic crystalline potential on the spin 
angular momentum. The parameter a (often measured 
in electron-gauss : a’=a/g@) is ameasure of the hexadeca- 
pole (16-pole) moment of the lattice potential and of 


33H. Watanabe, Progr. Theoret. Phys. 18, 405 (1957). 

4M. J. D. Powell, J. R. Gabriel, and D. F. Johnston, Phys. 
Rev. Letters 5, 145 (1960). 

35. M. Mattarese and C. Kikuchi, J. Phys. Chem. Solids 1, 
117 (1956). 

36 G. D. Watkins, Phys. Rev. 110, 986 (1958). 

37 W. Low, Phys. Rev. 105, 792, 793 (1957). 

38 W. Low, Proc. Phys. Soc. (London) B69, 1169 (1956). 

3]. Fidone and K. W. H. Stevens, Proc. Phys. Soc. (London) 
73, 116 (1959). 
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Fic. 3. Pressure dependence of the cubic field splitting parame 
ters of Mn** and Fe** in MgO at room temperature. Units of 
“electron gauss” are used: a’=a/g8 


the corresponding polarization of the magnetic ion. The 
effect of hydrostatic pressure on the a parameters of 
Mn** and Fe** in MgO are shown in Fig. 3 and tabulated 
in Table II. The data for both ions can be made to 
coincide by use of the scaling factor 
n=a(Fe**)/a(Mn?*)= 10.70+0.02, 
which is independent of pressure: The percentage in- 
creases of the two cubic field splittings are identical. A 
similar set of measurements of a for Mn** in a zincblende 
crystal is illustrated in Fig. 4 and listed in Table IT. 
The last term of Eq. (10) represents the isotropic 
hyperfine coupling of the nuclear (J= 4) and electronic 
moments of Mn®. (A similar term is required for the 2% 
abundant Fe*’ isotope which produces a weak but ob- 
servable spectrum.)” The effect of the coupling is to 
split the manganese PMR spectrum into six equally 
intense hyperfine groups of five fine-structure lines. 
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Fic. 4. Pressure dependence of the cubic field splitting parameter 
of Mn?* in cubic ZnS at room temperature 


Detailed expressions for the resonance line positions 
have been given by Mattarese and Kikuchi and by Low 
and will not be repeated here. The spectrum of Mn?** in 
ZnS is shown in. Fig. 5 where second-order effects cause 
relative shifts of the five fine-structure 
proceeds to successive hyperfine groups. A similar pat- 
tern due to Mn** in the General Electric MgO crystal is 
seen in Fig. 6 as are the various differentiated absorption 
lines of Cr*+, Fe*+, and Ni® 
decrease in the intensity of the Mn? 
goes to higher fields on this trace (Fig. 6) is actually a 
cross-relaxation effect which is absent in crystals not 
containing Ni**. The spin-lattice relaxation time of 
Mn** in MgO is sufficiently long even at room tempera- 
ture that appreciable saturation of the resonances occurs 
at the power levels normally used (~ 10 mw incident on 
the cavity). The effective relaxation time of a particular 
transition is reduced (and its apparent intensity corre- 
spondingly increased) if energy may be transferred by 
spin-spin interaction to a more rapidly relaxed magnetic 
species (the Ni** spins in this case). Detailed studies of 


lines as one 


The apparent monotonk 
spectrum as one 


Fic. 5. PMR spectrum of Mn** 
in cubic ZnS (A||[100]). The 
strong central resonance is a free- 
radical marker. 








 G. Feher, E. Rossenwasser, and S. Geschwind (private communication). 
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Fic. 6. PMR spectrum of Mn**, 
Fe**, Ni?*, and Cr**, in MgO 
(H||[100]). The variation in Mn?* 
line intensities is due to cross re- 
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such cross-relaxation phenomena have recently been 
reported,’—-* 

The pressure dependences of the hyperfine coupling 
parameters of Mn**+ in MgO and ZnS are shown in 
Figs. 7 and 8, respectively, and are summarized in 
Table IL. The apparently great “scatter” in the case of 
MgO results from the expanded scale needed to display 
the small variation of A’=A/g@ with P. 

In converting the pressure data to volume dependences, 
we continue to use the bulk compressibilities of the host 
lattices. It is felt that the assumption of roughly equal 
bulk and “‘local’”’ compressibilities is justified by the 
F-state ion results and the equality of the percentage 
variations of a for both a di- and a trivalent S-state ion. 
The compressibility of MgO was given earlier [Eq. (2) ] 
and that of zincblende“ is 
AV/Vo: 


— 1.283 10-°P+1.56XK 10-8 P? (25°C). (11) 


The resultant values of (0 1n4/dlnV)r are displayed 


in Table II. 
B. The Cubic Field Splittings 


The lack of orbital angular momentum in the ground 
states of the 3d° ions leads to considerable difficulty in 
explaining the observed effects of crystalline fields. 
While it is possible to establish the general form that the 
Hamiltonian must take for a lattice site of given sym- 
metry and thus describe the anisotropy of the PMR 
spectra, it is another matter to understand the magni- 
tudes of the observed parameters in terms of explicit 
perturbations of the free ion by the crystalline electric 
field. Van Vleck and Penney“ estimated the effect of 
several mechanisms involving the lattice potential and 
the spin-orbit interaction. Pryce*’ concluded that these 
perturbations could not explain the experimental split- 
tings and suggested that spin-spin coupling and the 
presence of excited configurations must be taken into 
account. Watanabe,* noting the high symmetry of the 
half-filled shell, concluded that only perturbing schemes 
even in the crystalline potential could be effective within 


‘tN. Bloembergen, S. Shapiro, P. Pershan, and J. O. Artman, 
Phys. Rev. 114, 445 (1959). 

“2S. Shapiro and N. Bloembergen, Phys. Rev. 116, 1453 (1959). 

48 P, Pershan, Phys. Rev. 117, 109 (1960). 

4 P. W. Bridgman, Silliman J. 10, 483 (1925). 

45S. Bhagavantam and D. Suryanarayana, Proc. Indian Acad. 
Sci. A20, 304 (1944). 

46 J. H. Van Vleck and W. G. Penney, Phil. Mag. 19, 961 (1934). 

47M. H. L. Pryce, Phys. Rev. 80, 1107 (1950). 


the d° configuration. In particular, his numerical esti- 
mates of the effect of a cubic electric field on Mn*+ show 
the parameter a to be positive and predominantly de- 
termined by the square of the cubic potential moment 
in the range of experimental interest. 

This problem has most recently been examined by 
Powell, Gabriel, and Johnston (PGJ)* who find that 
perturbations within d® and odd in Dg can produce 
ground spin state splittings if they are also odd in the 
spin-orbit coupling.** Their calculation, including both 
the spin-doublet and the spin-quartet terms of d°, yields 
a variation of a for Mn** versus Dg which agrees quite 
well with the few available data as shown in Fig. 9. In 
particular the observed values of the cubic field split- 
tings of Mn?* in MgO and in K MgF;* coupled with the 
measured Dg values in MnO” and KMnF;* strongly 
support the PGJ curve. The negative value of @ found 
by Watkins® in NaCl has been placed on Fig. 9 by 
estimating the size of Dg from the measured value in 
octahedral fluorine coordination using the point charge 
model. A similar estimate permits crude positioning of 
the ground state splittings found in ZnS** and CaF2.* 
Neither of these results fall near the PGJ curve. The 
discrepancy is perhaps not very surprising in the case 
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Fic. 7. Pressure dependence of the hyperfine 
coupling of Mn?* in MgO. 


48 R. Lacroix, Helv. Phys. Acta 30, 479 (1957) had previously 
noted this point in connection with calculations relative to 
Ga?* (47,85). 

 S. Ogawa, J. Phys. Soc. Japan 15, 1475 (1960). 

© G. W. Pratt and R. Coelho, Phys. Rev. 116, 281 (1959). 

®! J. Hrostowski (private communication via R. G. Shulman). 

8 G. D. Watkins, Phys. Rev. 113, 79 (1959). 
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(London) A247, 141 (1959). 
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Fic. 8. Pressure dependence of the 


hyperfine coupling of Mn** in ZnS 
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of the sulfide where the markedly reduced hyperfine 
interaction indicates strong interaction with the 
ligands.**5> This holds even more strongly for 
CdTe: Mn.** It may be worthwhile re-examining the 
PMR of CaF::Mn,* however, in view of the difficulty 
in assigning an accurate value to a@ in the presence of 
strong superhyperfine structure and the expectation 
that the point-charge model might be roughly valid for 
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Fic. 9. Variation of the ground-state spin energy level splitting 
of Mn?* versus the cubic crystalline field strength parameter after 
Powell, Gabriel, and Johnston. Various points associated with 
experimental data are shown and discussed in the text. 

54 J. S. Van Wieringen, Discussions Faraday Soc. 19, 119 (1955). 

56 Q. Matumura, J. Phys. Soc. Japan 14, 108 (1959). 

56 J. Lambe and C. Kikuchi, Phys. Rev. 119, 1256 (1960). 


this case. Above all, experimental determinations of Dg 
in the tetrahedral and cubic coordinations would be 
most desirable, as Powell ef al. have emphasized. 

Though direct comparison of a versus Dg with PGJ 
theory is most desirable, in that the choice of a model is 
avoided, our pressure experiments may be useful in this 
connection if a dependable relation between volume and 
cubic potential variations can be established. As dis- 
cussed earlier, it is felt that the point-charge model is a 
good approximation when only small changes in crystal 
field parameters are studied. On this basis, d lInDQ/d InV 
= — 1.67, we have 


0 Ina/d InDg=4.25, (MgO 


for both Mn?*+ and Fe** in MgO. A somewhat smaller 
number is obtained if the observed volume dependences 
of the g shifts of Cr** and Ni** in MgO are presumed to 
measure the volume dependence of Dg exactly, L.e., 
0 InDq/d InV = —1.95, whence 


0 Ina/d InDg~~3.64, (MgO). 


The latter number agrees quite well with the theoretical 
prediction (see Fig. 10). 

The use of an ionic potential for ZnS is, of course, 
quite indefensible, especially since we lack corroborative 
data on ions other than Mn?* in the same lattice. Ignor- 
ing this difficulty, we find 


0 Ina/d InDg=1.9, (ZnS). 


Since it is evident from Fig. 9 that one cannot simply 
calculate the magnitude of Dg in this lattice, we use the 
value 600 cm deduced from the magnitude of a and 
the theoretical curve. As seen in Fig. 10 the measured 
fractional derivative falls very near the theoretical 
value. 
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The pressure experiments thus provide further, though 
less direct than is desirable, support for the analysis of 
Powell et al. in the case of Mn?*, 

The case of Fe** is much less satisfactory since optical 
determinations of the various parameters (Racah, spin- 
orbit, spin-spin, cubic field) are made difficult by strong 
band absorption.*? Geschwind’s PMR data on Fe** in 
octahedral and tetrahedral oxygen coordination® indi- 
cate that a varies as the square of the cubic potential if 
the point-charge model may be used for intercomparison 
purposes. Our own data imply that a fourth power law 
is closer to the actual behavior in MgO. It will be very 
difficult to test any theory of the crystalline field effect 
on Fe** in the absence of data on the excited states. 

It is felt that the invariance under pressure of the 
ratio of cubic field splittings of Fe** and Mn** in MgO 
supports our contention that it is primarily the environ- 
ment of these ions which changes under stress not the 
ions themselves. Changes in spin-orbit coupling, etc., 
are apparently negligible compared to changes in the 
lattice potential. While the simple point-charge model 
is not sufficient to compute the magnitude of this po- 
tential, the nearly ionic variation of the various crystal- 
line field parameters indicates that some sort of effective- 
charge model is appropriate. 


C. The Hyperfine Couplings 


The large, predominantly isotropic, coupling of the 
nuclear magnetic moments of the iron group ions to their 
electronic magnetic moments has most recently been 
attributed to exchange polarization of the core orbitals 
by the net unpaired d-electron spins.®:® In particular it 
is the nonidentical radial distributions of the up- and 
down-spin electrons in the various s orbitals which leads 
to a net unpaired spin density at the nucleus and the 
resultant contact hyperfine interaction, AI-S. 

This coupling has been measured for (Mn*)?* in a 
wide variety of compounds and has been found to de- 
crease with increasing electronegativity of the ligands. 
Matumura’s results® indicate that the value 100 10-4 
cm is a reasonable extrapolation to the ionic limit. We 
see in Table II that MgO is fairly near this limit but 
ZnS is strongly covalently bonded by this criterion, It is 
not surprising that the greater sensitivity to lattice 
compression is found in the less-ionic compound. 

We wish to suggest that a large part of the reduction 
of A with lattice parameter might be assigned to the 
changing radial distribution of the d orbitals of the 
magnetic ion. As mentioned earlier, there is good evi- 
dence for a distinct change (expansion) of these wave 
functions upon going from the free ion to the solid state. 
Further spreading under compression is to be expected 
though the effect appears to be quite modest (see Sec. 


57 A. M. Clogston, J. Appl. Phys. 31, 198S (1960). 
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Fic. 10. Calculated fractional variation of the ground-state 
splitting of Mn?* with cubic field strength after Powell, Gabriel, 
and Johnston. The results of the pressure experiments are also 
indicated for comparison. 


II). Even small variations will affect the degree of un- 
pairing of the up- and down-spin s orbitals via the 
exchange polarization mechanism and thus lead to a 
change in the net unpaired spin density at the nucleus. 
It is conceivable that a semiquantitative analysis of the 
change of the d orbitals under compression could be 
obtained by fitting the measured variation of the hyper- 
fine coupling to a computed dependence of the contact 
interaction on the radial distribution of d electrons. In 
principle, a much more direct method for obtaining such 
information would be to measure the neutron scattering 
form factor under pressure but the experimental diffi- 
culties are formidable. The paramagnetic resonance 
technique is much more feasible though the interpre- 
tation will be subject to numerous pitfalls.” 


D. Conclusions 


1. The pressure dependences of the cubic-field split- 
tings of the divalent manganese ion energy levels are 
consistent with the calculations of Powell, Gabriel, and 
Johnston (which are quite successful in other respects) 
if the simple assumptions concerning local compressi- 
bility and lattice potential dependence on interionic 
distance are made. 

2. The variation of the isotropic hyperfine interaction 
may be attributable to expansion of the magnetic ion’s 
d orbitals due to increasing overlap with the nearest 
neighbors but quantitative interpretation appears to be 
quite difficult. 
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A series of photochemical experiments on the color centers present in KBr and KC! after exposure to 
x rays at 80°K is discussed. These experiments are chemical in nature with the reactions being triggered 
through exposure to radiation of various wavelengths. It is shown that the only V center which has a large 


electron capture cross section is the V« center and the cross section of the V; center is very small 
also shown that the destruction of the V,; center does not involve the annihilation of an electron 


It is 
or hole 


trapped at a crystal imperfection but apparently involves the addition of an interstitial to the F center, 
yielding as a product the undisturbed lattice. The implications of these observations as they relate to the 


structure of the V; center are discussed. 


I. INTRODUCTION 


ASLER, Pringsheim, and Yuster' discovered the 
V; optical absorption band in crystals of KBr and 
KCl which had been exposed to x rays at 80°K. Since 
then, a considerable effort has been made to determine 
the structure of the imperfection which gives rise to this 
absorption, but it is as yet not known. The work to be 
described here attempts to narrow the range of the 
possible structures through experiments which are 
essentialiy chemical in nature. The type of experiment 
to be discussed does not enable one to determine the 
detailed electronic structure of a color center such as 
has been possible for a number of defects with para- 
magnetic resonance but only allows one to conclude 
that a defect is chemically equivalent to some type of 
interstitial, vacancy, or impurity. 


Il. SUMMARY OF THE PROPERTIES 
OF THE V,; CENTER 


Teegarden and Maurer? were unable to find any 
photocurrents definitely attributable to the excitation 
of the V; center, and the quantum efficiencies for the 
destruction of V; centers by radiation absorbed in the 
spectral region of the V,; band were observed to be 
rather small. The values for the bleaching efficiency 
were typically 0.05 center destroyed for each quantum 
absorbed at the initiation of the bleaching, but the 
efficiencies quickly fell to values near 0.01. Data to be 
presented here indicate that these values are not the 
correct ones but instead represent the influence of 
absorption bands which overlap that of the V; center. 

Teegarden and Maurer also found that the V, center 
was converted into another center, the H center, when 
crystals which contained V, centers were irradiated with 
light absorbed by the V, band at temperatures at which 

* Work partially supported by the Office of Naval Research. 

t Based on a thesis submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy at the 
University of Illinois. 

t National Science Foundation Fellow, 1957-1960. 
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1 R. Casler, P. Pringsheim, and P. H. Yuster, J. Chem. Phys. 18, 
887, 1564 (1950). 

2K. Teegarden and R. Maurer, Z. Physik 138,284 (1954). 


the H center is stable. The H center gives rise to an 
optical absorption band similar in shape to the V, band 
but one which maximizes at slightly higher energies. 

Kinzig and Woodruff’ have found a center through 
paramagnetic resonance whose concentration changes 
in response to optical irradiation and temperature 
variations in a manner similar to the concentration 
changes of the H center as evidenced by the variation 
in the size of its optical absorption band. The center 
found by Kinzig and Woodruff can be described as a 
negative halogen molecule ion occupying the site of a 
single halogen ion. The axis of the molecule ion lies in 
one of the six (110) directions. It is very unlikely that 
the identification of the center of Kinzig and Woodruff 
with the H center (as defined by the H optical absorp- 
tion band) is incorrect. 

The experiments of Teegarden and Maurer and those 
of Kinzig and Woodruff together imply that the V, 
center converts into a type of interstitial defect when 
it is excited with 3- or 3.5-ev photons provided that the 
temperature is low enough to insure the stability of the 
H center. This result might suggest that the V, center 
is itself an interstitial of some kind. 

Lambe and West‘ investigated the symmetry prop- 
erties of the V; center at 80°K by attempting to intro- 
duce dichroism in the V; absorption band. The method 
used involves bleaching the absorption band with 
polarized light and then measuring the absorption with 
polarized light. Lambe and West found, however, that 
the V; absorption could not be made dichroic and they 
thus concluded that the center has cubic symmetry. 
This conclusion may be invalid, however, since it has 
been found recently that some color centers reorient 
their axes even at liquid hydrogen temperatures under 
the influence of lattice vibrations.° 


III. PROPERTIES OF THE OTHER CENTERS 
PRESENT WITH THE FV, 


The other color centers formed with the V; center 
by exposing KCl or KBr to x rays at 80°K are the F, 


3 W. Kinzig and T. O. Woodruff, J. Phys. Chem. Solids 9, 70 
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F’, a, V2, Va, Va, and V;. The structure of the F center 
is known to be an electron trapped at a halogen ion 
vacancy, primarily from paramagnetic resonance experi- 
ments. The structures of the F’ and a centers have been 
inferred from photochemical experiments involving the 
F center, and there is very little doubt that these models 
are correct. The F’ and a@ centers can be obtained from 
the F center by adding or subtracting electrons from 
an F center, respectively. Thus, the F’ center consists 
of two electrons trapped at a halogen vacancy, and the 
a center is the halogen vacancy with no trapped charge 
carriers. 

The Vx center is known from paramagnetic resonance 
to consist of a hole trapped by the lattice polarization 
set up by its own field.® The electron deficiency is shared 
by two halogen ions forming a negative halogen mole- 
cule ion which occupies two halogen sites. This center 
has been called the self-trapped hole and the V center 
as well as the Vx center, but for brevity and avoidance 
of ambiguity the last notation will usually be used here. 
The optical absorption of the Vx center has been estab- 
lished through combined optical and paramagnetic 
resonance experiments.’ 

The structures of the remaining centers present in the 
crystal after exposure to x rays at 80°K are not known, 
but it will be seen that this does not seriously restrict 
the conclusions which can be drawn from the photo- 
chemical reactions which were studied. 


IV. OBJECT OF THESE EXPERIMENTS 


The experiments to be discussed here were designed 
to test the conclusion given above that the V, center 
involves an interstitial of some kind and to determine 
its charge. In these experiments, the V; center is de- 
stroyed through optical excitation, and the changes in 
the concentrations of the other types of color centers are 
observed. If these other changes involve only those 
centers whose structures are known, then, in principle, 
one can deduce the chemical structure of the V; center. 
This technique will obviously fail if any of the centers 
involved in the destruction of the V; do not produce 
absorption bands in the investigated regions of the 
spectrum. 


V. EXPERIMENTAL APPARATUS AND PROCEDURE 


In most of the experiments to be described here, the 
crystals were exposed to x rays at temperatures near 
the boiling point of liquid nitrogen. The cryostat used 
was similar to that described by Dutton and Maurer® 
except that it had only one vessel. The crystal was 
mounted in the vacuum space and adhered to a copper 
block with high vacuum grease. The copper block was 
in good thermal contact with the liquid nitrogen 

oa G. Castner and W. Kinzig, J. Phys. Chem. Solids 3, 178 
CT. Delbecq, B. Smaller, and P. H. Yuster, Phys. Rev. 111, 
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reservoir and the temperature was measured with a 
copper-constantan thermocouple cemented into the 
crystal. The pressure in the cryostat was maintained 
below 10-* mm of Hg. The x-ray machine was a 50-kv, 
20-ma industrial unit with a tungsten target, always 
operated at its maximum output, and the sample was 
placed about 1} in. from the exit window of the tube in 
nearly all of the experiments. No filtering other than 
two 50-mil berylium windows was used. 

Three spectrophotometers were used for the optical 
absorption measurements performed here. The majority 
of the data were taken with a Beckman model DU 
quartz spectrophotometer. The useful range of this 
instrument is from about 1 micron to 0.22 micron. The 
remaining data were taken with a Cary model 14R 
automatic recording spectrophotometer whose range for 
color-center research is from 1.8 to 0.185 microns. 

A near infrared spectrophotometer was assembled 
from a Leiss double monochromator with LiF prisms, 
a globar source, and a radiation thermocouple detector. 
The useful range of this instrument extended to about 
5 microns. No color-center absorption at wavelengths 
longer than those of the F’ absorption was found. 


VI. RESULTS AND DISCUSSION 
1. Centers Formed by X Rays at 80°K 


The centers formed in KBr when it is exposed to 
x rays at 80°K are F, F’, a, Vx, Vi, Va, and V7. Some 
of the studies were on KCl, but the effort was concen- 
trated on KBr. The primary reason for this is that the 
a band could be studied in KBr but not in KCI with the 
equipment available. The centers formed in KCl at 
80°K are F, F’, Vx, Vi, and V2. Unless specified other- 
wise, the following results pertain to KBr. 


2. Influence of Light with Wavelengths 
Corresponding to the V; Band 


One of the principal difficulties of color-center re- 
search is that it is usually impossible to excite only one 
type of center at a time. As a consequence, the measured 
absorption spectra and the transformations which are 
observed to occur under the stimulation of monochro- 
matic radiation are easily misinterpreted. When one 
irradiates a crystal of KBr or KCl with radiation which 
is absorbed in the peak of the V; band, not only the V; 
center is excited but also the Vx, the F’, and the F 
centers are excited. The excitation of F-center photo- 
currents by radiation lying at wavelengths shorter than 
the F band proper has been studied by Inchauspé® and 
Robe.” The quantum efficiency for the photoconduc- 
tivity was found to be of the order of 0.01 electron freed 
per quantum incident on the crystal. This is comparable 
to the efficiencies reported by Teegarden and Maurer 
for the bleaching of the V, center. 

Studies of the photoconductivity resulting from the 
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excitation of the Vx center indicate that the distance 
the holes drift while in the untrapped state is very 
small." As a consequence, it can probably be safely 
assumed that the excitation of the Vx center can be 
ignored in considering the consequences of exposure to 
radiation of the V; wavelength. 

The efficiency for removing. an electron from an F’ 
center is 1 at all temperatures, but most of the curves 
found in the literature do not indicate quantitatively 
the amount of absorption the F’ 
ultraviolet. 

To determine the shape of the F’ band, the F band 
of an additively colored crystal was partially bleached 
through optical excitation at the temperature at which 
the maximum number of F’ centers could be formed, and 
the crystal was then quenched to liquid nitrogen tem- 
perature. The change in absorption produced by this 
process was measured, and by assuming that the F’ band 
is smooth, the absorption in the vicinity of the F band 
was interpolated. The shapes of the F’, F, and K bands 
in KCl, obtained in this way, are shown in Figs. 1 and 2. 
Figure 1 shows that in KCI the F’ band absorption at 
the V; wavelength is § of that at the peak of the F’ band. 
Since the optical density at the F’ band maximum is 
typically about 0.050, that at the V; band is about 
0.006. 


center has in the 


3. Influence of Light with Wavelengths 
Corresponding to the F Band 


If one cools a crystal of KC] or KBr containing only 
centers to 80°K and then irradiates in the F-band 
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Fic. 1. The F’ band in KCl at 80°K. 
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Fic. 2. The F and K bands in KCl at 80°K 


peak, the number of F’ centers produced is very small, 
because the quantum efficiency for freeing electrons 
from F centers is very small, about 0.01, while that for 
freeing F’ electrons is unity. In the steady state under 
F-band irradiation, one will destroy F’ centers at the 
same rate as they are formed. Since the ease of freeing 
an electron from an F’ center is much greater than from 
an F center, and since the electron capture cross section 
of the a center is relatively large at 80°K, the steady- 
state number of F’ centers 
perhaps 2% of the number of F centers. 


becomes rather small, 
These arguments do not pertain to the influence of 
radiation other than optical radiation absorbed in the 
F band, of course. In particular, the steady-state con- 
centration of F’ centers under x irradiation at 80°K is 
fairly large, a typical concentration of F’ centers being 
¢ the F concentration. If one exposes at 80°K a freshly 
x-irradiated crystal to radiation absorbed in the peak 
of the F band, it is found that the F band increases 
rather than decreases in intensity. Even though most 
of the light is absorbed by F centers, the smaller fraction 
of radiation absorbed by F’ centers causes a greater 
number of transformations per quantum absorbed. The 
important point here is that if one wishes to study the 
influence of F irradiation independently of F’ irradia- 
tion, this can be accomplished only by first removing 
the F’ centers. This places a constraint on the operations 
which can be performed on the centers in the crystal. 
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4. Trapping of F’ Photoelectrons 


If one bleaches the F’ band immediately after ex- 
posing KCl or KBr to x rays and measures the change 
in absorption, it is found that as the F’ band disappears, 
the F band grows in size. Quantitative measurements 
of these changes indicated that the number of F centers 
formed is approximately equal to the number of F’ 
centers destroyed. If the F’ band in an additively 
colored crystal were bleached, twice as many F centers 
would be formed as F’ centers were destroyed. One F 
center is left behind when one of the two F’ electrons 
is removed from the vacancy and a second F center is 
formed when this electron is trapped at a halogen 
vacancy (a center). It would seem that in the case of an 
x-ray colored crystal, the electron which is removed 
from the F’ center does not usually reach an a center 
before it is trapped elsewhere. In KBr, a measurement 
of the change in the a band caused by bleaching the F’ 
band indicated that about 75 of the released electrons 
are trapped in halogen vacancies. 

The trap for the majority of the F’ electrons was 
found by carefully subtracting the absorption found 
after bleaching F’ from that found before (Fig. 3). It is 
seen that the Vx band is bleached by the electrons 
released from the F’ centers." Both the a and Vx have 
a charge of +1, but these results indicate that the 
electron capture cross section of the Vx is about 10 
times as large as that of the a. 

Only changes of the F’, F, a, and Vx bands have been 
found to result from F’ bleaching. Assuming that there 
are no others, we can calculate the number of self- 
trapped holes destroyed in this process (this is 0.9 of the 
number of F’ centers destroyed or 0.8 of the number 
of F centers formed). From the change in the Vx 
absorption, we can compute the oscillator strength of 
the Vx absorption band. The apparent oscillator 
strength is between 0.25 and 0.35. Since the Vx center 
absorbs only the component of the radiation which is 
polarized along one of the (110) directions, we must 
apply a correction factor to obtain the true oscillator 
strength. This factor is 3, so that the true oscillator 
strength of the Vx absorption is with in 25% of unity. 


5. Trapping of F Photoelectrons 


If one irradiates in the F absorption band at 80°K 
after having first removed the F’ centers, about 10% 
of the F band bleaches relatively quickly; but then the 
bleaching rate changes abruptly and becomes much 
smaller. The decrease occurring in the rapid bleach is 
about 4 of the increase which had resulted from the 
bleaching of the F’ band. The only other appreciable 
absorption change which occurs in the F bleaching is 
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a further destruction of Vx centers. The ratio of the 
number of Vx centers"destroyed by F’ bleaching to the 
number destroyed by the subsequent F bleaching is 
about 2 to 1. 

The explanation for the observed behavior is probably 
as follows: Initially the number of F’ centers is about 
% the number of Vx centers. Bleaching F’ releases 
enough electrons to annihilate about 3 of the self- 
trapped holes. Subsequent irradiation in the F band 
releases more electrons which initially are trapped by 
V x centers, but eventually the Vx centers are exhausted. 
A relatively small number of F’ centers are then formed 
(because of the small quantum efficiency for bleaching 
an F center), but then no trap with an electron capture 
cross section of significant size is left except the a center. 
Removing an electron from one F center and trapping 
it at an @ center does not change the crystal’s color- 
center composition so that the optical absorption 
spectrum is unchanged. We can infer from this that the 
electron cross sections of the Vi, V4, Vz, and V2 centers 
are very much smaller than that of the Vx. Prolonged 
bleaching in the F band (several hundred times as long 
as that required to destroy the Vx band) will show a 
measurable decay in the V; band, however. It was 
estimated that about 1 electron in 1000 is effective in 
destroying a V; center. No data were taken on the 
capture cross sections at temperatures higher than 80°K. 
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Fic. 3. (a) The change in optical density caused by optically 
bleaching the F’ band. (b) The Vi absorption alone (for 
comparison). 
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6. Quantum Efficiency for the Optical 
Destruction of the V, Band 


It has already been mentioned that Teegarden and 
Maurer found initial quantum efficiencies of about 0.05 
for bleaching the V, center, but these quickly fell to 
about 0.01 and remained roughly constant. They were 
probably observing the ultraviolet excitation of F’ 
centers and the destruction of the Vx centers (whose 
existence was not known at the time) caused by the 
electrons released from the F’ centers. The quantum 
efficiency for this last process is one, which is 20 times 
the initial value observed by Teegarden and Maurer. 
Typical optical densities at the maxima of the Vi+Vx« 
band and the F’ band are 0.12 and 0.05, respectively. 
It has already been remarked that the F’ absorption in 
the V,;+ Vx region is about $ of the maximum or 0.006 
in the typical case. Since Teegarden and Maurer 
assumed the V,; absorption (24%) instead of the F’ 
(1.4%), they found a value 24/1.4 or 17 times smaller 
than the correct value. That is, they got about 0.06 
instead of 1. As the number of F’ centers decreased to 
zero, the absorption in the F’ band fell to zero; but the 
absorption being used in the quantum efficiency calcu- 
lation (that of the V; band) decreased only 20 or 30% 
(the contribution of the Vx band to the composite 
absorption of the V; and Vx centers). As a consequence, 
the apparent quantum efficiency decreased to a smaller 
value. The final value of 0.01 found by Teegarden and 
Maurer may be true value for the V; bleaching efficiency. 
There is still the possibility, however, that some of this 
bleaching was that of the Vx centers caused by the 
ultraviolet of F centers. The incident 
quantum efficiencies for exciting F-center photocurrents 
in the ultraviolet are also of the order of 0.01. 


excitation 


The preceding results suggest that the optical bleach- 
ing of V; centers requires a rather intense light source 
if the destruction is to be accomplished in a reasonably 
short period of time. In particular, the radiation flux 
typically obtained from a monochromator is too weak 
to achieve the complete destruction except after very 
long irradiations. For this reason, some experiments 
were performed using the ‘“‘white”’ light of an unfiltered 
tungsten lamp and some in which Corning glass color 
filters were used restrict the 
paratively broad bands. 


to radiation 


to com- 


7. Optical Bleaching of Color Centers at 80°K 
and Their Regeneration by X Rays 


It was found that the “infrared number two” tung- 
sten lamp in the Cary spectrophotometer could destroy 
all of the F’, Vx, and V; bands and the majority of the 
F and V, bands in a relatively short time (a few 


minutes). The a band grew under white light, presum- 
ably as a consequence of the bleaching of F centers. A 
brief second x irradiation of 2 
bleaching brought the F, F’, Vx, and V4 bands back to 


minutes following this 


concentrations comparable to the original values which 
had required 10 minutes of exposure to x rays for their 
initial production. The F and V4 bands probably grew 
more quickly after the white-light bleach than on the 
original x irradiation because the defects necessary for 
their production were still present after the bleaching. 
Thus, in the case of the F center, the bleaching light 
removed electrons from the halogen vacancies. These 
electrons destroyed the V;, V4, and Vx centers even 
though these processes are fairly inefficient. The halogen 
vacancies were not destroyed, however. The second 
exposure to x rays then produced electron hole pairs, 
the electrons were trapped at the halogen vacancies 
already present, and the F band quickly grew. The 
second x-ray exposure was contrasted from the first in 
that the x rays had to produce the vacancies in the first 
x raying. Since the vacancy production mechanism is 
almost certainly relatively inefficient, it 
the initial coloration rate. 


probably limits 


The Vx band could grow more rapidly on the second 
exposure because the halogen vacancies which were 
present acted as effective electron traps, removed the 
electrons from the conduction band, and the holes thus 
left behind could become self-trapped without being 
subsequently annihilated by electrons. The fact that 
the V4 band grew more rapidly on the second exposure 
to x rays suggests that the V4 center is a hole which is 
trapped at a defect which is not destroyed through 
white-light bleaching. During the second period of 
irradiation with x rays, the defects retrap holes and V, 
centers are rapidly regenerated. 

In contrast to the F, F’, Vx, and V4 centers, the V; 
center was not formed any more rapidly on the second 
exposure than on the first. The reason for this is prob- 
ably that the lattice imperfection which constitutes the 
core of the V, center is destroyed by the white light 
bleach. This suggests that the bleaching mechanism for 
the V, center is fundamentally different from that of 
the other centers. It is felt that this difference is prob- 
ably a consequence of the V, center involving an inter- 
stitial type of defect. The bleaching process then 
effectively removed the interstitial from the lattice or 
at least placed it in a new position from which it could 
not easily re-form a V, center. 

In order that less gross changes would result, the 
radiation from the tungsten lamp was filtered (glass 
filter C.S. 5-58) so that the radiation was strongly 
absorbed by only the V; center. To isolate the changes 
due to the V; bleaching from the other effects, all of the 
F’ and Vx centers were removed in the manner pre- 
viously described before irradiating in the V, band. 
Bleaching V, in this way destroyed a part of the F band 
but left the number of a centers essentially unchanged. 
Also, no other absorption 
appeared. 

If this V; bleaching process involved the removal of 
a hole from the V, center and the trapping of this hole 
at an F center (to account for the decrease in the F 


significant changes in 
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band), then the number of empty halogen vacancies 
(w centers) would increase. If the bleaching occurred 
through the ultraviolet excitation of the F centers and 
the destruction of the V; centers by the electrons 
released from the F centers, then the a band would also 
grow. The lack of a-band growth in this experiment 
suggests the same conclusion as drawn in the preceding 
experiment : The destruction of V; centers involves the 
annihilation of point defects. In particular, the V, 
bleaching experiment seems to imply that V; and F 
centers are mutually annihilated. 


8. Model for the V,; Center 


If we accept the conclusion that only V; and F centers 
are involved and nothing else is formed or destroyed, 
then a great deal is learned about the nature of the V; 
center. The apparent effect is that a V; center can, in 
some unknown way, be “added” to an F center so that 
the perfect lattice is restored. This would imply that 
the V; center is some form of the “complement” of the 
F center, the complement being defined as that ion, 
vacancy, electron, or combination of these which must 
be added to a center to produce an undisturbed lattice. 
The F center is an electron trapped in a halogen ion 
vacancy and, therefore, it is chemically equivalent to 
the absence of one neutral halogen atom. Thus, its 
complement is an interstitial halogen atom. The V; 
center is known to be distinct from the H center so the 
V; interstitial would have to be arranged in the lattice 
in a way different from the H-center interstitial. 

This argument would break down if the product of 
the V, and F bleaching were not a perfect lattice but 
instead centers which have no observable absorption 
bands. 

If the V; center were chemically equivalent to a posi- 
tive interstitial halogen ion as proposed by Kanzig and 
Woodruff,? then the “addition” of V; and F centers 
would produce holes which would probably either form 
Vx centers or be trapped at other F centers, destroying 
them. Thus, in the latter possibility, two F centers 
would be destroyed and one a formed for each disap- 
pearing V;. The lack of growth of either the Vx or a 
bands tends to refute this hypothesis. If the V; involved 
a negative interstitial halogen ion, then an electron 
would be left over when the V,; and F mutually annihi- 
lated each other. This electron would almost certainly 
be trapped by an a center resulting in a decrease in the 
a band, and the regeneration of the F center, which is 
not observed. 

The H center may be considered to be a negative 
halogen molecule ion squeezed in between two other 
halogen ions in a halogen vacancy with the internuclear 
axis of the molecule ion lying along one of the six (110) 
directions. The V; center may consist of a halogen 
molecule ion placed in a halogen vacancy so that its 
symmetry axis lies along one of the four (111) axes. 
Simple geometric considerations indicate that there is 
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actually more room for the molecule ion in this position 
than in the H-center configuration, and it is conceivable 
that the V; molecule ion is free to move from one (111) 
orientation to another under thermal activation. This 
would explain the lack of dichroism in the V; absorption 
at 80°K. To explain the conversion under optical 
excitation from the V; center to the H center at low 
temperatures and the spontaneous conversion of the H 
center to the V; center at higher temperatures, we 
would have to conclude that the H-center configuration 
represents the lower electronic energy state (possibly 
because the hole is tightly bound to the inner pair of 
halogen ions and weakly bound to an additional pair 
of ions at either end of the inner pair), but it is unstable 
under the influence of lattice vibrations and gives way 
to the V; modification at higher temperatures. If the H 
center is the lower electronic state, however, one would 
expect the V; center to spontaneously convert into the 
H-center modification when the crystal temperature is 
lowered, and this has not been observed to occur. 

The most serious objection to this model for the V; 
center is that despite an extensive search no para- 
magnetic resonance for the V; has been found and this 
model should be paramagnetic. 


VII. SUMMARY 


The salient points of the results presented here are 
the following: 


1. Optically bleaching the F’ band forms a number 
of F centers which is approximately equal to the number 
of F’ centers destroyed. About 90% of the electrons 
released from the F’ centers annihilate about 2 of the 
self-trapped holes which are present and the other 10% 
are trapped at halogen vacancies to form F centers. 

2. If one irradiates the crystal subsequent to bleach- 
ing F’ with radiation which is absorbed in the F band, 
the remaining 4 of the Vx band is destroyed by the 
electrons released from the F centers. In this way, a 
fraction (about 10%) of the F band is quickly de- 
stroyed; but when the Vx centers are exhausted, the 
bleaching rate of the F band becomes much smaller. 
About one electron in 1000 released from the F centers 
destroys a V, center. 

3. The bleaching efficiencies previously reported for 
the V, band are probably incorrect and the true value 
is 0.01 or less. 

4. The radiation from an incandescent lamp destroys 
all of the F’, Vx, and V, centers and most of the F and 
V4 centers in a few minutes. A second exposure to x rays 
following this bleaching produces F, Vx, F’, and V, 
centers more rapidly than the initial exposure. In con- 
trast to this, the growth rate of the V, band is not 
greater. 

5. When the V, centers are excited with an intense 
light source, they are destroyed along with a fraction of 
the F# centers but the size of the a band remains 
essentially unchanged. 
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A new model of dislocation motion is presented. The behavior 
of a dislocation in the presence of an applied stress is described 
in terms of a redistribution of kinks along its length. In contrast 
with previous models, in which a kink is envisaged as a smooth 
step extending over many lattice constants, we suppose a kink 
to be abrupt. Consequently, kink diffusion is considered to be a 
thermally activated process. Transport equations are formulated 
which include the effects of generation, diffusion, and collision of 
kinks. General results obtained from these equations show that a 
dislocation does not behave like an extensible string in this model. 
Particular application to harmonically-time-dependent 
stresses leads naturally to a new theory of the Bordoni anelastic 
peak. The characteristic relaxation time depends on line length 
as well as the attempt frequency and activation energy for 


small 


I. INTRODUCTION 


N this paper a new theory of dislocation motion is 

developed. The response of a dislocation to an 
applied stress is expressed in terms of a redistribution 
of kinks along its length. We consider here only dislo- 
cation loops which are firmly pinned. This first appli- 
cation of the model is shown to yield a new theory of 
the Bordoni anelastic peak, and provides a natural 
explanation of the shape of the peak and its behavior, 
both in magnitude and temperature, upon alloying, 
neutron irradiation, cold work, and annealing. 

Although, in a general sense, some of the ideas 
contained within the model are not original with us, 
in detail we differ substantially from previous authors 
upon certain basic points. Accordingly in Sec. II we 
shall give an outline of the concepts which are later 
developed, expressed particularly from our point of 
view. In Sec. III we then formulate the mathematical 
problem and consider some of the general consequences 
of our treatment. Section IV is devoted to a study of 
internal friction, and to a detailed discussion of the 
experimental properties of the Bordoni peak in terms 
of the theory we derive. Finally Sec. V contains a brief 
recapitulation of this research. 


II. DESCRIPTION OF THE MODEL 


The model is based upon the hypothesis that an 
isolated dislocation in a given slip plane would prefer- 
entially be oriented along a single close-packed crystal 


diffusion. As a result the decrease in the peak height and slight 
lowering of the peak temperature upon alloying or neutron 
irradiation are explained. Assuming an exponential distribution 
of line lengths, the results of the theory are used to evaluate the 
merit of different published values of the activation energy. 
Calculated attenuation peaks for different frequencies are shown 
to account for the experimentally observed large half-widths in 
pure cold-worked metals. The absence of a peak in well-annealed 
metals is explained if dislocations are then arranged parallel to 
the close-packed directions, thereby eliminating the kink density. 
The process by which cold-working annealed materials can give 
rise to kinks is discussed. Experiments are suggested which might 
further test the theory 


direction. In real crystals, containing many dislocations, 
few can be expected to obtain this most favorable 
configuration. Because of their mutual interactions 
within the network and with other lattice imperfections, 
almost of necessity there will be many lying at some 
average inclination relative to a particular close-packed 
direction. We assume that at 0°K a possible steady 
state of a dislocation of this type is one in which, 
microscopically, equal segments are arranged parallel 
to the close-packed direction, each displaced laterally 
from its preceding neighbor by the same unit lattice 
vector, so that the average line direction is preserved.' 
This arrangement is illustrated schematically in Fig. 1. 
It is of course only one of many possible decompositions 
based upon our original premise and indeed we believe 
that others can also be important (see Sec. IV-3). 


Fic. 1. A schematic illustration of the composition of a dislo- 
cation containing kinks. The dislocation segments are represented 
by the heavy lines. 


1W. Shockley (private communication), quoted by W. T. 


Read, Jr., Dislocations in Crystals 


McGraw-Hill Book Company, 
Inc., New York, 1953), p. 46. 
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However, for the present we shall ignore the alternatives 
and pursue the consequences of the example we have 
cited, 

The transition region between two adjacent segments 
is known as a kink.' In contrast with previous models, 
in which kinks are considered to extend over many 
lattice distances, we shall suppose, as indicated in Fig. 1, 
that they are abrupt and well localized. It will be 
necessary to distinguish between two types of kinks, 
namely “left” and “right.” These may be defined 
operationally as follows: looking along a segment of 
the line, if the adjacent segment is displaced one lattice 
vector to the left (right), the two are connected by a 
left (right) kink. In the dislocation drawn in Fig. 1, 
five left kinks are shown; a dislocation drawn at (—@) 
would contain five right kinks in the same interval. 

A kink produces additional atomic displacements in 
its environment. It constitutes a source of extra energy 
of the dislocation. We assume that kinks are inde- 
pendent and that the total energy of the dislocation is 
determined by the sum of the lengths of the different 
segments and the number of kinks. 

At any finite temperature, kinks may be generated 
by thermal activation.’ If the dislocation is constrained 
by pinning points, the generation process must involve 
the simultaneous production of a right and left kink. 
Assuming that they are mobile, any nonuniform distri- 
bution of kinks along the dislocation will produce kink 
diffusion* which, since our kinks are abrupt, is also 
assumed to be thermally activated. As a result of this 
motion, collisions between right and left kinks will 
occur, causing their mutual annihilation. Thermal 
equilibrium is attained when the diffusion currents are 
zero and the generation and recombination rates of 
right and left kinks are equal at each point in the 
dislocation, 

The application of a stress is an additional force for 
kink motion.’ Right and left kinks are driven towards 
opposite ends of the dislocation. The pinning points 
are assumed to be rigid and therefore act as perfect 
reflectors. Consequently, if the stress is time inde- 
pendent, there results a pile-up of kinks of predomi- 
nantly one type at different ends of the dislocation. 
On a macroscopic scale, this process corresponds to 
the familiar bowing-out of a dislocation in the presence 
of an applied stress, Again, in the steady state, the 
kink currents are zero and the generation and recombi- 
nation rates are everywhere equal. For since we regard 
kinks as regions of high energy density, this conclusion 
is assured by the second law of thermodynamics. 


Ill. TRANSPORT EQUATIONS FOR KINKS 


The model can be formulated by methods already 
familiar from kinetic theory, for example. Coordinate 
axes are chosen as shown in Fig. 1. We divide the 


2 A. Seeger, Phil. Mag. 1, 651 (1956). 
3 J. Lothe and J. P. Hirth, Phys. Rev. 115, 543 (1959). 
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projected length of the dislocation on the x axis into 
elementary regions of length 6x such that 6x is small 
compared with Z but larger than the average spacing 
between kinks. On this scale, we may define the number 
of left and right kinks in the element of length dx at x 
as n(x)éx and p(x)éx, respectively, and consider the 
densities n(x) and p(x) to be continuous functions of a 
continuous variable. The kink densities are related to 
other coarse-grained variables which describe the 
configuration and energy of the dislocation. The 
position of the dislocation, y(x), is 


y(x)= of (n— p)dx, (1) 


and the energy density, E(x), is 
E (x)= Eot+ (n+ p)e. (2) 


Here a is the spacing, in the y direction, between 
lattice planes; €, is the energy of a kink, and Zp is the 
energy per unit length of a dislocation lying parallel to 
the x axis. 

Equations governing the kink distributions may be 
derived from the principle of continuity. Consider the 
right kink density, p(x), in a region of length dx at x. 
In general, p(x) will vary with time as a result of kink 
motion, thermal generation, and recombination with 
left kinks. The generation rate per unit length along 
the x direction is taken to be independent of x and of 
the total kink density and is denoted by a temperature- 
dependent parameter, g. Recombination occurs only if 
kinks of both species are present. We assume the rate 
of recombination is simply proportional to the product 
of the local kink densities. Then the continuity equation 
for right kinks becomes 


Op dal, 
—-+- . —g+rnp=0, (3) 
al Ox 


where J, is the right kink current and r is a constant. 
Similarly, for left kinks, we obtain 


Ol, 
—g+rnp=0. (4) 
Ox 


It will be noted that, at any “point” in the dislocation, 
the generation and recombination rates of right and 
left kinks are set equal. This must be the case since 
the processes involve either the simultaneous appear- 
ance or disappearance of one kink of each type. 

The kink currents, 7, and 7,, consist of a “convec- 
tion” current arising from the applied stress and a 
diffusion current. For right and left kinks, each char- 
acterized by the same mobility u» and diffusion coeffi- 
cient D, they are, respectively, 


1,=Fup—Dap/dx, (5) 
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and 
I,= —Fun—Don/ dx. (6) 


F denotes the effective force exerted by the stress on a 
right kink. We assume that it may be obtained from 
the increment in strain-energy per unit lateral displace- 
ment of a kink. Thus we set 


F=caab, (7) 


where o is the component of shear stress along the 
direction of the Burgers vector of magnitude 6. As 
stated in II, we consider D to be of the form 


D=D o exp(-W/kT), (8) 


and in addition we shall suppose uw and D satisfy the 
Einstein relation 
w= D/kT. (9) 


Finally, we note that the coefficient of recombination 
r, which appears in (3) and (4), is not an independent 
parameter. In the absence of any stress, the kink 
currents must vanish. Hence, from (3) or (4), 


r= g/nopo, (10) 


where mm» and po are the kink densities when o=0. By 
elementary statistics one finds that at low temperatures 
(kT <e,) their product is given by 


nopo=b-*{1— (b/a)| tanO|}-exp(—2e./kT). (11) 


The relatively larger probability of collisions in dislo- 
cations with @#0 which contain kinks at O°K is 
therefore automatically included in (10). 

We shall consider, exclusively, the motion of a 
dislocation which is firmly fixed by pinning points at 
x=0 and x= L. The problem is then completely defined 
if Eqs. (3) and (4) are supplemented by the following 
boundary conditions: 


,=0 
I,=0 


at +=0 and x=L, (12) 


which insure that the pinning points are immobile, and 


L 


f (n— p)dx= (L/a) tané, 


0 


(13) 


which defines their relative orientation in the slip plane. 

Two general results can be established without too 
much analysis. For example, subtracting (3) from (4), 
one obtains 


d(n—p) t= 0(I,—In) Ox. (14) 


Upon integrating (14) from 0 to x and multiplying by 
ob, with the aid of (1), one finds 


obdy/di=cab(1,—I,). (15) 


The interpretation of (15) is simply that the power 
supplied by the external source is dissipated in driving 
the kink currents, 
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Furthermore, integrating the sum of 
we find, with the use of (12), 


(3) and (4), 


a pt I 
—f (n+ p)de— f (g—rnp)dx=0. 
dt Yo 0 


When departures from the steady state are small, 
(16) may be put in a more transparent form by means 
of (2) and (10), namely, 


0 r( No + p )) €.T I dAy : 
—AE+ Ak f ( ) dx. (17) 
al 2 ta? Jy Ox 


where AE is the increment in the total energy of the 
dislocation associated with the (variable) displacement 
Ay. Thus, for a given displacement, the energy relaxes 


(16) 


in a time rg given by 


TE=2/r(not+ po), (18) 


to a steady-state value where 


AE=[ex/(no+ po)a* JAl, (19) 
Al being the increase in the macroscopic line length. 

A proportionality between changes in energy and 
line length has been derived previously from continuum 
elasticity theory.‘ It has been interpreted as illustrating 
that a dislocation is the analog of an extensible string. 
However, as we shall now demonstrate, our model 
provides a counter-example showing that such a con- 
clusion cannot be general. For consider the dislocation 
displacement produced by a static stress. It may be 
verified by direct substitution, with the aid of (5) and 
(6), that the following are time-independent solutions 
of (3) and (4): 


(20) 


p= prexp(Ax), n=n, exp(—Ax) 
where 


A cabu D, (21) 


and m, and fp) are functions of the 
related by 


stress which are 


N»Pr= Nopo. 


Both of the densities, (20), correspond to zero current 
flow and, for reasons stated in Sec. II, are the only 
steady-state solutions of physical interest. The bound- 
ary conditions, (12), are automatically satisfied. Im- 
posing (13), together with Eq. (22), we derive 


ny= {(AL tané)/a+[ (AL tan@)?/a? 


+nofo sinh?(AL/2) }4}/2[1—exp(—AL)]. (23) 
The choice of sign in (23) is governed by the sign of 
(AL tan@), being + or — according to (AL tané)>0 or 
<0. In both cases p, may be obtained from (22) and 
(23). 

4N. F. Mott and F. R. N. Nabarro, Report on Strength of 
Solids (The Physical Society, London, 1948), p. 1 
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According to our model then, one finds from (1), 
(20) and (23) that if @=0, the displacement of the 
dislocation is described by the catenary 


y= (2noa/d)[cosh(4AL)—coshA(4L—<x)], (24) 


which in the limit of small stress reduces to 


y=nadx(L—x). (25) 


In contrast with (25), if a string analog existed, the 
dislocation configuration would be equivalent to that 
of a string of line tension, S, defined by 


AE=SAl, (26) 


subject to a force ob, per unit length, normal to the 
line direction. Then the displacement of the line would 
be, for small stresses, 


ys=obx(L—x)/2S. (27) 


For (19) and (25) to be compatible with (26) and (27) 
would require setting (D/u) equal to e,. Consequently, 
an analogy with an extensible string is alien to the 
concepts contained in the present model. 


IV. INTERNAL FRICTION 


The dissipation of power in a sample in some mode 
of mechanical vibration is known as internal friction. 
Experimental studies of this phenomena have evidenced 
several interesting effects which have been attributed 
to the presence of dislocations. An investigation of the 
anelastic behavior to be predicted upon the basis of a 
dislocation model is therefore of direct practical 
interest. This section is devoted to such a study in the 
light of our abrupt-kink model. We are thus led to a 
new theory of the Bordoni attenuation peak observed 
in lightly cold-worked metals. A detailed comparison 
with experiment is made and the theory shown to 
account for several hitherto unexplained properties of 
the peak. 

Dislocations influence the vibrational characteristics 
of a solid by virtue of the inelastic strains which result 
from their motion in the presence of the internal stress. 
Hence the preliminary burden of this section is the 
calculation of the contribution made by a single 
dislocation to the total strain. The internal friction is 
then calculated by standard methods. We consider 
only effects which occur at extremely low stress levels 
and thus are concerned entirely with amplitude- 
independent internal friction phenomena, Also, for the 
sake of simplicity, the sample is supposed to be in a 
state of homogeneous strain. Although this is hardly 
ever the case in practice, it has been shown elsewhere 
that results such as we derive are generally applicable 
to conditions of inhomogeneous strain.® 

If a dislocation is displaced from its steady-state 
position, the average shear strain, €z, which is produced 


5 A. S. Nowick, Progr. Metal Phys. 4, 1 (1953). 


in a sample of volume V is 


L 
ea= (b vf (y—yo)dx. 


In general, the position of the dislocation, and hence 
the strain, as a function of time is to be found by 
solution of (3) and (4) for the individual kink densities. 
However, when, as in the present case, only a first 
order approximation is required, the same result may 
be derived more directly. For if as independent variables 
we use the total kink density and the dislocation 
displacement itself, we find after integrating (14) and 
substituting for the currents that 


(28) 


dy dy 
—— D—=oba'u(n+p). 
al Ox" 


(29) 


To first order in the stress, o, given by 
a= 99 exp(iwt), 
then, the solution we require is 


x“ sin[ (2n+1)rx/L | 
y= yoty exp(iwt) |; ———_—————_—__.,_ (31) 
n= (2n+1)[iwrr+(2n+1)?] 
where 
yi=4opba?L?(no+ po) kTr’, (32) 
and 
rp= L?/Dr’. (33) 
Substitution of (31) in (28) yields eg. It develops that 
terms in the sum in (31) give contributions decreasing 
like (2n+-1)~ with increasing and so for all practical 
purposes we need consider only the term »=0. There- 
fore, the contribution of each dislocation to the total 
strain is found to be 


(=~) exp (iw/) 
¢€a™= a 
aV J (iwry,+1) 

The amplitude of eg being complex, stress and strain 
are out of phase and there results a net energy dissi- 
pation during one period of the stress. The fundamental 
measure of this effect, A, is defined as the ratio of 
energy lost per radian to the maximum stored energy. 
It is related to experimentally determined quantities 
such as the Q factor of a sample in forced vibration or 
the logarithmic decrement, 6, of free vibrations as 
follows: A=Q-=6/m.* Thus the internal friction arising 
from one dislocation in a sample subject to a homo- 
geneous strain is 


(34) 


w 


Aa= (G/2ro,") Re f o*- édl, 


0 


(35) 


which upon substitution from (32) and (34) yields 


Ag=A(L,T)wr1/ (1+ 12), (36) 
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where 
A(L,T) = 8Ga*b*L (not po)/VRTx"*, (37) 
G being the shear modulus. 

Only the imaginary or out-of-phase component of €a 
contributes to Ay. The component in phase with the 
stress constitutes a strain in addition to the purely 
elastic strain and thereby gives rise to an apparent 
lowering of the modulus. This has been called the 
“AM effect.’® It is usually measured in terms of the 
fractional decrease in modulus—the modulus defect 
AM. Thus the dislocation contribution, AMa, to the 
modulus defect is by definition 


AM .=G Re(ea/c), (38) 


and in particular, from (34), is found to be 


AM «= A(L,T)/(1+'r 7”). (39) 

The total internal friction and modulus defect of a 
sample containing a network of dislocations is found, 
in the present approximation, by summing the contri- 
butions appropriate to each mobile length. By virtue 
of (33) and (37) the net results evidently will depend 
upon the distributions, both in length and in orientation 
relative to the close-packed directions, of dislocations 
in the network. However we anticipate that in general 
their behavior will be qualitatively similar to that of 
the individual contributions, (36) and (39), to which 
we restrict the discussion for the present. The latter 
become particularly simple if provisionally we exclude 
the possibility of thermal generation of kinks. For 
then, the total kink density in (37) being constant, 
Aa and AM, describe a simple relaxation process in 
which, with increasing temperature, Ag passes through 
a Maximum at a temperature 7) given by 


exp(—W/kT,)~wl?/ Dor’, (40) 
and AM, exhibits a step-wise increase. Such behavior 
is characteristic of the Bordoni attenuation peak and 
accompanying modulus change, commonly attributed 
to the presence of dislocations, which is observed in 
lightly cold-worked metals. This suggests, and it is 
later confirmed by other experimental evidence, that 
we identify the above relaxation mechanism with the 
Bordoni peak. We conclude then that the thermal 
generation of kinks is indeed negligible at temperatures 
near JT». Thus we find that dislocations lying exactly 
along close-packed directions play a negligible role in 
determining the internal friction in the cold-worked 
state. In contrast with Seeger’s theory,’ our model 
requires that the dislocations which make the major 
contribution to the Bordoni peak are oriented in some 
random fashion relative to the close-packed directions, 


°D—D. H. Niblett and J. Wilks, Advances in Physics, edited by 
N. F. Mott (Taylor and Francis, Ltd., London, 1960), Vol. 9, p. 1. 
This is a review article containing a general survey of all the 
properties of the Bordoni peak to which we refer later in the text. 
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Fic. 2. The internal friction as a function of ter The 
full curve was calculated from the theory, for a value of the 
frequency given by (wl,?/Dor?)=10-*. The broken curve corre 
sponds to a single relaxation process with the same peak temper- 
ature. 


perature 


thereby containing a sequence of “built-in” kinks at 
O°K. 

In view of the preceding discussion, at the tempera- 
tures of current interest, either mo or fo is negligible in 
a given dislocation. Then 
(41) 


not po a| tand 


in (37). No other parameters in Ag depend critically 
upon angle within the largest possible range of 6 (|@ 
<#/6, for fcc). Consequently, beyond the stipulation 
of randomness, the total internal friction is insensitive 
to the detailed distribution in orientation. Therefore, 


for a network of N dislocations, the total internal 


friction is essentially 


A= v f3ar 
(1 TOT 


where A is obtained from 
average kink density (assumed ~1/10a) and 7 is the 
macroscopic line length, to which we ascribe the 
probability distribution, P(/). 

It is evident from (42) that A is the synthesis of a 
weighted sequence of relaxation peaks. Therefore the 
width in temperatures of the internal friction must be 
greater than that of a single relaxation process. Natur- 
ally any estimate of this increase in width depends 
upon the form of P(/), which in reality is not known, 
Thus we resort to the most plausible choice, namely 


P(I)dl=exp(—1/Io)dl/lo, (43) 


> 
(9/ 


by substituting an 


corresponding to a random distribution with mean 
length, Jo. 

With P(l) given by (43) we have computed A as a 
function of temperature over several decades of fre- 
quency. One typical result which illustrates the broad- 
ening is plotted in Fig. 2 where for comparison we 
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show A and also a single relaxation peak. The respective 
widths are in the ratio 1.5:1, Also, as a consequence of 
the broadening, the change in modulus defect near the 
peak is enhanced relative to the maximum value of A. 
Thus, whereas in a single relaxation process the ratio 
of modulus change to maximum internal friction is 2, 
the same ratio, with AM found by the same arguments 
as those leading to (42), yielded the value 2.7. Further- 
more, we found that at all frequencies the maximum 
value of A was given by 


Amax= 2.1N A(lo,To) (44) 


and occurred at a temperature such that 


(45) 


wr.=1, 


where rt, defines an effective length, /., given by /2 
= 10/,?. Again, (44) and (45) are a consequence of our 
choice of P(/). With the wisdom of hindsight they are 
easy to understand. Since A(/,7) </*, the most effective 
lengths are those for which PP(l) is a maximum, 
namely /,=3/). Hence the internal friction has its 
maximum near 9wrjy=1 and there has the value 
~ (N/2)A(lo,T 0) X [average of (1/lo)®], or 3NA(lo,T 0). 

The above discussion completes the mathematical 
analysis. Henceforth we shall be concerned with the 
comparison of theory with experiment. Since the 
majority of work in the latter field has been devoted 
to studies of the Bordoni peak exhibited by pure Cu 
or dilute alloys with Cu as solvent, we shall be dealing 
mainly with this metal. Many different properties of 
the peak have been established. We shall discuss each 
separately together with its interpretation in terms of 
our model. 


1. Effect of Frequency 


The Bordoni peak has been observed in cold-worked 
Cu at various frequencies between 380 cps and 10 
Mc/sec. It has generally been assumed that the 
frequency, f, and temperature of the peak satisfy a 
relation of the type 


f=hfo exp(—W kT»), (46) 


where f is some intrinsic parameter, but attempts to 
fit the data obtained from all specimens, irrespective 
of the amount or nature of the pre-strain, on the basis 
of (46) have not met with great success. While (46) 
does indeed correlate the data in a rough manner, 
individual deviations far exceed the quoted experi- 
mental errors and there appear to be no universally 
accepted values of W and fo. For example, in order to 
cover a wide frequency range with specimens of the 
same purity Bordoni e/ a/.’ have investigated the peak 
in a set of plates machined from the same bulk sample, 
and quote values of W=0.12 ev for fy=3.8X10". On 
the other hand, Niblett and Wilks® have suggested 


7P. G. Bordoni, M. Nuovo, and L. Verdini, Nuovo cimento 
14, 273 (1959). 
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that, since the peak temperature has been found to be 
affected by the amount and nature of the pre-strain, 
a better way to determine these parameters is to 
consider only data from specimens deformed in the 
same manner by comparable amounts and thereby 
they obtain the values W=0.08 ev and fo™10%. 

The discrepancies find a natural explanation in our 
theory. For, identifying (46) with (45), one finds 

fo= (wDp/21,7). 


(47) 


Thus, in contrast with what has previously been 
supposed, fo, by virtue of its dependence upon the line 
length, is evidently a structure-sensitive parameter. In 
every instance, its value will depend upon the previous 
history of a specimen. It is hardly surprising then that 
the experimental data as a whole, obtained from 
samples of differing purity, prepared by various modes 
of deformation, do not correspond to (46) with a unique 
value of fo. One might hope, however, that the varia- 
tions in effective line length, and hence fo, are not too 
extreme in specimens which have been similarly pre- 
pared. Accordingly the procedure adopted by Niblett 
and Wilks appears to be the best method of estimating 
W from the data presently available. In fact an analysis 
based upon their criteria shows that the data of Bordoni 
et al. are also not incompatible with an activation 
energy of about 0.08 ev. The extreme value of fo~3 
X 10° so found differs from that quoted by Niblett and 
Wilks but this is no longer surprising. It simply implies 
that in the specimens considered by the latter authors 
the mean line length was roughly five times larger than 
in the machined samples of relatively low purity which 
were used by Bordoni and his co-workers. 

We have demonstrated that variations in fo are to 
be anticipated. It remains to be shown, however, that 
the magnitude of fy can be accounted for with reason- 
able values of the fundamental parameters. To this end 
we must first estimate the pre-exponential term, Do, of 
the diffusion coefiicient. As usual, this will depend upon 
the jump length, £, and the attempt frequency » in the 
following way: 


Dox vé, 


(48) 


where in our case & is a lattice spacing and v might 
typically be of the order of the Debye frequency. The 
only question is whether the entropy term, i.e., the 
factor of proportionality relevant to (48), issubstantially 
different from unity. We believe this not to be the case 
for two reasons. First because the changes in atomic 
configuration accompanying the lateral displacement 
of a kink are small, so that variations in the vibrational 
frequencies of the lattice should not be too great and 
secondly, moreover, because 7 is so much smaller than 
the Debye frequency that any changes in the lattice 
modes that do occur will not be fully evinced at temper- 
atures of interest to us. We consider then that a reason- 
able ‘estimate is Do~10'*b*. Consequently J, can now 
be determined from (47) and the only other unknown 
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parameter, V/V, obtained from a comparison of (37) 
and (44) with the observed magnitude of the peak. 
Thus we find from the data considered by Niblett and 
Wilks an effective line length, /,.~4X 10°) and N/V ~6 
X10" cm, corresponding to a planar dislocation 
density A(= NI)/V)+2X 107 cm~. 


2. Effects of Impurities 


Caswell® has made a systematic study of the effects 
of impurities upon the Bordoni peak. He found that 
after addition of small amounts of gold or nickel to 
copper the peak was appreciably reduced in height and 
also moved to slightly lower temperature. 

These properties are but further ramifications of the 
dependence of fo and Amax upon Jo. It is generally 
believed that impurities have the effect of decreasing 
the line length. By (37) then, a reduction of Ajax with 
increasing impurity is to be expected, and the accom- 
panying decrease in 7) follows from (46) and (47). In 
particular, combining these equations we find that 

(Amax/A) exp(W/RT>)=const. (49) 
(We neglect the slight dependence of A upon T>.) 
Although (49) is strictly valid only for measurements 
in the same specimen, it should form a fair basis for 
comparison of internal friction in different samples 
provided all are deformed in the same manner, as was 
the case in Caswell’s experiments. Assuming then that 
all his specimens had the same value of A, the tempera- 
ture shifts can be calculated from a knowledge of the 
relative peak heights. Thus for two specimens con- 
taining 0,065 and 0.25 at. % Au, respectively, we calcu- 
late from (49), with W=0.08 ev, and Caswell’s data, 
temperature shifts of 4°K and 10°K below the peak 
position in pure Cu, which should be compared with 
the experimental values of 2°K and 6°K. In view of 
the uncertainties involved, this agreement to within 
a factor of two is probably all that can be expected. 
For example, since essentially perfect agreement is 
obtained if we assume instead that the number of 
dislocation loops is the same in all specimens, further 
refinements are inappropriate until more is known 
about the variations in distribution of dislocations with 
alloying. 

Under this same category we might mention the 
effects of neutron irradiation. Unfortunately as far as 
we are aware only two samples showing well developed 
peaks have been investigated before and after irradi- 
ation.’:° Both exhibited a decrease in peak height but 
in one instance” it was apparently too small to produce 
a noticeable change in 7». In the other specimen a 


8H. L. Caswell, J. Appl. Phys. 29, 1210 (1958). Further details 
of this work are available in Technical Report No. 3, Cornell 
University, 1957, AFOSR-~TR-57-69 (unpublished). 

*D. H. Niblett and J. Wilks, Phil. Mag. 2, 1427 (1957). 

10D. O. Thompson and D. K. Holmes, J. Appl. Phys. 30, 525 
(1959). 
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reduction of the peak by roughly a factor of six was 
accompanied by a lowering of 7) by about 4°K.° This 
again is somewhat lower than we calculate with W 
=0,08 ev. Clearly, further experimental work in this 
field would be of great interest since potentially it 
offers the best means of testing (49) without reserva- 
tions as to changes in A. 


3. Effects of Annealing and Cold Work 


The Bordoni peak is absent in well-annealed speci- 
mens. It appears upon cold-working and, with increas- 
ing deformation, initially increases in height and moves 
to slightly higher temperatures. These effects do not 
continue indefinitely but appear to saturate after ~2% 
pre-strain. Further cold work does not produce any 
significant change. Conversely, annealing plastically- 
deformed specimens usually reduces the height of the 
peak (although there is a range of annealing tempera- 
tures in which an increase is observed at first) and 
moves it to slightly lower temperatures. ® 

We have already pointed out that the peak arises 
from dislocations which have built-in kinks, Therefore 
its absence in well-annealed materials implies that 
dislocations are then oriented along close-packed direc- 
tions, which essentially eliminates the kink density. 
One could then envisage the experimentally observed 
behavior being a manifestation of the following process 
(see also Fig. 3). In the annealed state all the kinks 
are condensed to form one or more large steps, pre- 
sumably thereby attaining the lowest self-energy 
configuration. Under plastic deformation, kinks are 
broken off these steps, which act as barriers to kink 
motion. The steps continue to disintegrate with 
increasing cold work until the final metastable state is 
attained when kinks are distributed uniformly along 
the entire length. In this manner one can synthesize 
the increase in peak height, its shift in temperature, 
and the subsequent saturation. 

The annealing properties of the peak we attribute to 
the reverse of the above process. The observation of an 
initial increase at certain temperatures suggests that 
there may be preliminary changes in the dislocation 
network as a whole which activate more loops. How- 
ever, we emphasize that the lowering of the peak 
temperature generally is strong indication that the 
dominant mechanism, whatever its nature in detail, 
involves the reduction of the individual line lengths, 
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Fic. 3. A schematic illustration of the dislocation configuration 
which we propose for the annealed state. This is represented by 
the step PQRS. The corners at Q and R act as sources of the 
kinks which are produced by cold-work. 
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4. Structure of the Peak 


Experimental studies have established that the peak 
cannot be associated with a single relaxation process. 
With even the most favorable values of W and fo the 
half-width of the peak is roughly twice as large as 
would obtain if this were the case. Since we have found 
by other computations based upon (42) that a suitable 
choice of P(2) will yield almost any half-width, it would 
appear that this problem could be dispensed with 
immediately. However, in the present crude state of 
the art, we repeat that the exponential distribution 
(43) appears to be the most plausible. Moreover, in 
view of preliminary achievements, one is encouraged 
to explore the consequences of the abrupt-kink hy- 
pothesis to the full. Thereby an additional feature is 
revealed: namely, that in the mixed dislocations lying 
near to the close-packed directions at 60° to the 
Burgers vector, right and left kinks are not simply 
transformed into each other by rotation about the 
close-packed directions but are instead quite distinct 
configurations. These are illustrated schematically in 
Fig. 4, the dislocation segments having been connected 











Fic. 4. An acute kink (on the left) and an obtuse kink (on 
the right), in a mixed dislocation oriented at 60° to the Burgers 
vector. 


at the kink sites by lines drawn parallel to the Burgers 
vector. Because of the resulting geometry, we shall use 
the names “acute kink” and “obtuse kink” for the two 
types of configuration. This terminology also conveys 
the invariance property of the different kinks under 
rotation about the close-packed direction. 

We would expect an acute kink and an obtuse kink 
to have different self-energies and more particularly 
different activation energies for diffusion. Therefore 
the model predicts that the main peak should have at 
least two components characterized by different values 
of W. Such is indeed the case in Al," where two compo- 
nents are clearly resolved and even in Cu there is 
substantial evidence that the peak is not a singlet. In 
several instances the data show some fine structure 
near the attenuation maximum. We believe therefore 
that the peak half-width results not only from a 
distribution of line lengths but also from the near 
superposition of the components of an as yet incom- 
pletely resolved doublet. That the fine structure is 
reproducible in repeated experiments on the same 
specimen and yet varies from one specimen to another"? 


L. J. Bruner, Phys. Rev. 118, 399 (1960). 
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Fic. 5. A comparison of the calculated internal friction (broken 
line) with the data of Niblett and Wilks (open circles). The 
high-temperature background attenuation has been subtracted 
from the experimental points. 


is not too surprising since the two types of kinks, 
having different self-energies, could well be produced in 
varying numbers depending upon the mechanical 
history. 

In view of these conclusions one should in general 
return to the original equations (3) and (4) and reformu- 
late the problem for kinks having different transport 
coefficients, etc. However, for our application this is 
not really necessary since we are concerned with such 
low temperatures that kinks of only one type are 
present in a given dislocation. In this instance, as we 
have verified in detail, the only result of these general- 
izations is that instead of (42) the total internal friction 
becomes the sum of two such terms with different 
values of W. 

In order to determine how these ideas might further 
compare with experiment we have calculated the 
internal friction which results from two peaks derived 
from (42) of equal strength and with activation energies 
of 0.07 and 0.09 ev (thereby retaining the same mean 
value we have used previously). In Fig. 5 is shown 
the result of a comparison with data of Niblett and 
Wilks? taken at 1.1 kc/sec on a specimen deformed 8% 
in tension. The doublet structure in the calculated 
curve is here partially resolved because the separation 
between individual peaks was slightly greater than 
their half-width. Figure 6 on the other hand shows how 
the resolution rapidly disappears at higher frequencies, 
due to the increase in the broadening of each component. 
The experimental data are those of Caswell,® obtained 
at a frequency of 40 kc/sec, on a specimen which had 
been cross-rolled. Incidentally, it is interesting to note 
that in this case we had to assume an effective line 
length one half that for the tensile specimen, perhaps 
because of more intersections between dislocations in 
different slip systems, in order to obtain the peak at 
the correct temperature. Although the numerical values 
we have used are naturally speculative, the over-all 
agreement demonstrates that the theory can account 
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Fic. 6. A comparison of the calculated internal friction (broken 
line) with the experimental data of Caswell (full curve). The 
high-temperature background has been subtracted from the 
experimental data 


for the shape of the peak without too much refinement. 
We would suggest, then, that experiments at very low 
frequencies (~1 cps), despite their difficulty, would be 
very valuable. In this region the individual components, 
if they really exist, would be much narrower and their 
resolution would provide a further test of our model. 


5. The Subsidiary Peak 


In addition to the main Bordoni peak, a subsidiary 
peak of smaller height has been observed at lower 
temperatures both in Cu® and Al.” Since we have 
already attributed the main peak to the mixed dislo- 
cations, the subsidiary peak we associate with kinked 
dislocations which are approximately pure screw type. 
Systematic studies of the properties of this peak are 
difficult since it is also influenced by the main peak. 
However, one piece of evidence, the relative insensitivity 


= E. Lax and D. H. Filson, Phys. Rev. 114, 1273 (1959). 


of the peak temperature to impurity content, is com- 
patible with our assignment. 
This concludes our discussion of internal friction. 


V. SUMMARY 


A new model of dislocation motion has been devel- 
oped. It is based upon the following assumptions 
concerning kinks: 


1. They exist and are abrupt. 
2. They are mobile, diffusion being a thermally 


activated process. 

3. They can be manufactured by cold work; ther- 
mally generated, or annihilated as a result of collisions. 
4. In fcc lattices, there are two distinct species, 
namely acute kinks and obtuse kinks, relevant to the 
mixed dislocations lying close to 60° to the Burgers 
vector. 


Transport equations for kinks have been formulated. 
It has been shown that a dislocation does not behave 
like an extensible string in this model. A new theory of 
the Bordoni anelastic peak observed in cold-worked 
metals has been presented. A detailed comparison with 
experiment has demonstrated that 
account for (1) the large peak half-width in pure Cu, 
(2) the maximum decrement 
accompanying shift in peak temperature with alloying, 
(3) the annealing properties of the peak, and (4) the 
initial growth of the peak, and its subsequent saturation 
with increasing amounts of cold-work. On this basis, 
subjects believed worthy of further experimental study 
have been suggested. 


this theory can 


decrease in the and 
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The effect of point imperfections on lattice thermal conductivity is discussed with particular attention 
to the case in which the temperature is low but the normal three-phonon scattering is still dominant. The 
experimental results of Walker and Fairbank on the conductivity of isotopic mixtures of solid helium 


are analyzed. 





INTRODUCTION 


N previous work, a simple, phenomenological model 
for the calculation of lattice thermal conductivity 
was proposed and applied to the study of the conduc- 
tivity of germanium at low temperatures.! The assump- 
tions of this theory were: (1) All phonon-phonon scatter- 
ing processes can be represented by relaxation times 
which are functions of the wave vector of one mode 
only.(2) The phonon distribution is characterized by a 
Debye spectrum. Effects due to anisotropy and disper- 
sion are neglected. (3) The additivity of reciprocal 
relaxation times for independent scattering processes is 
assumed. A correction has to be made to allow for the 
special character of normal three-phonon scattering 
processes. These processes, which conserve the sum of 
the wave vectors of the phonons, can not by themselves 
produce a thermal resistance. 
On the basis of these considerations, the following ex- 
pression was obtained for the thermal conductivity, x, 
[Eqs. (16), (19)-(21) of reference 1]: 


K i $y 3 6/T T xte* 
CU ee 
2rv,\ hh 0 (e* ): 
O/T > tet 
22 
tw (e7—1)* 


In this equation, K is Boltzmann’s constant, », is the 
velocity of sound, @ is the Debye temperature, and x is 
the usual dimensionless variable Aw/KT. The relaxation 
times appearing in Eq. (1) are the following: ry is the 
relaxation time for the normal three-phonon scattering 
processes mentioned above; 7, is a combined relaxation 
time, whose reciprocal is the sum of the reciprocal relaxa- 
tion times for all the scattering processes. If, for in- 
stance, in addition to the normal three-phonon scatter- 
ings, we consider Umklapp processes, scattering by 
point defects, and boundary scattering (relaxation times 
Tu, Tp, and rg, respectively), then 


tet=ty +74 +7p + 3p. (2) 


The thermal conductivity as given by (1) becomes 


1 J. Callaway, Phys. Rev. 113, 1046 (1959). 


infinite in the limit in which 7, approaches ry, as is 
required by general considerations. 

In a subsequent report, the contribution of point im- 
perfections to the thermal resistivity was studied in 
detail,? and the results were applied to an analysis of 
the data of Berman e/ al. on the effect of varying the 
relative concentration of the isotopes Li® and Li’ on the 
thermal conductivity of lithium fluoride.* The discus- 
sions of that paper were, for the most part, concerned 
with situations in which the approximation of the 
additivity of reciprocal relaxation times is valid. This 
occurs at high temperatures, or at low temperatures if 
either the point defect scattering or the Umklapp scatter- 
ing is large. (Precise criteria will be developed below.) 
Under these conditions, the second term in (1) may be 
neglected. 

The relaxation time for Umklapp processes should 
exhibit an exponential temperature dependence at low 
temperatures‘ (7,,« e’/*7), Consequently, the contribu- 
tion of the Umklapp processes to the thermal resistivity 
decreases very rapidly with decreasing temperature. In 
pure, single-isotope material, the situation may then be 
attained in which the addition of reciprocal relaxation 
times is not valid, and the second term of (1) dominates 
the conductivity. Such a situation was apparently 
achieved in the experiments of Walker and Fairbank on 
the thermal conductivity of isotopic mixtures of solid 
helium.®:* Under these circumstances, the thermal re- 
sistance shows a dependence on the residual isotopic 
disorder or defect content which is abnormally strong 
compared to that obtained when the additivity of 
reciprocal relaxation times is justified. This result was 
first predicted by Ziman’; it was observed in reference 
2 that Ziman’s result is a consequence of Eq. (1). 

The object of this work is to study the effect of point 
imperfections on the thermal conductivity in detail for 
circumstances in which the second term of Eq. (1) must 
not be neglected. The data of Walker and Fairbank will 
then be analyzed with the object of showing that the 

2]. Callaway and H. C. von Baeyer, Phys. Rev. 120, 1149 
(1960). This paper is referred to as I. 

3R. Berman, P. T. Nettley, F. W. Sheard, A. N. Spencer, 
R. W. H. Stevenson, and J. M. Ziman, Proc. Roy. Soc. (London) 
A253, 403 (1959). 

4R. E. Peierls, Quantum Theory of Solids (Oxford University 
Press, New York, 1955), Chap. 2. 

5 EF. J. Walker and H. A. Fairbank, Phys. Rev. 118, 913 (1960). 

6. W. Sheard and J. M. Ziman, Phys. Rev. Letters 5, 139 
(1960). 

7J. M. Ziman, Can. J. Phys. 34, 1256 (1956). 
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Fic. 1. The ratio of the conductivity of material containing 
point defects to the conductivity in the Ziman limit is given as a 
function of the variable: Y=/?ByT/K?A. The upper curve shows 
the total conductivity; the lower curve is the normal process 
correction discussed in the text. 


simple theory is capable of giving a reasonable account 
of the experimental results, without requiring arbitrary 
assumptions as to the distribution of the isotopes. 


CALCULATION OF THE THERMAL RESISTIVITY 


Let us consider first a case in which Umklapp and 
boundary scatterings may be neglected, so that the only 
scattering processes to be considered are defect scat- 
tering and normal three-phonon scatterings. Then 


To = tp 


+ry. If rp>rw for frequencies of the order 
KT/h, we may make an asymptotic expansion of the 
integrands in Eq. (1). The leading term in the expression 
for the resistivity (W=«~") is 


2m, fh \* pel? 1 
w= mals f 
h \xt/ J, 


T xtez ‘ 
J a dx 
0  (e?—1)? 
This is essentially the formula derived by Ziman’ from 
a variational principle. It has also been found inde- 
pendently by Tavernier.’ According to Klemens,’ the 
relaxation time for scattering by point defects is 
inversely proportional to the fourth power of the 
frequency : 


tp '=Aw'=A(KT/h)*x. (4) 


Klemens has also given an approximate expression for 
estimation of the proportionality constant, A. At very 


8J. Tavernier, Ph.D. thesis, 1960 


(unpublished). 
9 P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 
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low temperatures, the upper limit of the integrals in (3) 
may be made infinite. Then 


W =Wz= 120" 


1T/h. (5) 


In this limit, the defect resistance is twenty-five times 
greater than that predicted for the situation in which 
Umklapp processes dominate the phonon scattering 
[Eq. (16) of reference 2]. Equation (5) must be re- 
garded as pertaining to an idealized limiting case (which 
will be called the Ziman limit) and should be an upper 
bound to the defect resistance. 

To extend the calculation, it is necessary to make 
some assumptions concerning the form of the relaxation 
time for the normal three-phonon scattering processes. 
As in I, we set 

trn= ByT*w*. (0) 


We then define the variable y’ as the ratio of the relaxa- 
tion times rp/rw at a frequency KT/h: 


y= ByT/K2A. (7) 


It is then possible to express the thermal conductivity 
simply in terms of certain integrals of the form: 


T 


T Qn 2 
Sn(y,0/T) f dx. (8) 
, y2+y? (e™=—1)? 


y 


If we define xz=Wz"', where Wz is given by (5), we 
find after some algebra that 


K | Jo°(y,6 T) | 
—= 601 5,(y,6/T)+y" 3 (9) 
KZ | : Jal y,0 T) 

The first term of (9) is equivalent to the thermal con- 
ductivity as calculated in I, the second term represents 
the normal process “correction”’ 

Ziman limit as y?—> ~. 
In order to simplify the evaluation of the integrals 


which leads to the 


in (9) and in the subsequent discussion, we consider 
only temperatures sufficiently low so that the upper 
limit 6/T may be made infinite. We shall refer to the 
limit of Jn(y,0/T) as 0/T — © as J,(y). The necessary 
computations are greatly simplified by a recurrence 
relation which is a consequence of the substitution of 
the simple algebraic identity, 


l— (+9) 
into (8): 
(10) 


The quantities 
We have 


j,(0) are standard definite integrals. 


§n(0)= (2n—2)!¢(2n—2), 
where ¢ represents the Riemann zeta function. 

The result of the evaluation of Eq. (9) is exhibited in 
Fig. 1. The upper curve represents the entire conduc- 
tivity as given by (9); the lower curve shows the con- 
tribution from the second term of (9). It is seen that the 
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normal process correction is less than 10% of the con- 
ductivity for y?<15; for y® as large as 100, it amounts 
to only one-third of the conductivity. Consequently, 
the results given in I, in which this correction was 
largely ignored, have a substantial range of validity. 
The additivity of reciprocal relaxation times would 
appear to be a very useful approximation in many 
circumstances. 

Let us now consider the effect of inclusion of Umklapp 
and boundary scattering. In the limit that the relaxa- 
tion times for these processes are much longer than 
Tn, we obtain, instead of (3) 


232 hr? fete i 1 i xe” 
( ) f | ++ ax / 
K NET 0 TD Tu Tpd(e7—1)? 


u 


6/T xe 2 
If — is| » G@ 
0 (e7— 1 )? 


An expression equivalent to this has been given by 
Klemens.’ Evidently, the thermal resistivity can, in 
this limit, be represented as a sum of terms arising 
from defect scattering, Umklapp scattering, and bound- 
ary scattering. However, these resistivities are not 
computed in the usual manner as reciprocals of con- 
ductivities calculated by averaging the relaxation time 
for the process concerned over the vibrational spectrum ; 
rather the reciprocal relaxation times themselves are 
averaged. To evaluate these resistivities, we assume for 
the relaxation times, as in I (and let @/T— ~): 


7, '=B,T*a*: ta =V,/L. (12) 


The multiplier B, in (11) contains the characteristic 
exponential temperature dependence of Umklapp proc- 
esses. The quantity L entering into the relaxation time 
for boundary scattering is some characteristic length of 
the specimen. In an obvious notation, we may write 


W=W2+WetW., 


where Wz is given by (5) and 


152,? | a Ye 
wet (*Y. ay 
2rKLVNKT 


The extension of these results to cases in which the 
ratios rv/T., etc., are not small is tedious but straight- 
forward. It is convenient to introduce the variable ? 

h? (By+B,)T 
=~" = (1+), 


(13) 


150 hv, 
W.=— —B,T°; 
7 K 


?@=— — 
K2 


(15) 


where s=B,/By. In order to simplify the resulting 
formulas, we will, in the following, neglect boundary 
scattering. To facilitate the analysis of the experimental 
results of Walker and Fairbank,® which will be dis- 

0 P, G. Klemens, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 33. 


LATTICE 


THERMAL CONDUCTIVITY 


Tas_e I. The functions 


ad y2n ez 
In(y) -f a —dx 
9 (x?+-y?) (e*—1)? 


are given for n=1, 2, 3, 4. 


Sly) S2(y) 
00 3.2899 
15.79 3.1319 
0.02 10.758 3.0747 
0.05 6.545 2.9626 
0.1 4.5096 2.8389 
0.2 3.0673 2.6764 
0.5 1.8013 2.3892 
1.0 1.1766 2.1133 
2.0 0.74940 1.7911 
5.0 0.39302 1.3248 
10.0 0.23128 0.97707 
20.0 0.13102 0.66942 
50.0 0.058565 0.36162 
100.0 0.030802 0.20970 
200.0 0.015873 0.11519 
500.0 0.0064811 0.049301 
1000.0 0.0032646 0.025280 
2000.0 0.0016385 0.012811 
5000.0 0.0006569 0.005166 
10000.0 0.0003287 0.002590 


Ja(y) 
25.976 
25.944 
25.914 
25.828 
25.692 
25.440 
24.781 
23.862 
22.394 
19.352 
16.205 
12.587 

7.895 
5.006 
2.938 
1.325 
0.6952 
0.3566 
0.1449 
0.07285 
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cussed in the next section, it is desirable first to obtain 
the thermal resistance of pure material containing no 
defects. This will be called W,, [in the limit of 7,>>ry, 
it is given by (13)] and is computed by setting 
tp '=rg '=0 in Eq. (1). 


150 hiv, 1+s 
W,.=— —“B.P(- ) 
K? 1+25s/7 


6f0, (B,+By)T? 


3 ———. (16) 
K? 1+(7/25)By/Bu 


If By<B,, W, reduces to the quantity referred to as 
W, in I. The ratio W/W,, can now be determined: 


[9s()/F92()]+ (sy’) ‘LIs()/# 320] 


1+593()91(0)/I2(O+9a(OS1(0/¥I92(1) 


This rather formidable formula applies for all values 
of the strength of the normal processes relative to the 
defect and Umklapp scatterings. A brief tabulation of 
the functions J, is presented in Table I. 


¢ 


APPLICATION TO SOLID HELIUM 


The thermal conductivity of solid helium, containing 
various proportions of the isotope He’, has been meas- 
ured in the range 1.1°K to 2.1°K by Walker and Fair- 
bank.’ These authors observed that the additional 
thermal resistivity produced by the isotopic mixture 
(in comparison with pure He*) was much too large to 
be explained by the theory of Klemens, assuming a 
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random distribution of the isotopes. They attempted 
to account for their results by supposing that the He® 
was arranged on lines in the solid. Subsequently, Sheard 
and Ziman noted that the thermal resistance due to the 
isotopes was in order of magnitude agreement with Wz 
as given by (5), using Klemens’ estimate of A and 
assuming a random distribution of the isotopes.® 

In this work, a fit has been made to the data of 
Walker and Fairbank (Table II of their paper) in the 
following manner: The thermal resistance of material 
containing no He* was attributed to Umklapp processes. 
It was possible to obtain a good fit to the resistance of 
the pure material using Eq. (16) with s=B,/By 
=9,12e-§*/7, This fit is shown in Fig. 2. It was then 
possible to choose y’, utilizing the fact that A must 
be proportional to c(1—c), where c is the relative con- 
centration of one of the isotopes, so as to obtain a good 
fit to the ratio W/W, for the other samples measured. 
This fit is shown in Fig. 3. It is seen to be possible to 
account for both the concentration and temperature 
dependences of the thermal resistivity. 

The values of the constants appearing in the ex- 
pressions for the relaxation times used in this fit to the 
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Fic. 2. The quantity W,,/7T*, where W, is the thermal resistivity 
of pure solid Het is given as a function of reciprocal temperature. 
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tained from Eq. (16); the circles represent the experimental 
results of Walker and Fairbank. 
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The value of A used here is approximately three times 
greater than that obtained from Klemens’ formula for 
mass difference scattering.’ A more refined calculation 
of this constant from fundamental considerations would 
be very desirable if the actual vibrational spectrum of 
the crystal could be taken into account. However, it 
seems unlikely that the standard result is in error by 
this large factor for the long waves which are principally 
involved. If so, it is possible that the defect scattering 
includes, in this case, not only simple mass difference 
scattering but a contribution due to lattice distortion 
as well. Such distortion would cause additional scatter- 
ing as discussed in reference 9. Since zero-point motion 
is important in a crystal with such light atoms, the 
possibility of existence of lattice distortion around the 
light isotope should be investigated in detail. 
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A scheme is proposed for the relaxation processes at low temperatures accompanying excitation of 
uniform precession spin waves in a ferromagnetic resonance experiment, with particular reference to highly 
pure yttrium iron garnet. The processes are: (1) scattering of uniform precession spin waves into the 
degenerate spin-wave modes by polishing imperfections on the sample surface; (2) equalization of the 
populations of the degenerate spin-wave modes, also by surface imperfections; and (3) relaxation of the 
degenerate modes by Raman scattering of thermal spin waves through the magnetic dipole interaction. 
Relaxation times for the three processes are calculated and compared with experimental values with 


reasonable agreement. 





W®* now know that ferromagnetic relaxation is a 
complicated phenomenon because of the multi- 
plicity of processes which may play a part between the 
initial excitation in a microwave resonance experiment 
of the uniform precession of the magnetization (or of 
spin waves of low wave vector) and the ultimate 
establishment of thermal equilibrium with the lattice. 
Many different relaxation processes have been con- 
sidered in the past fifteen years, and various processes 
may be important under appropriate conditions. Several 
recent developments make it profitable for the first 
time to undertake a systematic quantitative discussion 
of the entire relaxation process under well-defined con- 
ditions. Many of the theoretical methods for treating 
relaxation problems were discussed earlier by various 
workers in the U.S.S.R., starting with Akhiezer,' for 
application to somewhat different conditions. We are 
also greatly indebted to the work of Kasuya,? who 
delineated the major processes affecting the relaxation 
of magnons of wave vectors not equal to zero. 
The recent developments include: 


1. The discovery by Anderson and Suhl’ of the 
portion of the magnon spectrum degenerate with the 
uniform precession, and the recognition*€ of the central 
role the degenerate modes play in the initial stages of 
relaxation process in insulators. 

2. The discovery’ in France of yttrium iron garnet 
(YIG), which has the outstanding attributes of (a) 
cubic structure, (6) excellent insulator, (c) all magnetic 
ions identical and in an S state, and (d) no detectable 
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magnetic disorders. One may say that YIG is at present 
to ferromagnetic resonance research what the fruit fly 
is to genetics research. 

3. The recognition®® of the sensitivity of the relaxa- 
tion observations to the presence of trace amounts of 
impurity atoms which are themselves rapidly relaxed 
by spin-lattice mechanisms. In the present paper we 
are concerned with intrinsic and geometrical relaxation 
processes, rather than with the processes associated with 
rapidly relaxing impurities. 

4. The prediction by Kaganov and Tsukernik,! 
Morgenthaler,"' and Schlémann, Green, and Milano! 
of direct nonresonant microwave excitation of magnons 
having well-defined wave vectors. 

5. The experimental program of LeCraw and Spencer” 
and associates, in which a number of individual relaxa- 
tion processes in YIG have been studied under a wide 
range of conditions. 


In the present paper we discuss aspects of the theory 
of the initial stages of relaxation in pure ferromagnetic 
insulators at low temperatures (7<T,) with particular 
reference to yttrium iron garnet. By initial stages we 
mean, first, the mixing or scattering of the uniform 
precession with the degenerate spectrum and, second, 
the interaction of the degenerate spectrum with the 
thermal magnons by processes in which not more than 
three magnons are involved.” 

We do not consider here the intrinsic processes (such 
as the 4-magnon dipolar process) which relax the 
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uniform mode directly. A subsequent paper will discuss 
several of these processes in detail. 


MIXING OF THE UNIFORM PRECESSION WITH 
THE DEGENERATE SPECTRUM BY 
SURFACE IMPERFECTIONS 


In a single-crystal spherical specimen of pure YIG 
at sufficiently low temperatures the principal contri- 
bution to the width of the uniform mode ferromagnetic 
resonance line is believed to come from surface imper- 
fections as shown by LeCraw, Spencer, and Porter." 
This relaxation process is a two-magnon process: It 
involves the destruction (Amp=—'1) of a uniform mode 
magnon and the creation of a magnon (Ans=-+1) in 
the degenerate spectrum, containing what we shall refer 
to as S magnons or Suhl-Anderson magnons. The 
number of magnons remains constant in the scattering 
process, and therefore the total z component S, of spin 
is constant, but the destruction of a k=0 magnon 
decreases the total spin S by one unit. The scattering 
process is therefore a relaxation process only for the 
transverse component of the total magnetic moment 
and may be specified as a relaxation time 72. The 
surface pits are important in causing two spin-wave 
collisions, but can be shown not to make any significant 
contribution to the three-spin-wave collision interaction. 
The linewidth associated with the pits may be in the 
range 0.1 to 50 oersteds, according to the polish. 

Many other static interactions besides surface pit 
scattering contribute to the elastic scattering which 
converts uniform magnons into degenerate S magnons, 
but all of these contributions in YIG appear to be 
small. We have calculated relaxation times for a number 
of point processes by standard methods, similar to those 
employed by Callen and Pittelli.® 

(1) Vacancies and diamagnetic ions in ferric ion 
sites. Controlled experiments by Spencer and LeCraw" 
show that the substitution of vast amounts of diamag- 
netic Ga,O; for Fe,O; in YIG produces a remarkably 
small contribution to the linewidth, of the order of 0.1 
oersted per atomic percent Fe sites occupied by Ga. 
The value calculated for magnetic dipole interactions 
is of the order of 5X 10~ oe per atomic percent Ga, and 
this width is negligible. The pseudodipolar interaction 
constant is presumably of the order of (Ag/g)*J and 
should not be greater than 10~* erg for (Ag/g)? ~10-° 
and may be neglected. Pincus, in unpublished work, 
has shown that the effect on the linewidth of the 
Dzialoshinski-Moriya interaction is also negligible in 
YIG. 

(2) Hyperfine interaction from Fe nuclei. The re- 
laxation time is estimated to be ~ 10° sec, or 10~ oe. 

(3) Adsorbed molecular oxygen. The linewidth asso- 


4 R. C. LeCraw, E. G. Spencer, and C. S. Porter, Phys. Rev. 
110, 1311 (1958); see also reference 5. Further relevant experi- 
ments are reported by A. G. Gurevich and I. E. Gubler, Soviet 
Physics—Solid State 1, 1693 (1960). 

18 FE, G. Spencer and R. C. LeCraw, Bull. Am. Phys. Soc. 5, 58 
(1960). 
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ciated with the dipole moment of static electronic para- 
magnetic impurities may be roughly estimated to be of 
the order of 10~‘/ oe, fraction of the 
total lattice sites thus occupied. We may note, however, 
that if adsorbed paramagnetic moments on the surface 
are rapidly relaxing in the sense of reference 7, then 
their effects may be on the limits of detectability. 

(4) Pinned spins. It may be possible for the spin 
directions of certain random ferric ions to be frozen in 
direction either by strong exchange coupling with a 
paramagnetic ion having a large crystal field splitting 
with a nondegenerate ground state, or by (with the aid 
of the Meiklejohn-Bean effect)'® exchange interaction 
with an antiferromagnetic region. It is hard to say 
anything very specific about such effects without using 
an ad hoc model, but a pinning field of 105 oe would 
give a linewidth in YIG of the order of 1 oe per atomic 
percent pinning sites, which would make such defects 
the most important static point defects for the present 
problem. 

The specimens of YIG used in the ferromagnetic 
resonance experiments are spherical, having been 
polished into this shape by the Bond process. Exam- 
ination reveals that the surface is covered with pits 
having diameters about two-thirds the diameter of the 
grit of the polish used. The experimental ferromagnetic 
resonance linewidths AH for several sizes of polishing 
grit show that AH increases approximately linearly with 
the radius R of the surface pits on the sample; AH was 
observed over a range of about 0.5 to 10 oe. We now 
calculate the linewidth for the pit scattering process. 
The result has approximately the correct order of mag- 
nitude and depends linearly on the pit radius. 

We treat in the Born approximation the problem of 
scattering by a small! spherical cavity in an infinite 
medium, and later we interpret the result in terms of 
surface pits. The scattering potential V which arises 
from the interaction of the magnetostatic field H,. of 
the cavity and magnetization M is 


v.=-3[ 3 -Mar, 
1 


where the factor 4 is appropriate to a self-energy. 

The Holstein-Primakoff transformation of the mag- 
netization to spin-wave operators correct to second 
order is 


where f is the 


M*(r)= 


(4uM, V)i > et® "ay; (2) 
k 


Taky'adke; (3) 


Ln 
1, ke 


M?(r)=M,—(2u/V) ¥ et ert ee 
~ 


here w is g|ue|/2, and V is the volume of the specimen. 
This representation does not diagonalize the magnetic 
dipolar energy, but the approximation should be ade- 
quate provided H>~2xM,. The macroscopic sig- 


16W. H. Meiklejohn and C. P. Bean, Phys. Rev. 102, 1413 
(1956). 
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nificance of this approximation is that the precessional 
motion within a spin wave is taken to be circular, 
whereas it is actually elliptical. The terms in V. which 
relax the uniform mode are, as derived in Appendix A, 


V .(0,k) = 167°R*(uM,/V)(3 cos*@,x—1) 
X(j1(RR)/RR](aoax'+ao'ax), (4) 


where R is the radius of the cavity and j, is a spherical 
Bessel function. It is convenient to write 


V -(0,k) = F(k,R) (aoax'+actax), (S) 


so that, if the occupation numbers my (for k #0) of the 
S magnons are all equal to some value fo, the kinetic 
equation for mo is 


dno/ dt = — (nmo— fio) / T 20, (6) 


where the transverse relaxation time T29 is given by 


1 2r phn 
wine i) F(k,R) |2p.dk, (7) 
T 20 h 0 


where p,dk is the number of states per unit energy range 
with |k| in dk at k. The dispersion relation for the S 


magnons in a sphere is 


w= y°[ Ho— (44M,,/3)+(D/hry)k*] 
<[Ho— (44M,,/3)+(D/hy)e+40M, sin’, ]. (8) 


Here D is the exchange constant and 6; is the angle 
between k and the z axis; Ho is the external applied 
magnetic field; in (7) the upper limit &,, is given by 
(D/hy)kn2=42M ,/3 and has the value km~4X 10° cm7! 
in YIG. The evaluation of the density of states for (8) 
is fairly complicated (reference 5). For Hp>41M,,/3 
and k,,R>>10, 


1 167° (3 cos*@y— 1)? 
iene Lp sions 
T 20 h 


f [i:(RAR) Pd (RR). 
7 (9) 


Cosby 


Here @» is the value of 6 satisfying (8) for k— 0; the 
definite integral has the value x/6. We now convert 
the result from a spherical cavity to a hemispherical 
pit having half the volume and situated on the surface 
of the specimen. We suppose plausibly that the scat- 
tering matrix elements are reduced by a factor }, of 
which 3 arises from the reduction in the effective mag- 
netic moment of the scatterer and a further } arises 
from the reduced range of angular integration; thus 
1/T 2 is reduced by (3)*. If we suppose that the surface 
of the specimen is covered entirely with pits, their 
number will be ~4r,?/R?, where ro is the radius of the 
specimen. 
Finally, if the pits scatter independently, 


AH = 1/yT 2 ~4M,(R/10)G (00), (10) 


(11) 


where 
G (60) = (3 cos*@o— 1)?/cos@o. 
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The predicted dependence of AH on pit radius R and 
specimen radius 79 is in qualitative agreement with 
the results of Spencer and LeCraw and of Gurevich 
and Gubler. For H=3300 oe, M,=195 gauss, and a 
representative (reference 14) specimen radius ro>=0.018 
cm, we have 0)~62 deg; this estimate is based on 
D ~0.55X 10-*8 erg cm?. Then, from (10), 


AH ~1.2X10'R oe. (12) 


For R=5X10~ cm, we calculate AH~6 oe from (12), 
which may be compared with the observed 6 oe. The 
agreement with experiment is better than one could 
expect, in view of the irregularities in the actual shape 
of the surface, with the possibility of superposition of 
fracture indentations of various shapes and sizes. 

For the constants given, G(@o) has a value near }. 
We have used this value of the angular factor in (12) 
above, but one should note, first, that the factor would 
be appreciably smaller at room temperature because 
the numerator of (11) will vanish at some temperature 
and, second, the angular factor is a consequence of our 
particular model of a spherical cavity and it may be 
modified somewhat for the distribution of pits and 
fractured cleavages on the actual surfaces. It is likely 
that quadrupolar and higher terms in (A.6) contribute 
significantly to the broadening, with the net effect of 
smoothing out the dipolar variation calculated for G(@o). 
Nevertheless, it would appear interesting to carry out 
measurements of AH in pure but rough YIG under 
conditions such that one sweeps through the zero of 
G(00). 

The linewidth resulting from a single spherical cavity 
of volume 2 is 


AH ~27°M,(v/V)G(00). (13) 


It is interesting to compare this result with a linewidth 
calculated by Schlémann.'? He assumed that the line- 
width is just the width of the distribution of the 
fluctuations in magnetic field caused by the demag- 
netizing effect of the cavity, and obtained the result: 


AH ~6nM,(v/V)/[1+(0/V)]. (14) 


For YIG at 0°K, Eq. (13) gives AH ~4M,v/V, so that 
the linewidth given by spin-wave theory is smaller by 
a factor of about 5 than that obtained when correlation 
between the spins is neglected. We have here an ex- 
ample of the dipolar narrowing which occurs when the 
linewidth is due to a perturbation causing field fluctu- 
ations with a period large compared to the lattice 
constant but small compared to sample dimensions.'*- 


RELAXATION OF DEGENERATE S MAGNONS BY 
THREE-MAGNON DIPOLAR PROCESSES 


A preliminary account of the first calculation of this 
section has appeared.” The calculation is concerned 


17E. Schlémann, Proceedings of the Boston Magnetism Con- 
ference, 1956 (unpublished), p. 600. 

18 S. Geschwind and A. M. Clogston, Phys. Rev. 108, 49 (1957). 

19 A. M. Clogston, J. Appl. Phys. 29, 334 (1958). 
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with the results reported by Spencer and LeCraw® for 
the relaxation of the magnetic-moment component 
parallel to the static magnetic field, in ferromagnetic 
resonance experiments on highly purified YIG at low 
temperatures. It is appropriate, with reference to the 
Bloch-Bloembergen equations, to denote this relaxation 
time by 1/7;. The best experimental estimate” of 1/7, 
at 9.34 kMc/sec between 2 and 30°K is fitted roughly, 
after correction for what may be impurity relaxation, by 


1/7,:21X 105 T sec, (15) 


with T in deg K; below 5°K the curve appears to flatten 
out above the values given by this relation. The result 
is roughly independent of pit radius. 

It is possible to relax the uniform precession directly, 
as by intrinsic four-magnon dipolar (not exchange) 
processes, but such processes have a rate proportional 
to J? and will be slower than the observed rate at 
sufficiently low temperatures, particularly in view of 
the low magnetoelastic coupling believed to characterize 
materials such as YIG which contain only S-state ions 
(Fe*+). The three-magnon dipolar process discussed 
below does not relax the uniform precession, but does 
relax the S magnons in the degenerate spectrum at a 
rate directly proportional to T and with an absolute 
value in quite fair agreement with (15). 

Some general assumptions should be noted. We give 
results only for a spherical specimen, because this is the 
only geometry used so far in the more relevant experi- 
ments. We assume that all magnons involved have 
the form of uniform plane waves; this is not always 
true” at wave vectors below ~10* cm™'. We have not 
made the second Holstein-Primakoff transformation on 
the spin operators which diagonalizes all the quadratic 
terms in the Hamiltonian; this transformation takes 
account of the elliptical motion of the local magnetiza- 
tion in a spin wave—we treat this motion as circular, 
although we do use the exact dispersion relation. The 
relevant correction has been studied by Schlémann*! 
and at most amounts to 4% in YIG at K band and 
5% at X band. We also neglect spin pinning at the 
surface. We assume that the exchange constant D is 
independent of the state of excitation of the spin system. 
Keffer and Loudon” have shown that Dyson’s criterion 
for the validity of this assumption has a simple, firm, 
and cogent physical basis. We assume further that the 
mean free path A of all magnons involved is long in 
comparison with the wavelength A of the incident 
magnon.” In the 3-magnon process the thermal magnons 
which have the most important effect in relaxing 
microwave magnons &; turn out to be those having 
ko = hw,/2Dk;~ 10° to 107 cm. These have a group 
velocity of 210° to 210° cm/sec and will have a 
mean free path > 2X 10~‘ cm provided that +> 10 sec. 


2 P. Fletcher and C. Kittel, Phys. Rev. 120, 2004 (1960). 
21 FE. Schlémann, Phys. Rev. 121, 1312 (1961). 
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% (>. Kittel (to be published). 


LOUDON, 


AND KITTEL 

The inequality A> appears to be satisfied in most con- 
temporary experiments on pure YIG at room tempera- 
tures or below, except for the uniform mode. The 
4-magnon exchange process is, at high temperatures, 
a promising vehicle for the relaxation of the relevant 
thermal magnons. 

We neglect the ferrimagnetic nature of YIG and 
treat it as a ferromagnet having the same macroscopic 
properties; we neglect the optical branches of the 
magnon spectrum. Several workers have suggested that 
ferrimagnetic effects are important above the low-tem- 
perature region. 

In the three-magnon process the magnetostatic field 
of an S magnon couples it to the magnetization of a 
thermal magnon (and vice versa), producing a third 
magnon at slightly higher energy. Two magnons are 
destroyed in the process and one magnon is created. 
All three magnons that S is 
unchanged while AS, The rate of 
this process appears to control the intrinsic relaxation 


must have k+0, so 


+1 in the process. 


of S, is the low-temperature range, provided that the 
coupling between the uniform and the 
a bottleneck. 

Recently nonresonant double-frequency pumping 
experiments have been carried out by LeCraw and 
Spencer™ in which the relaxation rate of spin waves of 
given k are studied directly, using a method of non- 
linear rf excitation proposed by Schlémann." These 
studies give highly detailed evidence for the three- 
magnon relaxation the advantage 
that they do not involve special assumptions about the 
excitation of the S magnons by surface scattering. 

We first calculate the relaxation frequency 1/7}, of 
an individual S mode of wave vector k, by magnetic 
dipolar Raman processes, which change M,V by +2yz. 
The role of magnetic dipole coupling in the related 
problem of relaxation, averaged over a thermal dis- 
tribution, has been treated by Akhiezer.”® A qualitative 
calculation similar to ours was made by Kasuya? in 
1954, before the line-broadening process was under- 


S modes is not 


process and have 


stood; so our present calculation amounts to a nu- 
merical refinement, on a firmer physical basis, of his 
result. 

The magnetic dipole part of the Hamiltonian for the 
process is determined by 


XK -3faeM-H, 


where M is the magnetization and H,, the volume 
demagnetization field of the system of spin waves, is 
determined by 


(16) 


V-(H.+4nM)=0; VXH,=0. (17) 


*4R. C, LeCraw and E. C. Spencer (to be published). 
*® A. I. Akhiezer, J. Phys. U.S.S.R. 10, 217 (1946). 
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Setting H,= — Vy, the solution is 


V-M(r’) 
v(r) o—, 


(18) 


In terms of spin-wave creation and destruction operators 
a,‘ and a, for spin wave k,, the magnetization com- 
ponents are given by, taking p= g|us|/2, 


M*(r)= (4uM,/V)3CX e***a,—(u/2VM,) 


xX ei! 


Aur 


M*(r)=M,— (2n/V) XU eC) Fa,tay >. 


ky+ky+k)) ‘ta,tayay, |+ ees (19) 


We now write 
P=yV4+yO+yOr+..., 
V- Mo 


with 


’ 


here M“ is the part of M in (19) containing i spin-wave 
operators. In a short straightforward calculation using 


eik-r’ 
dr’ 
r—r'| 


dor 


—__pik- 
e' i 


Rk 


we find 
H,“ = 
H,° 


—4r(uM,, V)3 >a ky Ry (Ry) 2e*™ “Fay, +€.c. ; 
= (8rpu/V)>-(—k,+k,) (— Ax? +2, ?) 
Au 


a |— k,+k, | —29i(—katky) ‘fatay; 


3) = nM, (u/VM,)' © (—k,—k,+k,) 


Aur 
x | —k,+—k,++k,*)| —k,—k,+k,|~ 


Xei-m-kutky) -tqtata,t+c.c.; (20) 


where c.c. denotes Hermitean conjugate. 
The three-magnon terms of the dipolar Hamiltonian 
are 


e=-2 > | de M-H,*9, 


i=0 


(21) 


whence 


HO= >) CimndiGn'anC.c. ; 
lmn (22) 


Cimn= — 8p (uM,/V) kiki (kid) ?A(ki— kn +K,), 


and where A(k)=1 for k=O and zero otherwise. In 
this calculation, direct evaluation of the integral 
SdrMH,, gives the indeterminate value 0/0. 
This integral may be shown to vanish by writing 
H,, = —dy/dz and integrating by parts. The result 
(22) is also obtained from the magnetic dipole term of 
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the Holstein-Primakoff Hamiltonian, as shown by 
Akhiezer.”® 

The nonvanishing matrix elements of 3C® in the 
exchange magnon representation are 


(m+1, ny—1, m+1| 3 | 2y,2,,2,) 


=[(m+1)n,(n.+1) }!(Crw+Cra), (23) 


and 
{m—1, my+1, m—1| I | 2, My, Mr) 
=[m(m,+1)m, }b(Cyt+Crr). (24) 


This representation does not diagonalize the lower 
order dipole terms, but the approximation should be 
adequate when H>~27M;. By standard perturbation 
theory, the probability per unit time 


W (my, My, Mv; M—1, ny+1, n»—1) 


of a transition from state |mm,m,) to state |m—1, 
nyt+1, m,—1) is 


W (1, Mu, My; M—1, nm, +1, 2,—1) 
= (2r/h)|(m—1, m,+1, 1,—1] | m, n,, m)|? 


X56 (tun—hy+hw,), (25) 


where fiw is the energy of magnon k,. By taking m=m, 
where the k; magnon is the S magnon whose relaxation 
frequency 1/7, we are calculating, and summing Eq. 
(25) over » and » magnons, we get”® the probability 
per unit time W- that m decreases by one: 


W-=>> W(m, ny, my; m1—1, ny +1, n,—1). 


uy 


(26) 


The probability per unit time W* that , increases by 
one is obtained from (26) by interchanging all plus and 
minus signs. The net rate of change of 1 is 


dn,/dt= Wt+—W-= (2x/h)>> |Cit+Cou\? 


pp 


XC (m+1)n, (1, +1) — 1 (n,+1)n, ] 


X5(hiws—hwy+hw,). (27) 


With an earlier expression for C,,, and C,,41, we have 
dn;/dt= (1287*y3M,/hV) 


x> kik (k;) 24k zk, (k,) ai bs 


uy 


XA(ki—k, +k,)[ (m1 +1)n,(n,+1) 


—n,(ny+1)n, |b (ftwi—tw,+hw,). (28) 


The evaluation of this expression is considered in detail 
in Appendix B. The detail is essential to an understand- 
ing of the region of validity of the results. The relative 
sizes of kpT, Dk,’, and fw dictate the assumptions 
which must be made in evaluating (28). 

26 Thus we neglect the process in which the S$ spin wave splits 
into two spin waves; this process cannot conserve energy in the 
high-field limit. 
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For the regime in which the exchange part of the 
energy of the magnon of wave vector k; is much less 
than the total energy fw, of the magnon (Zeeman 
-+magnetostatic+exchange), we have 


1 16p*M,kykepT 
——[1+(17/2) sin’, 


3Dhw 
" — (35/4) sin‘; ], 


(29) 


where 6; is the angle between k, and the z axis; the 
dispersion relation (8) connects w;, ki, and 6. This 
result is valid provided: (a) 8Dky’<hw, and (b) 
kpT>(hw,)*/4Dk;’. 

We note several features of (29). The minimum value 
of the angular function falls at @:=2/2; near this angle 
the factor in the square brackets is [?+9a*], where 
a=6,—4. The fact that the minimum is at 2/2 
enhances the likelihood that only #/2 magnons will be 
produced at the threshold rf field in a parallel-pumping 
experiment, provided that the 3-magnon process 
dominates the magnon relaxation. 

At constant w, and 6, the relaxation frequency of the 
3-magnon process is directly proportional to k,. In 
parallel-pumping experiments we are chiefly concerned 
with the 7/2 magnons, and it is not difficult to arrange 
an experiment to vary &; over a wide range while 
holding w; constant, or nearly constant. We note that 
the process of relaxation by impurities which relax 
rapidly is roughly independent of k at fixed w, as is 
also the 4-magnon dipolar coupling process. The 
3-magnon dipolar process is rigorously zero in a sphere 
when one of the magnons has k=0; this is not true of 
the 4-magnon dipolar processes. 

A convenient form of (29) for numerical work is, with 
M,=195 and p=0.93X10-™ erg/oe: 


T (ki X10-°) 


: | 
3.27 K 104 


| (1X 10-) (DX 108) 


[1+ (17/2) sin’@,— (35/4) sin‘, ], (30) 


where 7}, is in sec; T in deg K; ky in cm™; a, in 
rad/sec; and D in erg cm®. At the time of preparation 
of this paper it appears likely that for YIG at 0°K 
the value of D is close to 0.9X10-* erg cm’, but a 
value near 0.5 10~*8 has not yet been excluded. 

The Schlémann correction” amounts to multiplica- 
tion of (30) by a factor which varies between unity for 
6,=0 and 


dor Sr 4 
at [| (10 M,)( Hot u,) | 
3 3 


for 6:=2/2; at the latter angle the factor in YIG at 
O°K is 0.95 for H~3000 oe and 0.94 for Hp~8000 oe. 

It has been established experimentally”’ that D is 
essentially independent of temperature in YIG from 


27R. C. LeCraw (private communication) ; see also reference 22. 
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4°K up to room temperature. It appears reasonable 
that one should use for M, the value at the actual 
temperature rather than at 0°K. 

The results we have just given are intended to be 
applicable within the approximations stated to that 
part of the relaxation of individual magnons which is 
linear in T and in k;. The calculations may therefore 
be compared directly with measurements of 1/7), in 
parallel-pumping experiments. 

In uniform-mode resonance experiments the z com- 
ponent of the magnetization is relaxed at low tem- 
peratures only through the S modes. The uniform mode 
is scattered into the S modes with conservation of M,, 
and then the 3-magnon process allows M, to relax. 
A broad spectrum of S modes necessarily results from 
the scattering process, and to calculate the relaxation 
time for M, we must take the appropriate average over 
(29). 

We have some reason for believing that under ordi- 
nary conditions with y(AH)o>7\,"' it is not a bad 
approximation to assume that all the degenerate modes 
are populated equally; this is in contrast to assuming 
that the output spectrum of V.(0,k) in Eq. (4) for a 
particular pit size R should be used as the input spectrum 
of the 3-magnon process. First, the Fourier spectrum 
of the surface roughness will cover a substantial range 
in k, because sharp cracks and boundaries between 
cleavage planes will contribute higher Fourier com- 
ponents than those contained in the analysis of the 
basic spherical pits related to the Size of the grinding 
particle. Further, there is scattering among the various 
S modes. We have calculated the scattering potential 
between two modes k, ke interacting by a spherical 
cavity. The result contains too many terms to be 
worth quoting here, but the dominant term in the scat- 
tering potential, connecting two degenerate states k, 
and ks, neither being zero, is 


V (ky, ke) = (8, 3)r*R° (uM, } 

«(12 cos"6«—8+3 cos ‘Oxi + 3 ( OS*Oke | 

XL ji(| K|R) 
where K=k,—ky. This is the dominant term when 
k,R, k2R>1. Now the relaxation rate from k; to ko, 
will be faster than from 0 to k, for small K, because of 
density-of-states factors. On integrating the transition 
probability over the degenerate spectrum we find, for 
pit scattering, 


K|R |[ axyaxo'+ax;tak |, (31) 


1 T 2k) = 2k RI 1/T ), 


(32) 


roughly, where 72 is given by (10). As &:R>>1, the 
diffusion of the S waves among the degenerate states 
proceeds quite rapidly. 

Making then the assumption of uniform mixing, we 
need to calculate 


km km 
T= f (1/Tu)e(eak / f p(k)dk, (33) 
0 0 
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where p(k)dk is the number of states per unit energy 
having |k| in dk at |k|, where the energy is taken at 
hu. Here Ty, is given by (B.28). 

In Appendix B we obtain (B.28) by evaluating the 
summations in (27) without making assumption (a), 
which is not well satisfied at the upper limit k;=,, of 
the integral in (33). On substituting (B.28) into (33) 
and making the transformation o= (ki/km)*, we find 


1 2( (37M,)'u *kpT 


ra 


Sotse sin?6;+54 sin‘, 


1 
fa 
0 C¢ a en) +o | Cosby 


aetna -“y a 
0 [ (3; ws) +e | 


where w;=7[Ho— (44M.,/3) |; w.=4ryM,; and So, 52, 
and s, are functions of « which are defined under (B.28). 
The integrands in (34) are functions of applied field 
H o=w»/y, but are independent of D. The calculation 
was carried out numerically for the frequency 9.34 
kMc/sec used by Spencer and LeCraw.” We find, taking 
D=0.9X 10~*8 erg cm’, 


1/T7,=0.24X 10°T sec", 


’ 


(35) 


where T is in degrees Kelvin. This should be lowered by 
not more than 5% by the Schlémann correction, and it 
would be increased by a factor of 2.1 by using the 
earlier value D=0.55X10-*8 erg cm? for the exchange 
constant. In any event (35) is in satisfactory agreement 
with (15) within the accuracy of the experiment. 

Also, it now appears that the original experimental 
result (15) may be too large®* because the correction for 
what may be impurity relaxation may have been 
underestimated. 


RELAXATION OF THE z/2 MAGNONS 
BY THREE-MAGNON DIPOLAR 
PROCESSES 


We now consider the relaxation of the 7/2 magnons 
as a function of their wave-vector amplitude k,. The 
result (29) is valid for r/2 magnons with small exchange 
energy [assumption (a) under (29)] in the high-tem- 
perature limit [assumption (b) under (29) | provided the 
high-field approximation Hyp>~2xM, is satisfied. In 
the parallel-pumping experiments it is easy to measure 
the relaxation frequency of the 2/2 magnons when 
these have such a large exchange energy that assump- 
tion (a) is not valid. Now, (B.28) does not apply to 
magnons with large exchange energy because the 
assumption w;2wo is not valid for such exchange 
magnons. For high-energy magnons, the “splitting” 
process, in which the input magnons split into two 
magnons, must also be considered. 


28 R. C. LeCraw (private communication). 
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We consider only the high-field limit Ho>~2xM,, 
1.€., wi > ~2w,/3, where we define w, by the relation 


w,=4ryM,. (36) 


The reader is reminded that wo>w,/3 is the condition 
required for saturation of the magnetization in spheres; 
hence, the present calculations are inapplicable only 
over the small range of applied magnetic field w,/3<wo 
<~2w;/3 (i.e., 0.8 koe< Ho<1.6 koe in YIG). 

Schlomann™ has calculated the relaxation frequency 
of the +/2 magnons for the small-magnetic-field case 
in the limit of vanishing wave vector of the x/2 magnon. 
The splitting process relaxes the uniform mode when 
wo<2w,/3 (even at absolute zero temperature). 


Relaxation of the +/2 Magnons by the 
Confluence Process 


For the “confluence”’ process, in which two magnons 
are destroyed and one is created, it would be easy to 
reevaluate the integral in (B.13) without making the 
assumptions 8Dk<hw, and wi:=wo; however, for both 
the confluence and splitting processes, we simplify the 
calculations of 1/71, by neglecting the angular de- 
pendence of the interaction. The result of the calculation 
in Appendix C is, for the confluence process, 


( 1 ) 7y*®M ekeT 
Tx AS hDPk, 


1 
xin| 1+-(= arr —~| (37) 
1+ (thawo/4Dh;?) 


This result, which is valid in the high-field 


(wo>~ 2w,/3), 
high-temperature 


{kpT>>heol 1+ (fwo/4Dk,*) }} 


limit, is represented by the solid curve in Fig. 1. We 


4 Gx) confi +4) split 
(=) confl 








a ee ew mee oe oe es, 


ke 


[2%u,/o)% 


Fic. 1. Variation of relaxation frequency with wave- a 
amplitude for the confluence and splitting processes. The ma; 
nitude of (1/Tiz)eonn at the maximum is (2108) (7/300) 
XM, (T)/M, (300) ](9.34kMc/sec/v) sec. 
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now show that (1/7 i%).onq is linear in k; in the Zeeman 
limit and varies as ky; ' Ink; in the exchange limit. 


Confluence Process in the Zeeman Limit 


In the Zeeman limit 4Dk;’*<two, expansion of the 
logarithm in (37) gives 


iz. 


Confluence Process in the Exchange Limit 


4p M kik pT 
Dho> 


(38) 


In exchange limit 4Dk,?>>fiwo, (37) reduces to 


1 ryM kT Ww 
( - ) =- - in( =). 
Ty confl hD*k, Wo 


Relaxation of the 7/2 Magnons by 
the Splitting Process 


The essential features of the rather complicated 
result (C.7) for the splitting relaxation frequency 
follow: In the high-field approximation wo>~ 2w,/3, 
the splitting process relaxes only those 7/2 magnons 
with k,;=(2%w/D)'; the splitting process cannot 
conserve energy and momentum for magnons with wave 
vectors smaller than this threshold value. 


Splitting Process for k, near the 
Threshold Value 


For k, near the threshold value kig= (2%wo/D)' the 


relaxation frequency of the 7/2 magnons is 


( 1 ) oe () 
Ty a 3h D3 (hes )3 Rea j 


Splitting Process in the Extreme Exchange Limit 


(40) 


In the extreme exchange limit Dk;?>>2ha , the re- 


laxation frequency of the +/2 magnon is 


1 WI 
( ) in( =), 
Tix split WO 


In the extreme exchange limit, the splitting and con- 
fluence processes contribute equally to the relaxation 
frequency. The results (40) and (41) are valid in the 
high-field (wo>~2w,/3), high-temperature kpgT>>hea, 
limit. In Fig. 1 we present these results as the dotted 


curve (1/T1x)conn+ (A/T ik) sprit: 


ge IM ket 
hDPk, 


(41) 


Relaxation of Exchange Magnons 
by Other Processes 


In addition to the three-magnon processes, other 
processes are important at high temperature in relaxing 
magnons with large exchange energy. The four-magnon 
processes will be considered in a subsequent publication. 
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In order to observe the sharp increase in 1/7, from the 
splitting process (Fig. 1), the temperature must be 
lowered below room temperature to reduce the con- 
tribution to 1/7, from the higher order processes. Of 
these higher order processes, the most effective in 
relaxing the exchange magnons at high temperature 
will probably be the four-magnon exchange process. 
Using Dyson’s result” for the relaxation frequency of 
the four-magnon exchange process, we estimate that 
for wo=2w,/3, i.e., Hy=1.6 koe in YIG, the effect of 
the splitting process should be observable at 120°K. 
Lower applied magnetic fields should be avoided in this 
experiment, for corrections associated with the noncir- 
cular precession of the spins must than be applied. In 
the above estimation of the temperature at which the 
splitting process is observable, th 
field wo=2w,/3 was chosen to put the microwave fre- 
quency within the present experimentally available 
range. The sharp rise in 1/7}, as a function of &; at the 
onset of the splitting process (Fig. 1) occurs at 
~30 kMc/sec in YIG for this value of field. (The 
magnon frequency is this microwave 
frequency.) Vole added in proof. LeCraw has recently 
observed® the initial departure of the relaxation fre- 
quency of the x/2 magnons from linearity in ;, as shown 
in Fig. 1. The onset of this concave downward region 
was observed at ki}=1.6X 10° cm™ for magnons with a 
frequency of 5.7 kMc/sec. From (37), with a slight cor- 
rection for the four-magnon process, we estimate that 
the onset of the bendover should occur at 2;2-1.5X 105 
cm~!, in agreement with the observed value within the 
accuracy of the estimation. The inflection point be- 
tween the concave downward region (three-magnon 
confluence) and the concave upward region (four- 
magnon exchange) should occur at 2; near 3X 105 cm™ 
for T7=300°K and =5.7 kMc/sec. 


e rather low value of 


one-half of 
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APPENDIX A. SCATTERING OF UNIFORM MODE 
SPIN WAVES; DERIVATION OF 
EQUATION (4) 


The components of the magnetization M are given 
in (2) and (3) of the text. In calculating the interaction 
which relaxes the uniform mode, the important terms 


** Freeman J. Dyson, Phys. Rev. 102, 1217 (1956) 
*” T. Kasuya and R, C, LeCraw, Phys. Rev. Letters 6, 223 
(1961), 





FERROMAGNETIC RELAXATION. I 


are those in ao'a, and aya,', and it is convenient to 
split up the magnetization into parts My and M, 
defined by: 


Mot=(4uM,/V)'a0, Mo-= (4uM,/V)hact ; 


Mv=M,; (A.1) 


M += (4uM,/V)' exp(ik- r)a,; 
My = (4uM./V)} exp(—ik- ax", (A.2) 
My?= — (2u/V)[exp(—ik- r)ax'ao+exp (ik: r)ao'ax ]. 


The required interaction is then contained in 


1 
V.=- 7. [M.-Hy+My- Hy |dr, 


2 k+0 


(A.3) 


the terms in —Moy-Ho and M,-H, making no con- 
tribution to the scattering. 

In the above expression Hy and Hy represent the 
magnetostatic fields due to the magnetizations Mo 
and Mx, respectively. There are two types of magneto- 
static field to consider: the magnetostatic field due to 
the dipole moment induced at the cavity and the mag- 
netostatic field in the bulk material of the sample. This 
latter makes a contribution to the cavity spin-wave 
scattering, since the integrated magnetostatic energy 
of the sample is changed by the introduction of the 
cavity. 

Consider for simplicity the case where the spherical 
cavity of radius R is at the center of a spherical sample 
of radius ro. We treat first the magnetostatic field of the 
cavity alone. The magnetic potential ¢, in the sample, 
caused by the introduction of the cavity, can be evalu- 
ated by ordinary potential theory. We suppose that ¢; 
is the magnetic potential in the interior of the cavity 
and we let ¢y be the potential of the magnetization, 
such that M=—Voy. Then the boundary conditions 
at the surface of the cavity are 


Oo F 0d. Od M 
assem, 


Or or or 


di _ d. } 
We have 


dpm/Or= (1/2) sind M~ exp(i¢) 

— M* exp(—i¢) ]—M* cos@. (A.5) 
The spatial dependence of the components of M is 
given by terms in 


exp(ik- r) => (2n+1)i"jn(kr) P 1° (cos6). 


n=() 


(A.6) 


It follows that 0¢.,/0r can be expressed in the following 
way: 


0¢u/Or= ya | i 


n=) m=—1],0,1 


Anm(r)P»™(cosd)e™*, (A.7) 


Now ¢; and ¢- can be expanded in a series of spherical 


harmonics as follows: 


Bumr"P .™(cos0)e™? ; 


(A.8) 


Cs n 1P,.™(cosb)eim? ; (A.9) 


because ¢; and ¢, can contain only those spherical har- 
monics contained in d¢,;/dr. The components of H 
are expressions of the form 


=e 


Dam'r~* *P,,.™ (cos0)e™*, 
n=] m=(0,+1,+2 


(A.10) 


It is important to notice that H‘ contains no term in 
P(cos@), i.e., no spherically symmetric term. Because 
of this, only those terms in M which vary spatially can 
make a contribution to V,, i.e., we need consider only 
the second term in the integrand of (A.3), as far as the 
cavity is concerned. The calculation of Hy is simple, 
since Mb is constant; and ¢, therefore contains only a 
dipole part: 


-= (4 R®/3) (4uM ./V)*(1/2)Lact exp (id) 


— ay exp(—id) |r sind— (42 R*/3)M xr cosd. (A.11) 


Hence, the contribution to the scattering interaction is 


—7R?(2uM,/V)> fse—n r[ doax' exp(—ik-r) 
K 


+ao'a, exp(ik-r) |dr. (A.12) 


The radial integral falls off as j:(kr)/kr and the integral 
may be extended to a good approximation over all 
space, excluding the cavity volume, to give 


8x2R®(uM ./V)Xx(3 cos’@x—1)[ j1(RR)/RR] 


x (aoay' + atax). (A.13) 


Now consider the magnetostatic field which exists in 
the absence of the cavity. A uniform magnetization has 
no such demagnetizing field, so now it is the first term 
in the integrand of (A.3) which contributes to scattering 
interaction. Now H, is determined by 


V-(H,+42M,)=0, VXH,=0. (A.14) 


From (20), 
H,= {—27r(4uM,/V)*(1/k*) kt ax' exp(—ik-r) 
+k-ay exp(ik- r) |+-4a(2y/V)(k*/R*) 
X Lax'ao exp(—ik- r)+-ao'ay exp(ik-r) ]}k. (A.15) 


The contribution to the scattering interaction is, 





800 SPARKS, 


therefore, 


—n(2uM, V)>> «(3 cos*6,— 1) (ao'ay+aoa,") 


xf exp(ik-r)dr 


= —4r*(2uM, V)> (3 cos*é,.— 1) 


eo (ao' ax +a ax") [7371 (Rr) kr |"°. (A.16) 


For sufficiently large ro, the value at this limit is 
vanishingly small. The value at the lower limit is equal 
to (A. 13). Both terms in (A.3), therefore, make equal 
contributions to the scattering interaction, which is: 


V -= 167° R*(uM,/V) > «(3 cos’6,— 1) 
XL 7i(RR)/RR |(aoax'+ao'ax). (A.17) 


APPENDIX B. EVALUATION OF THE TRANSITION 
RATE FOR S MAGNONS BY THE 
THREE-MAGNON PROCESS 


We first consider the factor 
[ (my+1)%,(%,4+1)—m, (7, +1), | 
in Eq. (28), which we denote by [], where the bars 
indicate thermal equilibrium values. We subtract from 
[n_] the same expression but with m replaced by ,; the 
quantity which we subtract is identically zero. The 
result is 


[2 |= (m;—%;)(i,—i,). (B.1) 


We substitute the Bose factors for 7, and 7, and use 
Wy=wi-+w, to obtain 


[|= — (m— i) Lexp(hw:/7)—1] 
Xexp(hw,/r)/Lexp(hw,/7)— 1] 


X {exp[ 2 (w,+1)/7 ]—1}. (B.2) 


We may eliminate yu as an independent variable in 
(28) by using momentum conservation, so that w(k,) 
=w(kit+k,)=w1,,. We then replace >, by [V/(2r)*] 
xX /dk,; then, with the help of (B.2), (28) may be 
written 


dn,/dt= — (1/ T 1x) (%— 1), (B.3) 


where 


1/Tix= (16u°M,,/h)[exp(hw:/r)— 1] 


D 2r l 
x f db? [ de, f d(cos@,) 
U 1 


| Rathi (ki)? +h, 7k, (k,)? |? 
X65 (hai +hw,— hw4,) 
Xexp(hw,/7)/Lexp(tw,/r)— 1] 

X {expt (w,+w1)/7 ]—1}. (B.4) 


The energy delta function is simplified by applying 
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the high-frequency approximation tw =Dk?+hw» to 
hw, and fw,, so that 


hw,=Dk2+heo; hw,=D|k,+k;|?+Aw. (B.5) 
With the help of (B.5) the delta function becomes, 


writing k,-k,/k,ki= &1: 
5 (farther, — feo, = (1/2Dhik,)8(E—koke), (B.6) 


where 


ko= (tu, — Dk,*)/2Dhy. (B.7) 


In evaluating the angle integrals in (B.4) we choose 
the polar axis along k,; the integral over #, may written 


1 (9 for k,< Ro 
ff ae0(G.— tok 1,) 
# 1 for k,>ko. 


(B.8) 


With k,dk,= (7/2D)d(hw,/7), (B.4) becomes 


1/T = (4u®M,/AD*k,)[exp(honr/7)— 1] 


=) 


x d( ho, ) 


Dko? + hwo 


x f dd, kyky (Ry) : +hk,?k, (R,) . £y1 =Rok,=! 


0 


Xexp(hw, T) [exp (tw, r)—1] 


X {exp h(w, T@1/)/T |— 1}. (B.9) 


The angular term in (B.9) may be written, referred now 
to the z axis as the polar axis, 


| Ritky (Ri) 2+-k,*k, (R,) , £,1 = kok, 


=[cos’6, sin’@,-+cos’6, sin’6,+2 cos; cos, 


X (cos6,1—cos8; COS4,) |cosby1 =kok,~1+ (B.10) 


After some tedious trigonometry we find 
2r 
f dd,1| ki?ky-(k1) . +k,*k, (R,) ‘ g 


= a[ L+M (ko/k,)?+ 
where 
L=sin’6,— (3/4) sin‘@,, 


M =2—3 sin’6,+ (3/2) sin‘@;), 
N=-—2-+10 sin’6,— (35/4) sin‘#). 


On substituting (B.11) into (B.9) we find 


0 


1 4ry'M, 
—=—[exp(hw,/r)—-1 if 
Dk 


=— d(hw,) 
Ti: AD*k, 


rot + Ahcoo 


exp (htw,/7) 


[exp (hw,/7) +1 ]{exp[h(w-+tor)/7]—1} 


ko\? ko\4 
| e+ (=) +y/ ) | (B.13) 
k, k, 
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The L term in (B.13) can be integrated exactly and 
M and N terms can be integrated approximately. 
Experiments involving 1/7, have been performed at 
temperatures ranging from a few degrees Kelvin up to 
the Curie temperature, and in the parallel-pumping 
experiments it is possible to measure the relaxation 
frequency of magnons with any energy from the 
Zeeman region through the exchange region. Thus, the 
conditions of any particular experiment dictate the 
assumptions which must be made in evaluating the 
integral in (B.13); the results vary markedly for dif- 
ferent experiments. 


Case I. Relaxation Rate of S Magnons for (a): 
8Dk?<hw, and (b) : kpT> (hw,)?/4Dk,? 


We consider first case I, where the exchange energy 
of the input magnon is much smaller than its total 
energy and where the high-temperature approximation 
Lexp(tw/r)—1|=hw/r is valid for each of the three 
magnons. We show later that under these conditions 


Dk/?>2hw, (B.14) 
and 

ho, ~hw. (B.15) 
Thus, in (B.13) we set 


exp (fw,/r)/Lexp(hw,/r)—1 | 
X {expt (w+ w1)/7 ]—1}7°/ (hw,)?, 


and Dk,?=tw,; and in the limit of the integral in (B.13) 
we set Dko?+-fuwy=Dk,*. We examine the assumptions 
below. With these assumptions we find from (B.13) 


1 4y'M,7? 


—_=—___[exp(fws/t)—1]F(@:), (B.16) 
Tik 3A D kiko? 


where 
F(6,;)=1+ (17/2) sin*@,— (35/4) sin#;, (B.17) 


and 
o°'= (hw; /2Dk;)’. 

This approximation for k¢? is valid for 

DkP<thw). (B.18) 
Finally, for 

kpT>>ho (B.19) 
the exponential factor in (B.16) may be approximated 
by wtw,/7. Using these approximations 

1/Tix= (167M kikeT/3Dh'w)F (0:), (B.20) 

with F(6,) defined by (B.17). The angle 0; is determined 
by the dispersion relation (8). 

The result (B.20) is valid provided (a): 8Dk’?<ho 
and (b): ka7T>>(hw;)?/4Dk;. We now show that 
assumptions (a) and (b) are equivalent to the earlier 
assumptions (B.14), (B.15), (B.18), and (B.19). For the 
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convenience of the reader we list the following equations: 
2hw;<K Dk’, (B.21) 

iw, Dhk,’, (B.22) 

Dk? Kh eT, (B.23) 


kev’ (fu,;/2Dk;)*, (B.24) 
and 


kpT>ho. (B.25) 


Equation (B.15) is satisfied exactly in the modulation 
experiments and is well satisfied for x/2 magnons which 
have negligible exchange energy in the high-field limit 
wo> ~ 2w,/3, where w, is defined by (36). For example, 
from the dispersion relation (8) with Dk’=0 and 
sin’@= 1, it is easy to show that wo and w, differ by no 
more than 6% for wo = 1.8(w,/3). 

In (B.13) the minimum value of Dk,? is Dkg?; with 
(B.21) this gives (B.14). With ko given by (B.24), 
(B.21) is assumption (a) and (B.23) is assumption (b). 
The validity of (B.24) requires that Dk;’<ha,, a less 
severe restriction than (a). In (B.13), Dk,?2= Dk’; 
hence, using (B.24) 


Dk,? = (hw; /4Dk hw. 


With assumption (a) this gives Dk,?>>fw, and (B.22) 
is satisfied. Finally, (a) and (b) are consistent only 
if (B.23) is satisfied. 

In the low-temperature resonance experiments” of 
Spencer and LeCraw, the maximum wave-vector mag- 
nitude k,, for S modes, as determined by the dispersion 
relation (8), is 

km= (hw,/3D)}, (B.26) 


with w, defined by (36). In YIG, where M,=195 gauss 
and D=9X10-** erg cm?, k,,=4.1 10° cm™. The reso- 
nance experiments reported are at 9.34 kMc/sec; hence, 
huyp=0.45kp erg. Assumption (b) is satisfied for all 
ky>1.2X 105 cm if T =]5° Kelvin. The maximum value 
of Dk,’ for magnons degenerate with the uniform mode 
is Dky?=hw,/3=0.11ks erg, and (a) is not well satisfied 
for the largest k;’s. We therefore evaluate the integrals 
in (B.14) for case II, in which we do not make assump- 
tion (a). 


Case II. Relaxation of S Magnons for (b): 
k,zT> (hw:)?/4Dk? and (c) Pd kpT>2hw, 
In (B.13) we set 
exp (fiw,/7)/Lexp (tw,/7)— 1 ]{exp[# (w,+a:)/7 J—1} 
> 7?/ (Dk,?+ fiw) (Dk,?+ hwo+ hw) 


and define z= Dk,?/htwo. In the high-field limit, w:wo; 
thus 


1 4rp'M,r if 1 
sinnsctilgieeilecninat Drovnenien> 
Tix MD*ky Sdkvt/tor (2-+1)(2+2) 


Dk? Dk? \?2 
x|+40(— -)+0(—) | (B.27) 
has2 hoz 
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On evaluating the integrals by partial fractions, we find 
1/Tixn= (40rp®M 7 /AD*R,) (so+sesin’6;+5,4sin6,), (B.28) 
where 

So=m— (1/2)n, 
Sg=1— (3/2)m+ (5/2)n, 
4)m— (35/16)n; 


S,=-—(9 4)/+4 (3 


and where 


Inf (zo+2)/(zo+1)], 


= Zo In[_(zo-+1)?/z0(zo+2) |, 


Zy° (Zo-+2) 
se n( ): 
(Zot 1 )4 vA 
—(- IC 7 wat 
do, NR, hy ) 
Case III. Relaxation of S Magnons for (a): 


8Dk,?<hw, and (c): RgT<K(hw;)*?/4DkR; 


We now evaluate the integral in (B.13) for the other 
limiting value of Dk,?/r, i.e., Dky’?>r. In this limit 
exp (tw,/7)/Lexp(hw,/7)—1 |{exp| ht (w,+1)/7 ]—1} 
~exp[ —h(w,+1) 

and the integrand is a rapidly decreasing function of 


hw, at the lower limit of the integral. Thus defining 
x= Dk,?/r, 


D 


f dx exp{ —[x+ (2hw T) 1} (Dke? Tx)” 
Dkeo®/r ‘ 


~ 


~exp{ —[ (Dke?/r)+ (2hwo/r) }}, 
for u=0, 1, or 2. This gives, for Dky?>>2hwo, 


1/7 .= (327n°M ,r hD*k,)|_exp (Tw r)—1] 


Xexp{ —[ (ftwo)?/4Dki2r ]} sin’6, cos’6,.  (B.29) 


This is a good approximation to 1/7, provided as- 


sumption (a) is 
<K (heo:)?/4Dh 2. 
In the Spencer and LeCraw experiments (c) is 
satisfied at T=5° Kelvin for &,<0.29k,,. The factor 
exp{ —[_(fiwo)*/4DkT |}, when (fw;/4Dk2r)>>1, makes 
1/Ti,% very small when assumption (c) is satisfied. We 
notice also that 1/7,,=0 for 6,;=0 or w/2 in (B.29). 


satisfied, and further (c): kpeT 


APPENDIX C. EVALUATION OF THE TRANSITION 
RATE FOR z/2 MAGNONS FOR THE 
THREE-MAGNON PROCESSES 


Relaxation Rate of 7/2 Magnons for the 
Confluence Process 


We shall first derive (37), the relaxation rate for the 
7/2 magnons by the three-magnon confluence process. 
We neglect the angular dependence of the interaction ; 


LOUDON, 


AND KITTEL 


thus, in (B.9) we set 
ky*k (ki) i ky 7k, (k,) ; i. 


The constant } is chosen to give agreement between 
the exact result (29) and the result of the present cal- 
culation in the limit of low &;. In the high-temperature 
approximation ky7T>>hw,+ hw; 


1 mp'M,r hw 
nf + | 
T, k hD*k, Dkie+ ho 


where &p is given by (B.7). We make the approximation 
hw,— Dk ?=hw», which is 
magnons provided wo > ~ 2w 
and fw, differ by 6% for 3w 
Thus 


, (B.9) becomes 


satisfied for all 2/2 
3. For example, tiw,;— Dk? 
t and DkP<twy. 


well 


Dk, a { hus tDk, ° 


On substituting this value of Dk,? into (C.1), we obtain 


(37). 


Relaxation Rate of 7/2 Magnons for the 
Splitting Process 


he splitting process. 
[E 2) ] 
L Eq. (22) | 


magnon repre- 


We now calculate 1/7, for t 
The nonvanishing matrix elements of KH 
for the splitting process in the e 
sentation are 


xchange 


(my +1, m,—1, n,—1|K Ny, Ny, Ny 
= (649M ,/V)A(k,—k,—k,) n\n, (n1+1) 
| By2hy- (Ry) 
Setting the angle factor equal to } as in the confluence 


calculation, method of Appendix B 
that in the high-temperature limit kg7>>fw,, 


we find by the 
(1 T 1x) split = (ap?M ,r 24D ky 


hwy 


x d(hw,)/tw,(hwi;—hw,), (C.2) 


Joli 


where ttw,,= Dkr? +hwo, hwy.r= Dkur?+hwo, and kyxz 
and k,, are the two roots of the equation 


ho k k 
(4) 
2Dk* ky ky 
ky 2h . 
oa! 
2 Dk? 
ky Qh , 
o()] 
2 Dk? 


+ is included in 1/7, 


to account for the equivalent output magnons, and in 
obtaining the expression (C.3) we made use of the 


thus 


(C.4) 


In deriving (C.2) a factor of 
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equation 


1 
f d(cos6,1)6 (hw, — hw, — hw,) 
1 


1 
= (1 2Disk,) f d(cos@,1)5(cos0,1+ £) 
1 


for foS1 


| (1/2Dk,k,) 
0 otherwise, 


where £)=[ Dk,?+ (hwo/2) |/ Dkik,. With this expression 


for &, the inequality <1 may be written 


hwy k, k, 
en (1-=)so. 
2Dk? ky ky 


This equation has real solutions for all k,’s between the 
two values of k, defined by the equality, which is just 
(C.3). 

The splitting process cannot conserve energy (in the 
high-field approximation we>~2w,/3) unless ki 2 Rta, 
where the threshold wave vector ka is defined by 


k= (2hwo, 'D)'. 


(C.5) 


(C.6) 


We obtain this threshold by noticing that momentum 
conservation requires that OSk,<h,, and since the 
maximum value of (k,/k:)[1—(k,/k1)] for k, on this 
range is 4, (C.5) has no real solutions unless 


On evaluating the integral in (C.2), we find 
1 rueM .r hw hw 

(2) teal] 
Ti split 2hD*k, herr herut 


(C.7) 
We simplify this expression in the two limiting cases 
Dk>2ho»y and DkP=2he. 
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Relaxation Rate of +/2 Magnons for the Splitting 
Process in the Limit Dk,?>2hw» 


For Dk,?>>2hwo, (C.4) may be approximated by 


krr=(hoo/2Dki),  Rut=hi— Rx. 


Thus 


ho, rho +[(w)*/2Dk;* |, 


hw, L=hw,— hwy. 


On substituting these expressions into (C.7) we find 


1 ru®M .r ay 
( ) = nf ‘), 
Tu split hD*k, Wo 


which is valid for 2hax<Dk?<k pT. 


Relaxation Rate of +/2 Magnons for the Splitting 
Process in the Limit Dk,’=2hw 


For the other limiting case of Dk,’ only slightly 
greater than 2%w» we define k’ as the small difference 
between k; and kia, where k; is the magnitude of k, 
and hq is defined in (C.6); thus k’=ki— Rg. Then for 
k’<kia, Eqs. (C.4) approximate closely to 


krr=(Rea/2)[1— (2k’/Rea)*], 
and 


kuic=> (Rta 2)[1 + (2k’/Rta)* ]. 


We substitute these values of kzz and kyz into the 
equation twz,=Dkri?+hw and the same equation 
with LL replaced by uZ and find 


hopt= (Dkia? 4)[1 _ (2)? (R’, kta)? |+-hwo, 
and 


hort = (Dkra?/4)( 1+ (2)8(k’/Rea)* J+ hwo. 


Finally, on substituting these expressions into (C.7) 
and expanding the logarithm, we obtain the result (40). 
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On the basis of dielectric studies on polycrystalline specimens, BiyTis0.12 has been established as a ferro 
electric with a Curie temperature of 675°C. The symmetry is orthorhombic with a=5.411 A, c=32.83 A, 
and b/a=1.007 at 25°C. A high-temperature x-ray study revealed a symmetry change to tetragonal at 
675°C. The polar axis is probably the orthorhombic 6 axis. BiyTisO12 is a member of oxides with the general 


formula (BisO2)? 


VW ez-1R,Osz41)*". According to Aurivillius, the crystal structure of Bi;Ti;O 


» comprises 


a stacking of Bi»O. and perovskite-like BizTi;O1o layers along the pseudotetragonal ¢ axis. Multiple ion 


substitutions of (Bi**Ti**) in (BigO2)** (BizTizO;0)? 
steep decrease of the Curie temperature. 


I. INTRODUCTION 


N a comprehensive study of bismuth compounds, 
Aurivillius' has synthesized a number of mixed bis- 
muth oxides of the formula (BisO2)?+(Me,_1:R,03241)” 
Here Me can be mono-, di-, or trivalent ions or a mixture 
of them, R represents Ti**, Nb**, Ta**, etc., and x can 
have values of 2, 3, 4, etc. Bismuth titanate, BigTiz0 2, 
is an example of such compounds with x=3. The crystal 
structure of BiyTi;0;. was determined by Aurivillius’ 


° 





e 



































- 


@Bi eTi Oo 

Fic. 1. One half of the pseudotetragonal unit cell of BiyTi;O,2 
(from 2z~0.25 to z~0.75). A denotes the perovskite layer 
BizTizO;0?", C BiO** layers, and B unit cells of hypothetical 
perovskite structure BiTiO; (after Aurivillius?). 

* Work supported in part by contract with the Army-Ordnance 
Corps. 

1B. Aurivillius, Arkiv Kemi 1, 463, 499 (1949); 2, 519 (1950). 

2B. Aurivillius, Arkiv Kemi 1, 499 (1949). 


by (Me**Nb5*) where Me** 


= Ba, Pb, or Sr lead toa 


and is shown in Fig. 1. The symmetry is pseudotetrago- 
nal. The crystal structure may be described as a stacking 
of layers of (Bi,O2) and (BieTi;O.0) along the pseudo- 
tetragonal c axis. In the BieTi;0O19 units, Ti ions are 
enclosed by oxygen octahedra, which are linked through 
corners forming O-Ti-O linear chains. Bi ions occupy 
the spaces in the framework of TiO, octahedra. Thus, 
BizTi;0;9 units possess a remarkable similarity to the 
perovskite-type structure. The height of the perovskite- 
type layer sandwiched Bi,O. layers in 
BigTizO;2 is equal to six Ti-O distances or approxi- 
mately to three ABO; perovskite units. 

Matthias,’ and Smolenskii and Kozhevnikova‘ have 
evolved, empirically, some crystal chemical conditions 
which favor the occurrence of ferroelectricity in oxides. 
Structures having favorable environment for f 


between 


ferro- 
electricity contain small, highly charged cations sur- 
rounded by oxygen octahedra which are linked through 
corners. Satisfying these conditions are the perovskite 
(e.g., BaTiO3), pyrochlore (e.g., CdgNb2O;), and tung- 
sten bronze (e.g., PbNb2O,) type structures, in which 
a number of known oxide ferroelectrics crystallize. 
Based on structural 
arrangement in BiTi;O.2, this compound may be 
expected to exhibit ferroelectric behavior. A number of 
investigators have, however, examined the dielectric 
properties of Bi,Ti;O12 but failed to detect ferroelec- 
tricity. Skanavi and Demeshina> measured dielectric 
properties of a number of bismuth titanates with 
TiO2/Bi.O3 ratios between 22.3 and 1. For the mixture 
(TiO2/Bi,O3;= 1.45) that comes closest to BiyTizsO,2 in 
composition, they observed a dielectric constant of 107 
at 20°C and a marked positive temperature coefficient 
of dielectric constant in the interval 20° to 80°C. Similar 
results have also been obtained by Popper and co- 
workers® for BijTijs0.2 ceramics up to 125°C. More 


these considerations and the 


3B. T. Matthias, Science 113, 591 (1951). 

4G. A. Smolenskii and N. V. Kozhevnikova, Doklady Akad. 
Nauk S.S.S.R. 76, 519 (1951). 

5G. I. Skanavi and A. I. Demeshina, J. Exptl. Theoret. Phys 
(U.S.S.R.) 31, 565 (1956) [translation: Soviet Phys.-JETP 4, 
524 (1957) ]. 

6 P. Popper, S. N. Ruddlesden, and T. A. 
Ceram. Soc. 56, 356 (1957). 
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recently, Smolenskii e/ al.” have indicated that Bi,TizO12 
is not in all probability a ferroelectric. It is, however, 
significant that a number of mixed bismuth oxides 
with layer-type structure have recently been reported 
to be ferroelectric: PbBisNb2Os,? PbBi,Ta2Og, 
BaBisTisNbOy, PbBisTisNbt dia, BaBiTigl )i5, and 
PbBigTigO,5.8 

The present investigation is concerned with 
BisTizOy2, which has the general formuia (Bi,O,)** 
X (Mez-1R.03241)*> with x=3. An x-ray, dilatometric, 
and dielectric study of BisTigO.2 has been carried out 
through the phase change at 675°C. The investigation 
was extended to the influence of multiple ion substitu- 
tion in BisTi;O,2 on its ferroelectric behavior. Results 
of studies of layer-type compounds with «= 2 and x«=4 
will be published separately. 


Il. SAMPLE PREPARATION 


Bismuth titanate, BiyTi3;O12, and solid solutions based 
on this compound were prepared by solid state reaction 
of the constituent oxides or carbonates between 1000° 
and 1200°C. Bismuth oxide (Bi,O3) of specpure grade 
was supplied by Johnson, Matthey, and Company. 
Titanium dioxide (TiO.) of high purity (largest im- 
purity Ca, approximately 200 ppm) was obtained from 
National Lead Company. The other chemicals were of 
reagent grade. Firing was accomplished in covered 
platinum crucibles in globar furnaces in air. A two-step 
firing procedure was used with the precalcination at 
about 100°C below the final firing temperature. The 
weight losses due to heat treatment were less than 0.5% 
in all cases. The density of Bi,Ti;O12 ceramic disks used 
for dielectric measurements was 6.4 g cm~, or about 
80% of theoretical. 
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Fic. 2. Dielectric constant vs temperature of BiyTi;sO.2 
and of Big_zPbzTis_-Nb,O12 (x=0 to 1.25). 
7G. A. Smolenskii, V. A. Isupov, and A. I. Agranovskaya, Fiz. 
Tverdogo Tela 1, 169 (1959) [translation: Soviet Phys.-Solid 
State 1, 149 (1959). 
8 E. C. Subbarao, J. Chem. Phys. 34, 695 (1961). 


IN BigTisO:i2 


Fic. 3. Hysteresis loop 
of BigTisO;2 ceramic at 
225°C (60 cps). Emax=30 
kv/cem; Pmax=6 pcoul/cm?, 


III. Bi,Ti;O12 
(a) Dielectric Study 


The dielectric constant of BiyTizO,2, measured on 
silvered ceramic disks at a frequency of 100 kc/sec and 
a measuring field of 10 v/cm, was approximately 180 
at 25°C. This value increased with increasing tempera- 

° a scorn 
ture, reaching a peak value of about 570 at 675°C 


(Fig. 2). Beyond 675°C, the dielectric constant de- 
creased according to the Curie-Weiss law. Using a 
standard Sawyer-Tower circuit, hysteresis loops were 
observed between 100° and 250°C, the maximum tem- 
perature employed. The loop shown in Fig. 3 was ob- 
tained with an applied electric field of 30 kv/cm at a 
frequency of 60 cps and at 225°C. The maximum 
polarization was approximately 6 ywcoul/cm? and the 
estimated spontaneous polarization was about half that 
value. The dielectric constant peak and the existence 
of a hysteresis loop establish BiyTi;O2 as a ferroelectric 
with a Curie temperature at 675°C. This appears to be 
the highest ferroelectric Curie temperature known. The 
earlier investigators®® did not detect ferroelectricity in 
Bi,TisOi2 perhaps because their measurements were not 
extended to high enough temperature, presumably due 
to increased electrical conductivity. 

Ceramic specimens of Bi,Ti;O,2, “poled” with a dc 
field of 40 kv/cm at 225°C, were tested for piezoelectric 
response under static loading. A value of about 20X 10-” 
coul/newton was obtained for the piezoelectric constant, 
d33. 





» 
> 
@ 


A 
- 
S 
b 


w oo 
YS 
wo Vo 


Orthorhombic Tetragonal 


uw 
ww 
; 


Co 


Lattice Parameters, 








| 
| 
! 


J 
500 600 700 800 
Temperature, °C 


| 1 l J ! i 
100 200 300 400 


! 





Fic. 4. Lattice parameters of Bi,Ti;O:2. 
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Fic. 5. Linear thermal expansion of BisTi3O.2 ceramic. 


(b) X-Ray Study 


Using single crystals, Aurivillius* has established that 
BisTi;O;2 has orthorhombic symmetry with a=5.410, 
b=5.448, and c=32.84 A at room temperature. The 
lattice parameters obtained in this study, viz., a= 5.411, 
b=5.448, and c=32.83 A, are in good agreement with 
those of Aurivillius. The orthorhombic distortion, 5/a, 
of 1.007 may be compared with the value of 1.016 for 
orthorhombic PbNb2Os, which is ferroelectric with a 
Curie temperature at 570°C. 

The temperature dependence of lattice parameters 
of BigTisO;. determined from diffractometer 
tracings, using a furnace previously employed for a 
study of PbNb.O,.’ Cu K, radiation was used. The c 
parameter was computed from the (00/) reflections with 
1=12, 14, 16, and 18. The @ and b parameters were 
obtained from (208), (028) and (2, 0, 14), (0, 2, 14) 
pairs of reflections. On heating BiyTi;Oj2, the lattice 
parameters expand at essentially a linear rate until the 
phase change at 675°C. The a parameter expands at a 
faster rate than 6, so that the orthorhombic distortion 
(b/a) decreases with increasing temperature. At 675°C, 
a and ¢ parameters undergo a sudden expansion and 6 
contracts (Fig. 4). These data are similar to those of 
PbNb2O,.2 Above the phase transition, the ortho- 
rhombic distortion disappears, and the symmetry seems 
to be tetragonal. It may be noted that the tetragonal a 
of BiyTi;O12 is 3.86 A, approximately the same as the 
lattice constants of perovskite-type compounds. 


was 


* FE. C. Subbarao, J. Am. Ceram. Soc. 43, 439 (1960). 


(c) Dilatometric Study 


Linear thermal expansion of BiyTi;O,. ceramic, 
measured with a dilatometer having an optical level 
magnification of about 1800, is depicted in Fig. 5. These 
data are in substantial agreement with the expansion 
computed from the lattice parameters of Fig. 4. The 
coefficient of linear thermal expansion is 11 10~*/°C 
below 675°C and 14X10~-*/°C above this temperature. 
IV. SOLID SOLUTIONS BASED ON BiTi;O;2 


Ionic substitutions in BiyTis0;2, which has the general 
formula (BisO.)** (Me, 1R,O3241)*-, were restricted to 
the perovskite-type units (Me,,R,03.41). Replacement 
of Bi** in BiyTi;0;2 by La** has previously been at- 
tempted by Popper et a/.° Their data seem to indicate 
that BieLasTi;O;2. is a single-phase composition of 
Bi,Ti;O;.-type structure, suggesting that Bi** present 
in the perovskite-type units may be replaced by suit- 
able trivalent ions whereas the Bi** ions in the (Bi.O2) 
layers may not be replaced. However, substitution of 
Bi** (0.93 A)" by Dy**(0.92 A) or partial replacement 
of Ti‘*(0.68 A) by Zr**(0.79 A) did not yield a single 
phase at temperature used for heat treatment in the 
present study (1200°C). 

Multiple-ion substitutions, e.g., of (Bi**Ti**) by a 
combination of divalent metal ion and a pentavalent 
ion such as BaNb, PbNb, SrNb, PbTa, etc., were 
feasible to an extent dependent primarily on the relative 
ionic sizes. Thus, as the size of the divalent metal ions 
in the above decreases Ba(1.34 A) to 
Sr(1.12 A), the number of Bi** ions in BiyTisQO;. re- 
placed increases from 0.75 to 1.50, respectively. These 
observations are consistent with the well-known critical 
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Fic. 6. Lattice parameters of Biy_zPb,Tis_zNb:O12 (x=0 to 1.25). 


0 All the ionic radii quoted are from L. 
et Cosmochim. Acta 2, 155 (1952). 
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Fic. 7. Curie Temperatures of Bis_-Me,?*Ti3_zNb,O12 


(Me=Ba, Pb, Sr). 


geometrical requirements for the stability of the 
perovskite structure. 


Lattice parameter data for the solid-solution system 


Biy_2Pb.Tis_zNb,Oi2 with x between 0 and 1.25 are 
shown in Fig. 6. The pseudotetragonal @ was used here 
instead of the orthorhombic a and 6 parameters, since 
the b/a ratio is small, it was not possible to measure 
these two parameters accurately in the solid solutions. 

The temperature dependence of the dielectric con- 
stant of Bis-PbzTi;_-Nb,Oi2 compositions is illus- 
trated in Fig. 2 along with the data for BigTi30;2. The 
dielectric behavior of systems in which Ba** or Sr** are 
introduced in place of Pb**, or Ta5+ for Nb** are similar. 
Curie temperatures, corresponding to the dielectric 
constant peak, of the investigated solid solutions are 
summarized in Fig. 7. The multiple-ion substitutions 
lead to a steep decrease in the Curie temperature of 
Bi Tigl Vio. 

In the light of data presented here, two compounds 
reported earlier,* viz., PbBi;TizgNbOj. and BaBisTie- 
NbO,., may be considered as solid solutions rather than 
as ordered phases. 
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V. DISCUSSION 


It has been shown that ferroelectric BisTi;O.. is 
orthorhombic and that it becomes tetragonal above the 
phase transition at 675°C. Analogous to the perovskite- 
type ferroelectrics, the orthorhombic modification may 
be considered to be derived from the tetragonal form 
by a {110]-type deformation, or the elongation of a 
face diagonal perpendicular to the c axis. 

Inasmuch as single crystals are not available at 
present, the ferroelectric axis in BisTi;0;2 cannot be 
determined by dielectric tests. However, on comparison 
of the lattice parameter data (Fig. 4) with those of 
perovskite-type ferroelectrics, it is suggested that the 
orthorhombic 6 is probably the polar axis in BigTigOy2. 
On cooling a crystal through the Curie temperature, the 
appearance of spontaneous strain associated with the 
spontaneous polarization causes an expansion along the 
polar axis and a consequent contraction along the other 
two axes. 

A large number of oxide ferroelectrics crystallize 
with the perovskite structure (e.g., BaTiO;, PbTiOs, 
KNbOs). It is noteworthy that perovskite-type arrange- 
ment forms an integral part of the structure of ferro- 
electrics with tungsten bronze type structure (e.g., 
PbNb2O¢ and PbTa2Og) as well as those with layer-type 
structure (e.g., BisTisO12, PbBizNb2O9, PbBisTigO,, 
etc.). 

Structurally related to the mixed bismuth oxides with 
layer-type structure are a series of strontium titanates. 
A layer-type structure derived by a stacking of layers 
of NaCl-type SrO and perovskite-type SrTiO; along the 
tetragonal c axis has been proposed for Sr2TiO,," 
SrsTiO;, and SryTisOyo."" Kwestroo and Paping™ have 
reported that Sr2TiO, and Sr;TisO; have dielectric 
constants of 38 and 50, respectively, at room tempera- 
ture and show a strong negative temperature coefficient 
of the dielectric constant. A low-temperature study of 
these compounds seems worthwhile. 
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Previous measurements of the temperature dependence of the 
electrical conductivity induced in single crystals of MgO by bom- 
bardment with 1.3-Mev electrons over the temperature range 
290°K-600°K have been extended to 100°K. Two crystals from 
different sources were investigated. 

The bombardment-induced current, J., varies linearly with 
primary current, 7», at 298°K and at 105°K. However, in certain 
cases measurements of J, vs applied voltage, V., reveal a deviation 
from Ohmic behavior which is enhanced at low temperature. 

The bombardment-induced conductivity exhibits a maximum 
near 250°K. Both crystals display a temperature dependence at 
low temperatures which is consistent with the power-law relation- 
ship J./[p=kT™, where m=3.3 and 3.8, respectively. 

A rising non-Ohmic 7, vs V, characteristic appears to be de- 


pendent upon the magnitude of the applied field, the onset occur 
ring at 3104 v/cm. Collision ionization and warm carrier phe 
nomena, rather than surface effects, for the 
observed results. 

It is impossible to ascribe t 
bombardment-induced 


probably account 


he temperature dependence of the 
solely to the temperature 
variation of the carrier mobility. The results can be explained in 
terms of change with temperature of both the lifetime and mobility 
of the charge carriers. A combination of 
acoustical mode, and ionized impurity 

addition to a temperature-deper 
carrier. The theoretical curve fits the expe 
factorily, and gives reasonable values for the 


conductivity 


optical mode (polaron), 
scattering is assumed, in 
lent capture cross section for the 
rimental data satis 


parameters 





I. INTRODUCTION 


BEAM of high-energy electrons in passing through 

a normally insulating crystal produces _hole- 
electron pairs uniformly through the bulk of the mate- 
rial. While they remain mobile, these holes and elec- 
trons drifting under the influence of an applied electric 
field constitute a measurable current. Information con- 
cerning the drift mobility and lifetime of charge carriers 
in the conduction band of insulators may be obtained 
from observations of this bombardment-induced con- 
ductivity.’ 

Investigations of this phenomenon in MgO have 
previously been conducted in the temperature range 
290°K-600°K.? These experiments revealed that the 
bombardment-induced conductivity was linearly de- 
pendent upon the voltage applied between electrodes on 
the surfaces of the crystal, as well as upon the magni- 
tude of the primary electron beam current passing 
through. Furthermore, the nature of the temperature 
dependence of the bombardment-induced conductivity 
in MgO indicated that at least two scattering mecha- 
nisms must be affecting the mobility of the carriers. It 
appeared that the charge carriers were scattered both 
by the acoustical and the optical modes (polaron scat- 
tering) of lattice vibration. 

Since it was suspected that the influence of other 
scattering mechanisms might become detectable at 
lower temperatures, the measurements have subse- 
quently been extended down to approximately 100°K. 
The new experimental results, and the theoretical inter- 


t Present address: U. S. Naval Radiological Defense Labora- 
tory, San Francisco, California. 
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pretation of all the available data over the accessible 
range of temperatures (100°K-600°K) 
in the present paper. 


are discussed 


Il. EXPERIMENTAL PROCEDURE 


The experimental arrangement 
same as that described previously.” In the present case, 
however, the experimental tube was immersed in a 
tank which could be filled with liquid nitrogen. Pro- 
visions were made to establish good thermal contact 
between the MgO crystal and the liquid air bath, and 
to reduce to a minimum heat conduction through 
support rods and wires. The temperature was measured 
directly on the face of the target immediately adjacent 
to the area traversed by the primary beam by means of 
an iron-constantan thermocouple secured to a section 
of the silver coating deposited on the crystal face. 

The bombardment-induced current recorded 
frequently during both the cooling and warming cycles. 
Since, in general, about four hours elapsed after the 
introduction of liquid nitrogen before the entire system 
reached equilibrium, it was feasible to conduct observa- 
tions while the system was in a transient state ther- 
mally. Subsidiary tests established that any errors 
arising from temperature gradients across the crystal 
are much smaller than those inherent in the measure- 
ments of primary and bombardment-induced currents. 
Furthermore, no hysteresis effects were observed. In 
addition, an attempt was made to detect heating of the 
specimen by the primary beam. Very small temperature 
changes (tenths of a degree) were observed with a 
primary current of 0.6 ma. Beam intensities were an 
order of magnitude lower during all of the measurements. 

Although the circuit arrangement was essentially the 
same as that utilized previously,’ 
have improved the precision of the measurements. The 
primary (beam) current (J/,) 


was essentially the 


Was 


> several modifications 


and the secondary 
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(crystal) current (J.) were displayed simultaneously by 
a Tektronics 551 dual beam oscilloscope, whereas in 
the earlier experiments, the primary current was meas- 
ured by an integrating meter. Although single pulse 
measurements are feasible, the beam was usually pulsed 
repetitively because operation of the 1.3-Mev linear 
electron accelerator is more stable under these condi- 
tions. During the present experiments, the linear ac- 
celerator was normally operated at a repetition rate of 
10 pulses per second with a primary current of 0.060 ma. 
The energy distribution of the primary electrons peaks 
sharply at 1.30.1 Mev, and the beam content below 
1.0 Mev is negligible. 

The present data were obtained with the identical 
MgO crystal (hereafter designated NC)* utilized in the 
earlier investigations.? Because of the surprising nature 
of the results, another crystal (hereafter designated 
IRC) was obtained from a different source,‘ and the 
measurements were repeated. 

The crystals were ground down to thicknesses of 
0.02 cm in order to reduce the energy loss of the primary 
beam to a negligible amount. Metallic electrodes were 
then deposited upon the faces. The targets were not 
subjected to any heat treatment, but were retained in 
the original “‘raw”’ state. Such crystals are characterized 
by appreciable optical absorption in the ultraviolet at 
5 ev. 

In order to determine whether the electrodes might 
introduce extraneous effects, a series of measurements 
of crystal current vs applied voltage was made with one 
crystal the thickness of which was varied. Observations 
were initially conducted alternately with silver print 
electrodes, then with evaporated gold-silver, then with 
silver print. The crystal was then ground to one half its 
original thickness, and the sequence repeated. Finally, 
the thickness was reduced further. The three thicknesses 
were 0.065 cm, 0.032 cm, and 0.018 cm, respectively. 
After corrections were made for primary electrons 
stopped in the thick target, the results were consistent 
with the assumption that the bombardment-induced 
conductivity is proportional to d~! [see Eq. (1) below ]. 
Hence, the electric fields in the crystal are uniform. 
Furthermore, the nature of the electrodes did not affect 
the measurements. Evaporated silver electrodes utilized 
in subsequent experiments yielded the same results as 
silver print and evaporated gold-silver. 

The technique of reversing the electrode polarity 
after each pulse was again utilized to eliminate space 
charge effects.! 


Ill. EXPERIMENTAL RESULTS 


The dependence of the bombardment-induced current 
(J.) upon the primary current (J,) for the NC crystal 
is shown in Fig. 1. Measurements were conducted at 


3 Optical quality periclase produced by Norton Company, 
Worcester, Massachusetts, under the trade name ‘‘Magnorite.”’ 

‘Infra-Red Development Company, Ltd., Hertfordshire, 
England. 
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Fic. 1. The dependence of the induced current, J., upon primary 
current, Jp, for the NC crystal at two temperatures. Crystal 
thickness =0.018 cm. 


298°K and at 105°K, respectively, with two different 
applied voltages, V.. It is seen that the curves are linear 
within the experimental uncertainty as reported pre- 
viously.' Figure 2 shows the results for the IRC crystal. 
The ratio 7./I, at fixed V, is also constant in this case. 

Figure 3 is a plot of 7, vs V. (J,=0.06 ma) for the 
NC crystal at room temperature and at 107°K, re- 
spectively. A slight deviation from Ohmic behavior 
occurs at 298°K. Owing to several circumstances, this 
departure had not been detected previously. The MgO 
crystal was somewhat thicker during the earlier meas- 
urements (0.025 cm as compared with 0.018 cm cur- 
rently, the decrease resulting from the repeated removal 
of coatings) and hence the electric field corresponding 
to a given V, was smaller. Furthermore, the experi- 
mental uncertainty was somewhat greater in the pre- 
vious investigations. The extent of the errors in meas- 
urement in the present experiments is indicated by the 
scatter of the points in Fig. 3. The procedure now 
followed, essentially a null method, involves adjusting 
V. to attain predetermined values of J,/7, by matching 
the J, and J, pulses oscillographically with different 
amplifier gain ratios. Consequently, the uncertainty is 
reflected entirely in V.. 

At low temperature, the non-Ohmic behavior is even 
more dramatic. The measurements shown in Fig. 1 have 
revealed that the shape of the J, vs V, curve is inde- 
pendent of J, over a range of primary current from 0.03 
to 0.3 ma in the present case. This suggests that even 
in the region of appreciable departure from Ohmic 
behavior (V.=700 volts), 7. indeed represents a true 
bombardment-induced current. 

Similar data obtained with the IRC crystal are 
plotted in Fig. 4. The thickness of the crystal during 
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Fic. 2. J, vs V. for the IRC crystal at two temperatures. 
Crystal thickness=0.018 cm. 


this set of measurements was 0.038 cm. It is difficult to 
detect any departure from Ohm’s law either at room 
temperature or at 105°K. The thickness of this crystal 
was subsequently decreased to 0.018 cm, and measure- 
ments were repeated (Fig. 5). It is evident that, 
although in this case the conductivity is apparently 
Ohmic at 298°K, the behavior at 105°K is similar to 
that of the NC crystal. Furthermore, as in the other 
case, the crystal current varies linearly with primary 
current over a range of J, between 0.06 and 0.60 ma 
(Fig. 2). Another IRC crystal, the thickness of which 
was 0.065 cm, 0.032 cm, and 0.018 cm, respectively, 
during the measurements (see Sec. II), displayed Ohmic 
behavior at room temperature in all cases. 

The bombardment-induced conductivity may be de- 
scribed by the following expression! : 


I ./1,=65r*yV./d, (1) 


where J, and J, are the crystal current and the primary 
beam current, respectively, V. is the applied potential, 
d is the crystal thickness, 6 is the number of internally 
excited electron-hole pairs produced by one primary 
electron per cm of primary electron path, r* is the mean 
lifetime of the carrier in the conduction band, and u is 
the average mobility of the carrier. 

Figure 6 is a log-log plot of the temperature depend- 
ence of the quantity 5r*u for the NC crystal. The dots 
represent data obtained while the temperature of the 
crystal was decreasing, whereas the crosses refer to the 
warming phase. 

Data obtained previously? with the same crystal 
from room temperature upward are represented by 
triangles. The latter have been normalized to the new 


SCHIEVE AND M. A. 


POMERANTZ 


low-temperature measurements at room temperature, 
since in the earlier experiments facilities were not 
available for obtaining pulsed measurements of the 
primary beam. Consequently, since 7, was determined 
by means of an integrating meter, the measurements of 
I./I, did not yield absolute values of 57*y. 

At all temperatures, V. never exceeded the value at 
which departure from Ohm’s law occurred. 

The points shown in Fig. 6 were obtained in a single 
run extending over a period of approximately eight 
hours. Data obtained during a number of similar runs 
were in good agreement. In general, a readjustment of 
the linear accelerator which always reduced the measured 
value of J./I, was required during the cooling cycle 
(at 130°K in Fig. 6). No subsequent alteration was 
necessary ; hence, the warming phase is assigned some- 
what greater weight. This situation is a consequence of 
the difference between the cooling and heating rates in 
the region of lower temperatures. 

The single observation below room temperature re- 
ported previously® corresponded to a higher value of 
57*u at 200°K than is consistent with the present results. 
This particular point is now considered to be in error. 

The temperature dependence for the IRC crystal is 
plotted in Fig. 7. Owing to slight changes in the experi- 
mental conditions for the observations above room 
temperature, a normalization was also required in this 
case. The maximum temperature was limited by the 
fact that the present experimental arrangement is not 
readily adaptable to temperatures above 400°K. Again, 
the data in Fig. 7 comprise a single run, although repe- 
tition of the measurements has demonstrated the re- 
producibility of the results. 

Figure 8 shows a comparison between the results 
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obtained with the two crystals procured from widely 
different sources. The agreement is indeed remarkable. 

In both cases, the experimental uncertainty near the 
maximum of the curve is indicated by the scatter of the 
points. Although the slight deviations between the dots 
and crosses in both Fig. 6 and Fig. 7 might have been 
attributed to a difference between the temperatures of 
the bombarded region and the thermocouple during the 
transient thermal conditions, the required temperature 
difference of 5° appears excessive with the present ex- 
perimental arrangement. Hence, the observed differ- 
ences are ascribed to changes in the alignment of the 
beam and operation of the linear accelerator. 

Both crystals display a temperature dependence at 
low temperature which is consistent with a power law 
relationship /,/J,=kT™. However, the data are not 
sufficiently extensive to preclude the possibility that 
the bombardment-induced conductivity follows an 
exponential law. If a power law dependence is assumed, 
m=3.3 and 3.8 for the NC and IRC crystals, respec- 
tively. The maximum of the NC curve in Fig. 6 occurs 
at a slightly lower temperature than that of the IRC 
curve. 

IV. DISCUSSION 


The existence of a rising non-Ohmic J, vs V,. curve 
is not in itself surprising, as has been pointed out by 
Smith and Rose.® This may arise from various phe- 
nomena, such as field emission from the electrodes or 


traps or from the valence bands, poor contacts, collision 
ionization of the trapped or valence electrons, warm 
carrier effects, or space-charge limited currents. Com- 
parison of Figs. 4 and 5 indicates that the effect depends 
upon the magnitude of the applied field (the onset of 
the departure from Ohm’s law occurring at 3X 10‘v/cm). 


40 . . . + 





Amperes 


’ 
id 
°o 


I, x10 


105°K 











400 600 


Ve, Volts 
Fic. 4. J. vs V- for the IRC crystal at two temperatures. 
Crystal thickness =0.638 cm, Jp=0.06 ma. 


5 R. W. Smith and A. Rose, Phys. Rev. 97, 1531 (1955). 
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Fic. 5. J, vs V, for the IRC crystal at two temperatures. Same 
crystal as in Fig. 4, but thickness=0.018 cm. J,=0.06 ma. 


It does not appear that this can be attributed to the 
nature of the electrodes, since the effect has been re- 
produced a number of times with both silver and gold 
electrodes. On the other hand, since the shape of the 
non-Ohmic J, vs V, curves at low temperature is inde- 
pendent of J,, it is suggested that collision ionization 
and warm carrier phenomena may account for the ob- 
served results. The linear dependence of J, upon J, at 
all values of V. demonstrates that the charge carriers 
produced by the bombarding beam are responsible for 
the non-Ohmic as well as the ohmic behavior at low 
fields. The observed results are most likely produced by 
a bulk phenomenon in the crystal rather than by surface 
effects. The mechanism responsible for this non-Ohmic 
behavior cannot be conclusively identified without 
further investigations involving considerably higher 
fields than can be applied in the present experimental 
arrangement. With this in mind, the present discussion 
of the temperature dependence of the bombardment- 
induced conductivity will be confined to the Ohmic 
region. 

The temperature dependence of the bombardment- 
induced conductivity in MgO has previously been 
ascribed solely to the variation in carrier mobility.? As 
heretofore, it is assumed, for simplicity, that only one 
carrier is mobile. In the previous description, in order 
to fit the data above room temperature, it was necessary 
to invoke two carrier scattering mechanisms: (a) scat- 
tering by the acoustical vibrations of the lattice,*? and 
(b) polaron scattering® associated with the optical 
modes of vibration. 

6 F, Seitz, Phys. Rev. 73, 549 (1948). 

7 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 

8 For a review of the various theories of carrier transport in 
ionic crystals see the article by S. Haken, in Halbleiter probleme II, 


edited by W. Schottky (Friedr. Vieweg and Sohn, Braunschweig, 
1955). 
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The present results in the low-temperature region 
reveal that this cannot be entirely correct. An exami- 
nation of the rapid increase in the bombardment- 
induced conductivity as a function of temperature 
below 250°K indicates that no known scattering mecha- 
nism, and thus no known temperature dependence of 
the mobility alone can explain this behavior. Scattering 
by ionized impurities may give as high as a TJ! behavior,® 
whereas other mechanisms, such as scattering by neutral 
impurities, are even less temperature dependent.” The 
results shown in Figs. 6 and 7 must therefore be attri- 
buted to a combination of the effects of temperature 
upon 7r*, the recombination lifetime of the bombard- 
ment-produced carriers, and upon y, the carrier mo- 
bility. It is, of course, highly unlikely that 6 in Eq. (1) 
is appreciably temperature dependent. 

Under the conditions of these experiments, (a) the 
bombardment-induced conductivity is linearly depend- 
ent upon J7,; (b) dark conductivity" cannot be ob- 
served ; and (c) there is no appreciable buildup of space 
charge during the microsecond pulse. The recombina- 
tion lifetime for a simple system having one type of 
recombination center in the energy gap is then given 
by”: 

r*=1/N,S,(v)+1/N,S,(»), (2) 
where 
(v)=(4kT/mx)!; S=(vS(E))/(2). 
Here S, is the capture cross section of the centers for a 
free electron when unoccupied, and S, is the corre- 
sponding capture cross section for a free hole when 
occupied by an electron. N, is the density of recombina- 
tion centers and (v) is the average thermal velocity of 
the carriers. We assume that the centers are initially 
neutral, in which case the data suggest that S,<S, 
above 100°K, so that, in the temperature range of 
interest, 
7*=1/N,S,(2). (3) 


Recent experimental work with Ge and Si," and theo- 
retical analysis by Lax," have shown that the capture 
cross section of centers having charge opposite from the 
carrier may be from 10-” to 10-'® cm? and varies with 
temperature as 7—" where is found to have values in 
Ge and Si ranging from 1 to 4 for various types of 
impurities.“ In addition, it has been found that neutral 


9 E. Conwell and V. W. Weisskopf, Phys. Rev. 77, 388 (1950). 

FF. J. Blatt, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 4. 

4 At high temperature (above 350°K) measurable post-bom- 
bardment conductivity has been observed following the pulse. 
This is discussed in R. A. Shatas, J. F. Marshall, and M. A. 
Pomerantz, Phys. Rev. 109, 1953 (1958). It is caused by thermal 
re-emission into the conduction band of electrons temporarily 
trapped in shallow centers. 

2E. S. Rittner, in Proceedings of the Photoconductivity Con- 
ference in Atlantic City, 1954 edited by R. Breckenridge, B. R. 
Russell, and E. E. Hahn (John Wiley & Sons, Inc., New York, 
1956). 

8G. Bemski, Proc. Inst. Radio Engrs. 46, 990 (1958). 

4M. Lax, Phys. Rev. 119, 1502 (1960). 
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centers may have large cross sections (10~'® cm*) in- 
dependent of temperature. 

Of course, since MgO is an ionic crystal, the situation 
is expected to be more complicated than for Ge and Si 
because of the lattice polarization. At low temperature, 
the Lax theory of cascade capture depends very little 
upon the details of the center. The electron makes a 
transition into an excited state having a large orbit, and 
whether it is captured or not is determined in these 
excited states. The subsequent time spent in losing 
energy in trickling down into the ground state of the 
center does not effect the capture cross section. As the 
temperature is raised, the cross section varies as J, 
and lower lying states with smaller orbits become in- 
creasingly important. It is expected that at high tem- 
perature the details of the centers should become im- 
portant and hence the Lax theory becomes invalid. A 
calculation for MgO indicates that this theory is not 
applicable for this material at temperatues over 100°K. 

With this in mind, we will assume that the lifetime in 
Eq. (3) is expressed by r*=const T"~*, where n, to be 
determined from the experimental data at low tempera- 
tures, describes the temperature dependence of the 
cross section for the capture of holes by the centers 
occupied by electrons. 

In order to account for the high-temperature region 
in Fig. 6, we will assume that the mean scattering time, 
7, is determined by scattering by optical modes,*® by 
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Fic. 6. 67*u vs temperature for the NC crystal. @ indicates 
temperature decreasing, and X temperature increasing; a repre- 
sents previously-published results,? normalized to low-temperature 
data at room temperature. Curve I shows the fit using Eq. (11); 
curve IT shows the fit using Eq. (13). 
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Fic. 7. 5r*~ vs temperature for the IRC crystal. @ indicates 
temperature decreasing and X temperature increasing. 


acoustical modes,®’ and by ionized imperfections.’:” 
The mobility is then given by 


u= (e/m){r), (4) 


where 


1/7=1/to+1/rot1/7;. 


The relaxation time of the carrier for the optical modes 
is: 


To=c exp(1710/T), (5) 


where c=4.0X10-"® sec has been calculated from the 
theory of Low and Pines as applied to MgO.?'® The 
acoustical mode relaxation time is taken to be 


ta= mh*x-hc,;,/VIm(kT SE Y= a(T ht, (6) 


where c;; is the average longitudinal elastic constant, 
E, is the deformation potential proportionality con- 
stant, and x=6«/kT, e« being the carrier energy. The 
Conwell-Weisskopf expression for the relaxation time 
for the ionized imperfections is 


i= VAmbes RT) se! In 1+ etx? THAN 
~b(T)3, (7) 


where éo is the dielectric constant and N; the density of 
imperfections in the sample. Because the absolute mag- 
nitude of the mobility is not measured, it will be as- 
sumed for simplicity in fitting the theory to experiment 
that the temperature dependence of the logarithmic 
term can be neglected. The resultant mobility may be 
expressed as 


u= (e/m)rF(A,1), (8) 
18 F, E. Low and D. Pines, Phys. Rev. 91, 193 (1953). 


IN MgO 


where 
4 ° e~*xldx 
Fh Deno hy comer 
3\/mrd4y 14+Ax'+Io-4 


A= (r,/ta)x~*= (c/a)(T)§ exp(6/T), 
I = (1,/7;)x'~ (c/b)(T)— exp(0/T). 
The bombardment-induced conductivity is given by 
57*u= BT" -*(e/m)7,F(A,I). (11) 


The integrals F(A,J) have been calculated over a certain 
range of parameters by Porfir’eva.'® A fit of 57*u, based 
upon these calculations and an adjustment of the theory 
to agree with the experimental results at low tempera- 
tures, is shown as curve I in Fig. 6. The values 
c/a=4.7X10-8(°K)-? and c/b=39(°K)! were used. 
The curve could be lowered, and a better fit obtained, 
with larger values of A. Unfortunately, the available 
calculations of F(A,/) are not sufficiently extensive in 
this region to make this worthwhile. At the low-tem- 
perature extreme, these results determine m to be 2.3 
in Eq. (11). This is a reasonable value. 

As an alternative procedure, the effects of scattering 
may be combined approximately by adding reciprocal 
mobilities : 


1/p=1/pot1/pot1/ui. (12) 
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Fic. 8. Comparison of 6r*u vs temperature for the two crystals 
from different sources. + represents the NC crystal and @ the 
IRC crystal. The two curves have been normalized at room tem- 
perature, and the density of data points (see Figs. 6 and 7) 
reduced. 


16 N. N. Porfir’eva, Soviet Phys.-Solid State 1, 794 (1959). 
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This may be in error by as much as 30% near the region 
in which all the scattering mechanisms are important, 
i.e., near the maximum of the curve in Fig. 6. On this 
basis, we obtain 


6r*u= BT"-WLexp(—0/T)+ (c/a)T!+ (¢/66)TAP, 
(13) 


where the logarithmic function in y;, the mobility due 
to ionized scattering alone, has been taken to be a 
slowly varying function of temperatures as in Eq. (11)¢ 
The results of a reasonable fit are shown as curve II in 
Fig. 6. The theoretical curve has again been adjusted 
to provide best fit at low temperature. As with curve I, 
B is a scale parameter and is undetermined by the ex- 
periment. In this case, again n= 2.3, c/a=1X10~7(°K)-4, 
and ¢c/b=30(°K)!. We see that, in fact, c/a is increased, 
providing an improved fit, although considering the 
errors in Eq. (12), the two curves I and II are probably 
equally reliable. 

Both curves I and II are in reasonable agreement 
with the experimental results up to temperatures near 
400°K, and here they begin to depart appreciably. This 
is a consequence of the influence of the temperature 
dependence of the lifetime at the high-temperature 
limit, where Eq. (13) becomes BT7"-* exp(@). The experi- 
mental results would correspond more closely to the 
proposed explanation if r* became less temperature 
dependent than 7'* above room temperature (i.e., if 
the capture cross section varied more slowly than T-?*). 
We have assumed that the lifetime obeys this law over 
the entire range of temperatures considered. The de- 
parture at high temperature certainly reflects this 
oversimplification. 

On the basis of curve I, a calculation of ¢ from the 
polaron theory of Low and Pines (the polaron mass 
and effective mass of the electron are assumed equal to 
m,) leads to a determination of a. From Eq. (6) with 
Ci Cn =2.9X10" dynes/cm?’,” E;, the deformation 
interaction coupling constant, may be computed. The 
value, 2.6 ev, is quite reasonable ; furthermore, increas- 
ing the ratio c/a to improve the fit, as suggested, would 
increase E; in the direction of the known values for this 
constant in other materials.'* 

The ratio c/b obtained from curve I determines JN,, 
the density of ionized impurities. This gives 2X 10'8/cm', 
which is the order of magnitude of some of the im- 
purities ordinarily present in MgO obtained from 
Norton Company.” It is probable that impurities in the 


17M. A. Durand, Phys. Rev. 50, 449 (1936). 

18 J. Bardeen, in Handbook of Physics, edited by E. U. Condon 
and H. Odishaw (McGraw-Hill Book Company, Inc., New York, 
1958). 

19 Spectrographic analyses by the University of Missouri Spec- 
trographi¢c Service have indicated Fe 20 ppm, Ca 100 ppm, Si 1 
ppm, Mn 3 ppm, Ta 4 ppm, Cu 1 ppm, and Ag 1 ppm, as well as 
nickel, chromium, and vanadium near 1 ppm in typical samples. 
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crystal may undergo changes of valence under irradia- 
tion by the linear accelerator beam, and thereby con- 
tribute to the ionized impurity scattering. If this is the 
case, saturation must occur, as evidenced by the fact 
that no changes in the bombardment-induced conduc- 
tivity with time of exposure to the beam have been 
observed. The NC crystal had previously been sub- 
jected to much radiation experience prior to the present 
experiments. On the contrary, the IRC crystal was 
fresh and in the “raw” state at the beginning of the 
work. However, as has been pointed out by Peria,” the 
crystal in the raw state has strong absorption in the 
ultraviolet at 4 ev, associated with iron in the Fe** 
valence state. Depending upon the distance at which 
this charge is compensated in the lattice, this could act 
as the ionized impurity scatterer. This kind of specula- 
tion suggests that studying the effects of bleaching upon 
optical absorption and bombardment-induced conduc- 
tivity simultaneously at low temperature may provide 
relevant information concerning the hypothesis put 
forward here to account for the temperature dependence 
of the bombardment-induced conductivity in MgO. 
The value of V;=2X10'/cm# also suggests that the 
logarithmic term in Eq. (7) may be important, and that 
T,; may be a more slowly varying function of tempera- 
ture than 7}. However, because the absolute values of 
the mobility are unknown, the fitting of the curves with 
the logarithmic term included becomes unrewardingly 
tedious, in view of the uncertainties in the various 
parameters and in the applicability of the theory to 
ionic materials. In addition, one might consider using 
a different cutoff,”" such as the Debye-Hiickel screening 
radius, in the theory. Because of the low density of 
charge carriers in the conduction band during bombard- 
ment, the logarithmic term is probably unimportant 
insofar as the temperature variation is concerned. 
Other models relying upon the temperature depend- 
ence of the recombination lifetime alone could un- 
doubtedly be developed to account for the temperature 
variation of the bombardment-induced conductivity in 
MgO. However, the present formulation has the ad- 
vantage of simplicity. Although a multiple level recom- 
bination theory, as has been propounded by Klasens,” 
could be invoked, the versatility of such an analysis 
would seem to limit its usefulness. 


ACKNOWLEDGMENTS 


It is a pleasure to thank Arthur E. Smith, whose 
diligence and skill were instrumental in carrying out 
these experiments, for his valuable assistance in this 
program. Appreciation is also expressed to Romas A 
Shatas for many helpful discussions. 

”W. T. Peria, Phys. Rev. 112, 423 (1958) 

21N. Sclar, Phys. Rev. 104, 1548 (1956). 

2H. Klasens, J. Phys. Chem. Solids 7, 175 (1958). 





PHYSICAL REVIEW 


VOLUME 


122, NUMBER 3 MAY 1, 1961 


Scintillation Response of Activated Inorganic Crystals to Various Charged Particles 


R. B. Murray AND A. MEYER 
Oak Ridge National Laboratory,* Oak Ridge, Tennessee 


(Received December 5, 1960) 


Experimental studies of the response of activated ionic crystals 
such as NaI(TI) and CsI(T1) to heavy charged particles indicate 
decreasing scintillation efficiency with increasing particle mass, 
and a nonlinearity in pulse height versus energy for heavier parti- 
cles. Recent experiments indicate that the scintillation efficiency 
to electrons, however, is less than that*to protons. In an attempt 
to account for these effects, this paper presents a ¢alculation based 
on a model of the process of energy transfer from the incoming 
particle to the activator sites. In this model, the energy carriers 
are taken to be excitons resulting from recombination of electron- 
hole pairs in the wake of the particle. The migration of carriers to 
activator sites is described by a one-velocity diffusion equation in 
which the density of unoccupied activator sites, Na, is a function 


of space and time. The diffusion equation is coupled with a second 
differential equation describing the time dependence of Ng. The 
solution to these equations indicates that the depletion of available 
activator sites by a particle with high dE/dx can account for ob- 
served saturation effects. This model further contains the activator 
concentration as a parameter, and permits a prediction of scintilla- 
tion efficiency as a function of both d#/dx and concentration. 
The low scintillation efficiency to electrons is predicted as a con- 
sequence of the smaller recombination probability for particles of 
very low dE/dx. Finally, for a low-dE/dx particle in a crystal of 
0.1-mole-percent activator concentration the diffusion length of 
energy carriers is found to be of order 20 A. 





I. INTRODUCTION 


HE scintillation response of activated inorganic 
crystals to various charged particles has been the 
subject of numerous experimental studies.’ Most of the 
interest in this subject has been focused on activated 
alkali iodides, as these crystals are most commonly used 
in scintillation counting and spectrometry. All five 
alkali iodides (Lil, NaI, KI, RbI, CsI) are known to be 
reasonably efficient scintillators at room temperature 
when activated by a heavy-element impurity with a 
concentration of order 10~ mole percent. Lil is typically 
activated with Eu for highest scintillation efficiency, 
while the remaining four alkali iodides are usually 
activated with Tl. In reviewing the experimental results 
describing the response to charged particles, several 
general features are observed in the various crystals: 
(a) The pulse height versus energy relationship is nearly 
linear over a wide energy range for electrons, protons, 
and deuterons; (b) the pulse height versus energy curve 
is distinctly nonlinear for alphas and heavier particles 
of energy several Mev, tending to curve away from the 
energy axis; (c) the pulse height per unit energy loss 
decreases with increasing particle mass in going from 
protons to alphas, carbon ions, etc.; (d) the pulse height 
per unit energy loss for electrons is Jess than that for 
protons in at least four of the activated alkali iodides.?~* 
Although the above items seem to be well documented 
and have been the subject of qualitative discussion, 
there has been rather little effort to interpret these 
effects in terms of the details of the scintillation process. 
Items (b) and (c) are frequently attributed to “satura- 


* Operated by Union Carbide Corporation for the U. S. Atomic 
Energy Commission. 

1 For a recent bibliography of various papers on this subject, 
see W. E. Mott and R. B. Sutton, Encyclopedia of Physics, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1958), Vol. 45, p. 86. 

2 P. Kienle and R. E. Segel, Phys. Rev. 113, 909 (1959). 

*T. R. Ophel, Nuclear Instr. 3, 45 (1958). 

*R.S. Storey, W. Jack, and A. Ward, Proc. Phys. Soc. (London) 
72, 1 (1958). 


tion of the luminescence centers,” referring to a deple- 
tion of available activator sites by a particle with high 
dE/dx. To the authors’ knowledge, however, this con- 
cept has not been critically examined. It is the object of 
this paper to describe the events leading to a scintilla- 
tion pulse by means of a simple, phenomenological 
model, in an attempt to account for the above effects. 
In particular, we wish to examine the saturation mecha- 
nism to determine whether it may reasonably explain 
the experimental data on scintillation efficiency as*a 
function of dE/dx of the incoming particle and as_a 
function of the activator concentration of the crystal. 

It is appropriate to note at this point that organic 
scintillators exhibit features qualitatively similar to 
items (b) and (c) above. Birks® has proposed a function 
describing the pulse height versus energy relationship 
which seems to be in good agreement with experiment ; 
this function is derived from considerations of radiation 
damage along the path of an ionizing particle in an 
organic solid. The rather good agreement with experi- 
ment of this and similar functions® need not imply, 
however, that such a relationship should describe the 
situation in inorganic crystals. The scintillation proc- 
esses in organic and activated inorganic crystals are 
basically different, and a description of one should not 
necessarily provide a description of the other. In particu- 
lar, the Birks function predicts a considerably greater 
pulse height per Mev for electrons than for protons, in 
distinct contrast with experimental results from in- 
organic crystals. 


Il. REVIEW OF EXPERIMENTAL RESULTS 


In the present work we will deal in large part with the 
relationship between scintillation efficiency and the 


5 J. B. Birks, Scintillation Counters (McGraw-Hill Book Com- 
pany, Inc., New York, 1953). 

6 For a summary, see F. D. Brooks, Chapter in: Progress in 
Nuclear Physics, edited by O. R. Frisch (Pergamon Press, New 
York, 1956), Vol. 5, p. 252. 
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stopping power of the particle in a particular alkali 
iodide. Scintillation efficiency is here defined as dL/dE, 
the slope of a pulse height versus energy curve ; stopping 
power is defined as —dE/dx, the negative differential 
energy loss per unit path length. In particular, we will be 
concerned with the shape of the dL/dE versus dE/dx 
curve. The use of dE/dx as a parameter is an attempt 
to reduce the response to different particles to a common 
denominator, i.e., a parameter by means of which one 
curve will describe the response to all particles. The 
scintillation efficiency dL/dE is, of course, a differential 
quantity describing the number of photons emitted per 
unit energy loss for a particle of energy £. It is to be 
emphasized that both the scintillation efficiency and 
stopping power are functions of the particle energy and 
are uniquely defined for a specified particle of energy E 
in a particular crystal. It may also be noted that dL/dE 
is generally quite different from L/E, as the latter 
quantity represents an average over the entire path of 
of the particle. 

In order to compare the present work with experiment, 
it would be most desirable to have available pulse height 
versus energy curves for many particles, spanning a 
wide range in energy, on one particular crystal of, say 
NalI(Tl). Unfortunately, such information is not avail- 
able as the result of a single experiment. It is thus 
necessary to refer to numerous experiments and attempt 
to synthesize the available information into a coherent 
picture. Since most of the experimental information 
refers to NaI(Tl), KI(Tl), and CsI(TI), we will sum- 
marize the results for these materials only. The scintilla- 
tion efficiency dL/dE can be obtained from tables or 
figures in the various papers; the stopping power must, 
however, be calculated as a function of energy for a 
particular particle in NaI(T1), KI(T1), or CsI(TI). 

The calculation of stopping power for protons and 
alpha particles in these three alkali iodides was carried 
out with reference to Whaling’s recent summary’ of the 
stopping cross section of various elements for elementary 
particles. The stopping cross section for protons in each 
of the four elements, Na, K, Cs, and I was calculated 
with reference to experimental values in neighboring 
elements using a linear interpolation in atomic number. 
The stopping cross section for protons in each of the 
four elements at 20 Mev was calculated with the 
parameters given by Whaling (his Table I), and using 
the same interpolation scheme as above. Knowing the 
stopping cross section for protons in each of these ele- 
ments as a function of energy, the corresponding 
quantity for deuterons and alphas was calculated 
directly using the prescriptions of reference 7. The 
stopping cross sections of the elements were added to 
obtain that for the compound, and divided by the mass 
of the alkali iodide molecule to obtain stopping power in 
kev-cm?/mg. The results for all three crystals are pre- 


7™W. Whaling, Encyclopedia of Physics, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1958), Vol. 34, p. 193. 
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Fic. 1. Calculated differential energy loss as a function of 
energy for protons and alphas in KI, Nal, and CsI. 


sented in Fig. 1. In order to avoid confusion in the figure 
the deuteron curves are not shown; they may be readily 
obtained from the proton curves in the usual manner.’ 

A similar calculation for NaI has been given pre- 
viously by Eby and Jentschke.® Their results are in 
agreement with those presented here for both protons 
and alphas for energies above 4 or 5 Mev. At lower 
energies, however, their curves are below those of Fig. 1, 
the deviation amounting to ~30% below 1 Mev. The 
source of this discrepancy undoubtedly arises from the 
different values of dE/dx for various elements used in 
the two calculations. For example, the dE/dx values for 
alpha particles with energies less than 2 Mev were 
calculated by Eby and Jentschke on the basis of meas- 
ured stopping powers of different substances relative to 
air reported in the 1936 Landolt-Bérnstein tables.® 

The stopping power of Nal for electrons in the inter- 
val 0.01 to 1.2 Mev was taken directly from a calculation 
by Nelms” and includes correction for the density effect. 
Above 1.2 Mev, up to energies of a few Mev, it is 
assumed that dE/dx for electrons is constant; this 
approximation is quite good for present purposes. The 
stopping powers of CsI and KI to electrons are not 
needed accurately for this work ; accordingly, they have 
been taken as equal to that of Nal, expressed in 
kev-cm?/mg. In the energy region considered here, 
energy loss of electrons to bremsstrahlung amounts to a 
few percent at most and need not be considered further. 

The calculation of dE/dx for heavier nuclei (C”, N“, 
etc.) in the alkali iodides was carried out with reference 
to recent studies" which permit a determination of the 
average on a particle as a function of its velocity during 

8 F, S. Eby and W. K. Jentschke, Phys. Rev. 96, 911 (1954). 

°H. H. Landolt and R. Bérnstein, Physikalisch-Chemische 
Tabellen (Verlag Julius-Springer, Berlin, 1936), 5th ed., third 
supplementary volume, second part. 

10 Ann T. Nelms, National Bureau of Standards Circular No. 577 
Supplement (Superintendent of Documents, U. S. Government 
Printing Office, Washington, D. C., 1958) 

1A. Papineau, Compt. rend. 242, 2933 (1956); also H. H. 


Heckman, B. L. Perkins, W. G. Simon, F. M. Smith, and W. H. 
Barkas, Phys. Rev. 117, 544 (1960). 
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the slowing-down process. In so doing, it is assumed 
that Zee as a function of velocity is essentially inde- 
pendent of the stopping medium, and that the curves" 
of Zer/Z versus B/Z' may be applied to the materials 
of interest here. Knowing Zs, the stopping power of, 
say, N™ in Nal is then calculated as 


dE Z ott 2 dE 
5 al a) |? 

dx ni* Ze dx p 
where (dE/dx), refers to the stopping power of Nal to 
a proton of the same velocity as the N™ ion, and Z, 
represents the effective proton charge at that velocity. 
The effective proton charge is taken as unity above 
400 kev. Below 400 kev, Z, is calculated on the basis 
of measured electron capture cross sections as a function 
of proton velocity in various media.” The results of these 
calculations of dE/dx versus E for a heavy particle give 
a function with a broad maximum in the region 1 to 
15 Mev, and are comparable with the results of Newman 
and Steigert." 

Finally, the stopping power of CsI to fission fragments 
is taken directly from the work of Fulmer." For present 
purposes it is assumed to be the same in other alkali 
iodides. 

Combining the pulse height versus energy data from 
various experiments with the above calculations of 
dE/dx versus energy, it is now possible to illustrate the 
general features of the scintillation efficiency as a func- 
tion of stopping power. Such a summary involves, of 
course, the results of various experiments using different 
crystals and performed with various charged particles. 
Clearly, this procedure is subject to considerable quanti- 
tative uncertainty; it is, nevertheless, of interest to 
summarize the data in this way as the over-all features 
of the curve may be demonstrated even with the un- 
certainties which are involved. 
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Fic. 2. Scintillation efficiency as a function of dE/dx 
for various particles in NaI (TI). 
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Fic. 3. Scintillation efficiency as a function of dE/dx 
for various particles in CsI (TI). 


A summary of experimental evidence for NaI(T]) is 
given in Fig. 2, where the scintillation efficiency for 
protons of energy several Mev and greater has been 
normalized to unity. (There is always an arbitrary 
normalization factor which must be assigned, since 
experiments give only relative pulse heights.) Experimen- 
tal data for protons, deuterons, alphas, various heavy 
ions (B” through Na”), and fission fragments are taken 
from various sources.**'5—® The response of NaI(T]) 
to electrons (from gamma rays) relative to heavier 
particles is taken from two studies.*'® The scintillation 
efficiency to electrons of different energy, in Fig. 2, is 
based on the gamma-ray experiments of Engelkemeier 
and those of Managan.” The electron data points in 
Fig. 2 were calculated as dL/dE for electrons, but were 
based on the experimental gamma-ray response curves.” 
This calculation” takes into account the multiple nature 
of the gamma-ray interaction with electrons of the 
crystal through photoelectric, Compton, and pair-pro- 
duction events. The electron data points of Fig. 2 were 
normalized for high-energy electrons (~1 Mev) to 0.7, 
the average of the points from references 3 and 16. 

Turning next to CsI(T]) the scintillation efficiency to 
various charged particles is illustrated in Fig. 3, again 
with the Mev proton data normalized to 1.0. The re- 
sponse to charged particles ranging from protons to 
fission fragments is taken from various papers.’?-?5 A 
comparison between scintillation efficiency to protons 


18 J. G. Likely and W. Franzen, Phys. Rev. 87, 666 (1952). 

16S. K. Allison and H. Casson, Phys. Rev. 90, 880 (1953). 

17 J. E. Brolley and F. L. Ribe, Phys. Rev. 98, 1112 (1955). 

18 E. N. Shipley, G. E. Owen, and L. Madansky, Rev. Sci. 
Instr. 30, 604 1989). 

8 J. C. D. Milton and J. S. Fraser, Phys. Rev. 96, 1508 (1954). 

See, Applied Gamma-Ray Spectrometry, edited by C. E. 
Crouthamel (Pergamon Press, New York, 1960), Chap. 2. 

21 This work has been reported in Oak Ridge National Labora- 
tory Report 3016, 1960, and will be published elsewhere. 

2S. Bashkin, R. R. Carlson, R. A. Douglas, and J. A. Jacobs, 
Phys. Rev. 109, 434 (1958). 

% A. Galonsky, C. H. Johnson, and C. D. Moak, Rev. Sci. Instr. 
27, 58 (1956). 

*%M. L. Halbert, Phys. Rev. 107, 647 (1957). 

25 A. R. Quinton, C. E. Anderson, and W. J. Knox, Phys. Rev. 
115, 886 (1959). 
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and electrons (from gamma rays) is available from two 
studies, that of Ophel’ and that of Storey ef al.‘ A further 
comparison between the response to electrons and 
heavier charged particles is obtained from the work 
of Halbert. Normalizing Halbert’s alpha data to those 
of Bashkin ef al.,” we obtain an electron scintillation 
efficiency of 0.7, in agreement with Ophel. 

In the final case of KI(T1), the experimental data 
show the same general trend as in Figs. 2 and 3, and 
need not be plotted here. We note the experiments of 
Link and Walker*® who examined the response to pro- 
tons, deuterons, and alphas. Link and Walker plot their 
results as dL/dE versus dE/dx and find a continuous 
function for all three particles with a distinct maximum 
around 100 kev-cm?/mg, essentially in agreement with 
Figs. 2 and 3. The response to C” ions is reported by 
Burcham” and to fission fragments by Milton and 
Fraser.’ Kienle and Segel® have reported a scintillation 
efficiency to electrons which is about 0.7 times the 
proton efficiency. Thus the over-all features of the 
KI(T1) response curve are very similar to those of both 
Nal(TI) and CsI(T]). 

In summary, the experimental results on these three 
crystals illustrate very similar behavior. It may be 
reiterated here that the individual data points on either 
Fig. 2 or Fig. 3 are subject to a generous uncertainty. 
There are two obvious factors which may contribute 
to an error in the normalization of one set of experi- 
mental results to another: (1) The Tl concentration of 
the crystals used in the various experiments is surely 
not the same, and (2) the clipping time of the scintilla- 
tion pulse is not the same in all cases. The observed 
response curves will depend upon both of these factors ; 
in the latter case, a change in decay time with dE/dx of 
the incoming particle, as observed in CsI(TI),‘ will 
distinctly influence the relative pulse height between 
different particles unless the clipping time is very long. 

In view of the results of the foregoing data summary, 
it is reasonable to postulate that a single smooth func- 
tion may be used to describe the scintillation efficiency 
as a function of the specific energy loss of the incoming 
particle. It is further postulated that this relation is a 
common property of the group of Tl-activated alkali 
iodides and may be expected to describe the behavior 
of any member of this group. These assumptions con- 
stitute the basis of the model to be proposed in the 
next section. It should be understood that the concept 
of a single function describing dL/dE versus dE/dx, 
independent of the nature of the particle, is based on 
the observed general trend of experimental data over 
some four decades of d//dx. This assumption surely 
applies to the gross behavior of the scintillation effi- 
ciency as seen in Figs. 2 and 3. The possibility still 
exists that dL/dE for two different particles having the 
same dE/dx is not exactly the same, in which case the 


26 W. T. Link and D. Walker, Proc. Phys. Soc. (London) A66, 
767 (1953). 
27 W. E. Burcham, Proc. Phys. Soc. (London) A70, 309 (1957). 
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over-all scintillation efficiency versus dE/dx curve will 
be made up of a series of discontinuous functions, one 
for each different particle. This type of behavior is 
suggested by some of the experimental results from 
heavy ions.'**5 The question of the continuous or dis- 
continuous nature of the scintillation efficiency for 
different charged particles is a very fundamental issue. 
On the other hand, this possible discontinuous behavior 
constitutes a kind of “fine structure” on the over-all 
curve and as such will not be considered further in the 
present paper. 


Ill. FORMULATION OF MODEL 


Previous studies of the luminescence process in TI- 
activated alkali halides**:* indicate that the lumines- 
cence radiation is emitted in a transition from an excited 
state to the ground state of a monovalent Tl* ion. The 
possibility that luminescence radiation occurs as the 
result of direct excitation of TI sites by an incoming 
charged particle can be immediately ruled out: The T] 
concentration is orders of magnitude too low to account 
for the observed emission intensity. Excitation of the 
TI* sites must then occur as the result of an energy 
transport process from the path of the incident particle 
to the various impurity centers. In view of the preceding 
statements, the energy transport must not affect the 
charge state of the Tl* center and thus must occur via a 
carrier or carriers whose net charge is zero. There are 
several conceivable mechanisms of energy transport 
which may be considered. They include: (1) photon 
emission by lattice constituents followed by absorption 
at Tl* sites; (2) independent (binary) diffusion of elec- 
trons and holes from the wake of the charged particle 
followed by capture of both electron and hole, in suc- 
cession, at the activator site; and (3) single-particle 
diffusion of closely coupled electron-hole pairs (exci- 
tons), followed by capture at a TI* site. Of these possi- 
bilities, item (1) can be reasonably excluded at the 
outset on the basis of previous experimental work®:*! 
on NaI(T1) and CsI(T1). The two remaining processes 
have been considered by various authors.**-* The ex- 
perimental results of Van Sciver” on the scintillation 
properties of nonactivated Nal indicated an exciton 
transport mechanism; the behavior of NaI(T]) in its 
response to charged particles was interpreted in terms 
of a mixture of items (2) and (3). The recent work of 
Tomura and Kaifu®™ on the luminescence of KI(T1) also 
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indicates the role of exciton transfer. Thus there is 
experimental evidence indicating that exciton transport 
can contribute to the scintillation process. This does 
not, however, eliminate the possibility of a contribution 
from binary diffusion of electrons and holes, item (2). 

The principal distinction between mechanisms (2) 
and (3) has to do with the strength of coupling between 
electron and hole: Item (2) implies no coupling between 
electron and hole, whereas a strictly single-particle 
diffusion, item (3), implies such strong coupling between 
electron and hole that they are never separated. Experi- 
mental observations on alkali halides in general indicate 
that the electron and hole are indeed strongly coupled, 
but not necessarily to the extent implied by (3). For 
example, the application of electric fields to alkali 
chlorides permits a partial separation of electrons and 
holes in the wake of incident x rays or alpha particles. 
Of particular interest to us here is the fact that the 
magnitude of the effective electron-hole coupling is 
found to be much stronger in the case of a highly ionizing 
particle. The experiments of Harten and Witt®® on 
alkali chlorides reveal an order of magnitude greater 
effective coupling in the case of alpha-particle bombard- 
ment compared with x-ray irradiation. Various studies 
of the motion of electrons and holes in alkali halides 
indicate that the electron mobility is small, of order 
10 cm?/volt sec at room temperature; the hole mobility 
is estimated to be yet smaller by an order of magni- 
tude.*® Further, the failure to observe internal photo- 
conductivity in pure alkali halides is consistent with 
the observation of low mobilities and very short dis- 
placement lengths for either electrons or holes.*® The 
over-all situation in the alkali halides is thus one in 
which electrons and holes are very closely coupled, and 
the net displacement is small, with the holes remaining 
relatively more fixed than electrons. 

In view of the above, we have chosen in this work to 
take as our model item (3). On this basis, the incoming 
particle loses its energy in the formation of electrons 
and holes, a fraction of which recombine promptly to 
form excitons; the excitons then diffuse from a line 
source as nionoenergetic particles, suffering capture 
either at Tl* sites or at other unspecified traps; capture 
of an exciton at a TI* site results in an excited state 
which may then decay by emission of a photon or by a 
nonradiative transition. 

We turn now to a detailed description of this process, 
making the following additional assumptions: (a) For 
a given incident particle, each Tl site and each lattice 
site can capture at most one exciton; (b) the energy loss 
of the incoming particle goes almost entirely into ioniz- 
ing events, with an insignificant energy loss to the direct 
formation of excitons; (c) the creation and migration of 
delta rays is neglected ; (d) the number of ion pairs per 
unit path length is directly proportional to dE/dx; (e) 


35 Reviewed by F. Seitz, Revs. Modern Phys. 26, 7 (1954). 
%6 J. W. Taylor and P. L. Hartman, Phys. Rev. 113, 1421 (1959). 
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exciton diffusion occurs radially from the path of the 
particle and may be described in cylindrical geometry, 
neglecting end effects at the beginning and end of the 
particle track. The entire process will be treated as 
occurring in a thin slice of crystal normal to the path 
of the particle. The differential energy loss in traversing 
this slice is dE, and the light output dZ is taken as 
proportional to the number of excitons captured by TI* 
sites (neglecting for the moment concentration quench- 
ing effects). Diffusion of energy carriers out of the faces 
of the slice is very nearly balanced by diffusion in from 
neighboring slices since dE/dx is slowly varying. 

We denote by 1, the initial number of free electrons 
(or holes) released by the charged particle in the slice 
of crystal, and by mo the number of resulting recombined 
pairs (excitons). A theoretical treatment of the re- 
combination probability as a function of », would in- 
volve detailed knowledge of the nature of electron and 
hole traps, the secondary electron spectrum, electron 
and hole mobilities, structure dielectric constant, etc. 
An analysis of this process from first principles is not 
justified for present purposes as the conclusions to be 
drawn will not depend on the exact nature of the re- 
combination function. Instead, this aspect of the prob- 
lem is treated by considering that the electron can suffer 
two events, either recombining with a hole in the wake 
of the incident particle, or trapping at an unspecified 
site in the lattice. Per initial electron, the number of 
trapped electrons is taken to be proportional to the 
trap density N;, a constant, and the number of recom- 
bined electrons is taken as proportional to m,. Thus the 
recombination probability is given by mo/n.=k,n./ 
(kiNit+k-n.), where k, and k; are constants. Since 
mn, is taken to be directly proportional to dE/dx, 
n.= K (dE/dx), this equation can be rewritten as 


ak (d E/d x) 


No an, 


=— = 2 
ne itan, 1+aK(dE/dx) @) 
with k,/k,.N;=a, a recombination coefficient. We note 
that the function (2) is very similar to that describing 
columnar recombination in the wake of an ionizing | 
particle in gases.*’ In the latter case a contains a con- 
stant determined by the electric field and gas pressure. 
As indicated previously, both electrons and holes are 
expected to suffer small displacements from their point 
of origin, with the holes remaining relatively more 
fixed. Accordingly, recombination is considered to occur 
strictly in the wake of the particle, leaving a line dis- 
tribution of excitons. Clearly this represents an approxi- 
mation, as the ionizing effect of the incident particle is 
by no means confined to a line; the approximation is 
introduced here for reasons of mathematical simplicity 
in the following discussion. A more complete description 
of the initial distribution is not warranted. The diffusion 


37 See D. H. Wilkinson, Jonization Chambers and Counters 
(Cambridge University Press, New York, 1950), p. 53. 
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of mo energy carriers, originating from a line source, 
is now described by a one-velocity diffusion equation, 


1 On 
-—=DV'n—n(Nyort+Nasa), 
v ol 


(3) 


where m=density of free carriers=n(r,t), v=velocity 
of carriers=constant (thermal velocity), D=diffusion 
constant of carriers (dimensions of cm), V,=density of 
unoccupied activator sites=N,(r,/), Ni=density of 
lattice traps=constant, o,=cross section for capture 
of a carrier at an activator site= constant, and o;=cross 
section for capture of a carrier at a_ trapping 
site= constant. It may be noted that N, is taken as a 
function of both space and time, thus permitting the 
depletion of unoccupied activator sites in the case of a 
high density of excitons. This is described by a depletion 
equation, 


(4) 


The nature of the lattice traps is not specified further, 
beyond the fact that their concentration is considered 
to be sufficiently great such that N; is a constant. If the 
principal exciton trapping mechanism is that of self- 
trapping by polarization of the lattice, then N; is com- 
parable with the density of lattice sites and is ~ 10° 
times V,. Both NV; and N, are assumed to be uniformly 
distributed initially; NV, at ‘=0 will be denoted N,,°. 

It is appropriate at this point to take note of the 
various factors which influence the scintillation effi- 
ciency, dL/dE. In a slice of crystal, dL/dE represents 
the number of photons emitted per unit energy loss, and 
can be written as a product of terms: 


dL/dE= (1/e)(no/n.)SP,P. (5) 
In Eq. (5), € represents the energy loss of the charged 
particle required to produce an electron-hole pair; 
(mo/n.) is the initial number of excitons per pair and is 
given as a function of m, by Eq. (2); S represents the 
number of activator sites which capture an exciton per 
initial exciton ; P, is the radiative transition probability 
of an isolated excited TI* center; P, is a concentration 
quenching parameter which represents the probability 
that the excited center will escape quenching due to the 
proximity of another activator site. On the basis of the 
energy required to produce an ion pair in various solids,** 
¢ is estimated to be about 10 ev per ion pair. It will be 
shown below that both P, and P, are numbers of order 
unity. The principal task of the present work is thus to 
calculate S as a function of », for crystals containing 
various concentrations of Tl. 


(photons/ev). 


IV. SOLUTION TO EQUATIONS 


The approach will be to consider first Eqs. (3) and 
(4) to determine S as a function of m. The relationship 


38K. G. McKay, Phys. Rev. 84, 829 (1951). 
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between S and m, can then be easily found through 
Eq. (2). Equation (4) can be immediately integrated 
to yield 

N,=N 2c, 


where ¢ is defined by 


o= caf n(r,t)dl. 


We note that ¢=¢(r,/). Further, from Eq. (7) 


1 Od ‘on 
Bae f “dl. 
Tad Al o Of 


Equation (3) can be rewritten as 
on 10 


On ON, 
—=vD)-—{r )=souv te, 
al ror\ or al 


(9) 


where V? has been replaced by the radial dependence 
only. Equation (9) can now be integrated over time; 
using Eqs. (6), (7), and (8), and the initial conditions, 
we obtain 


(10) 


106 D1d/0¢ C1 
— —=— --—[9r )- N@—N2(1-—e-*). 


Oqv Ot ogroOr\ Or 


Ca 


We seek a solution to Eq. (10) at very large /, when the 
diffusion process is over and the carriers have been 
captured at the various sites. We denote ¢ at large ¢ as 
¢., a function of r only, so that 


1d fdds.\ «1 
-—(— )-Sy 
rdr\ dr D 


We define 


N20. 


(1—e-%")=0. (11) 


p= (oN, ‘D)'r, 
and 


w=ao,N ,° oi. 


With these definitions, Eq. (11) becomes 


d f dbx 
dp\ dp 


Now the number of carriers captured per unit volume 
per unit time at lattice sites is simply nvo,N;; the total 
number of captures at lattice sites is the integral of this 
function over all space and time. By Eqs. (7) and (12), 
the total number of carriers captured at lattice sites is 


found to be 
2rD f® 
— f o.pdp. 
Ca 0 


Similarly, the total number of captures at activator 


(14) 


(15) 
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sites is 

2rD ay 
wf (1—e~%=) pdp. 


Ga “0 


(16) 


Multiplying Eq. (14) by 27rD/o, and integrating, we 
obtain 


InD xd pdb. 2nD e 
— f -(~*)do-—— f d.pdp 
oa Yo dpX\ dp Fa “0 

2 


xD = 
4 wf (1—e-*=)pdp. (17) 


o 


Reference to Eqs. (15) and (16) shows that the right- 
hand side of Eq. (17) is the sum of lattice captures plus 
activator captures, so that the left-hand side is simply 
the total initial number of carriers, mo. The problem is 
now reduced to one of solving Eq. (14) for ¢,, as a 
function of p, and then evaluating any two of the three 
integrals in Eq. (17) to obtain the number of captures 
at activator sites per initial carrier. This gives one value 
of S for a particular mo; the process must then be re- 
peated for various mo to determine S as a function of mo. 
Reference to Eq. (14) shows that the only constant 
involved is the parameter w, defined in Eq. (13). It is 
seen that w is proportional to the initial density of 
activator sites, hence the T1 concentration; it is through 
this parameter that the concentration dependence enters 
the problem. Fortunately, it is possible to obtain an 
approximate numerical value for w by reference to 
experiments in which the scintillation response of 
NalI(T1) to gamma rays has been measured as a function 
of Tl concentration.” A theoretical expression for the 
relative luminescence efficiency as a function of acti- 
vator concentration has been given by Johnson and 
Williams®; for present purposes this relationship may 
be written 
c(1—c)? 
dL/dE « ——_—_——_, (18) 
c+(a1/a)(1—c) 
where c is the mole fraction of the activator and z is an 
effective number of lattice sites surrounding a given 
activator such that concentration quenching will occur 
if another activator atom is contained within z. The 
experimental data® on intensity versus concentration 
have been determined for gamma rays of energy 0.662 
Mev. In this case the observed pulse height versus 
energy relationship is very nearly linear and nearly 
passes through the origin, so that to a good approxima- 
tion L/E~dL/dE; it is thus appropriate to apply 
Eq. (18) to the experimental pulse height versus concen- 
tration curve to obtain values of o;/o, and z. In so doing, 


* J. A. Harshaw, H. C. Kremers, E. C. Stewart, E. K. War- 
burton, and J. O. Hay, U. S. Atomic Energy Commission Report 
NYO-1577, 1952 (unpublished). 

4 P. D. Johnson and F. E. Williams, J. Chem. Phys. 18, 1477 
(1950). 
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Fic. 4. Pulse height as a function of Tl concentration for 
Nal(TI) crystals. Experimental data from reference 39. Smooth 
curve is a fit of the Johnson-Williams function to experiment 
using parameters shown. 


it is necessary to use the known energy conversion 
efficiency of NaI(T1)* and to use a numerical value of 
no/n. which is derived later. A rather good fit to the 
data of Harshaw et al.® can be obtained with o/c; 
= 8X 10° and z=60 (see Fig. 4). If we associate our NV; 
with the density of lattice sites, then c=N,/N; and 
w=co,/o.. Thus, for a typical commercial NaI(T1) 
crystal of activator concentration 1X 10~, w is approxi- 
mately 8. This value of w is subject to considerable 
uncertainty by the nature of its derivation, but is ex- 
pected to be of the right order. Fortunately, the results 
to be obtained are rather insensitive to the absolute 
value of w. We note here that Eq. (18) can be written 


dL/dE« (— Jao, 
1+w 


where (1—c) in the denominator of Eq. (18) is taken as 
unity since c is of order 10~*. It will be seen later that 
the term w/(1+w) is contained within the function S, 
so that we may associate the concentration quenching 
term (1—c)* with P, of Eq. (5). Since ¢ is small, P, 
differs from unity by only a few percent. Finally, 
knowledge of the energy conversion efficiency and the 
factors entering Eq. (5) permits the assignment of a 
lower limit to P, of about 0.6. The upper limit is of 
course unity. In the evaluation of w we have taken a 
compromise value of P,=0.8. 

We return now to the central problem of solving 
Eq. (14) for ¢, as a function of p. As it stands, Eq. (14) 
is not amenable to direct analytical solution. A simple 
solution is made possible, however, if we approximate 
the function (1—e-*«) by three appropriately chosen 
straight-line segments. If we denote the three straight- 


(19) 


“ W. J. Van Sciver and L. Bogart, IRE Trans. on Nuclear Sci. 
NS-5, 90 (1958). 
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line segments by y; as a function of ¢,., then we choose 
for 0 <¢,<0.5, 
0.5<¢,<3.5, 


3.S5S br 


ph Pre 
(1/6)¢,.+-5/12 
ys=1 


for (20) 


for 


Thus ¢,, is divided into three regions. In any one of 
these regions the solution to the modified Eq. (14) is 
now given by 


ox,i= Ad of p(1+mw)! ]+B; Kol p(1+mw)! | 


—wb;/(1+myw), (21) 


where i= 1, 2, 3, and where m, and 6; are the slope and 
intercept of the straight-line approximation to the 
exponential term. The solutions J) and Ko are modified 
Bessel functions of the first: and second kind. The co- 
efficients A; and B; may be obtained from the require- 
ment that both ¢,, and its first derivative be continuous 
in going from one region to another. By this means, it is 
possible to obtain a solution to Eq. (14) to determine S, 
the number of excitons captured at T] sites per initial 
exciton, as a function of the initial number of excitons. 
A plot of this function for the cases w=8 and 0.8 is 
given in Fig. 5, where the abscissa represents the integral 
from the left-hand side of (17), and is thus moo,/2xD. It 
is seen in Fig. 5 that the function approaches w/(1+w) 
at low mp. This is exactly the behavior expected: For 
very low ionization densities the fraction of excitons 
captured by activator sites should be just N,°c./ 
(N.°o.t+Nio1), which is the same as w/(1+w). For 
larger values of mo the function S decreases as a result 
of the depletion of unoccupied activator sites. 
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Fic. 5. Calculated fraction of energy carriers captured on 
activator sites as a function of moe,/27D. Upper curve for w=8 
corresponds to activator concentration of about 1X10-*. Lower 
curve for w=0.8 corresponds to activator concentration of about 
1X<10~. Both curves are obtained from the solution of Eqs. (3) 
and (4). Comparison of the upper curve with experimental data 
for high-dE/dx particles leads to a numerical value for o,/27D, 
as discussed in text. 
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Fic. 6. Calculated scintillation efficiency versus dE/dx 
imposed on experimental data. The normalization and 
of aK=2(kev-cm?/mg)™ are chosen to give a best fit 
experiment. 


super- 
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As a check on the accuracy of the approximation to 
the exponential term of (14), a different set of straight 
lines was chosen so as to overestimate the exponential 
growth function for ¢,, in the intermediate region (corre- 
sponding to ye), whereas the lines given by Eqs. (20) 
provide an underestimate. The difference in the calcu- 
lated values of S using the two approximations was very 
small, the maximum deviation amounting to less than 
3% for the region where S is near half-maximum. It is 
concluded that the straight-line approximation is quite 
adequate for present purposes. 

The remaining task is now to multiply the ordinate 
of Fig. 5 by mo/n., and the abscissa by ,/mo, to obtain 
the number of excited T] sites per initial electron-hole 
pair versus ”,0,/27D. The recombination parameter aK 
in Eq. (2) must be determined by a best fit to the experi- 
mental data of either Fig. 2 or Fig. 3. The final calcu- 
lated curve is shown in Fig. 6, superimposed on the 
various data points taken from Fig. 2. The calculated 
curve is based on a choice of aK = 2 (kev-cm?/mg)~! and 
a normalization chosen to give a best fit to experiment. 
Comparison of the calculated curve with experiment 
also establishes the numerical relationship between 
differential energy loss and the abscissa of the theoretical 
curve which is ”.o,/27D. This numerical relationship, 
along with the estimated value of e=10 ev/pair, de- 
termines the constant 27D/c., which is found to be 
5X 10° cm for NaI (TI). 


V. RESULTS OF SOLUTION AND CONSEQUENCES 


The calculated curve of Fig. 6 is seen to provide a 
reasonable fit to the over-all trend of the experimental 
data. The most significant departure of the calculated 
curve from experiment is in the case of the heavy parti- 
cles, where the experimental data fall much more steeply 
and indicate a different curve for each particle. As indi- 
cated previously, this type of behavior cannot be in- 
terpreted within the framework of the model adopted 
here. A more complete treatment of the present subject 
would have to include a detailed examination of the 
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charged particle interactions in the crystal. In particu- 
lar, attention should be given to the energy lost to delta 
rays as these constiture secondary particles capable of 
stimulating luminescence radiation with a high scintilla- 
tion efficiency. 

The behavior of the calculated scintillation efficiency 
curve of Fig. 6 is the consequence of two processes. The 
falling characteristic for large dE/dx is due to the de- 
pletion of unoccupied activator sites. The initial rise of 
the scintillation efficiency for low dE/dx (characteristic 
of electrons) is brought about by the recombination 
process. It may be particularly noted that the recom- 
bination function (2) does not contain the Tl] concen- 
tration. Thus, on the basis of the present model, the 
nonlinear response of NaI (TI) to electrons arises as an 
intrinsic property of the crystal, and would be unaffected 
by changes in activator concentration. On the other hand, 
if the scintillation process were described by the binary 
diffusion of electrons and holes followed by recombina- 
tion at Tl sites, then the recombination probability 
would depend on the density of activator sites and the 
shape of the electron response curve should be a function 
of Tl concentration. For this reason it would be of 
interest to examine the electron response of alkali iodide 
scintillators containing varying amounts of activator. 

The theoretical curve of Fig. 6 has been derived with 
particular reference to NaI(T1). By virtue of the close 
similarity in experimental data from NalI(Tl) and 
CsI(Tl), Figs. 2 and 3, the calculated curve can also 
be applied to the CsI(T1) data. A more direct compari- 
son of the theoretical results with experiment can be 
made by calculating the pulse height versus energy for 
various particles using the curve of Fig. 6. As an ex- 
ample, the calculated pulse-height response curves for 
protons, alphas, and C” ions are shown in Fig. 7, along 
with the experimental data for these particles on 
CsI(Tl). The calculation has been normalized to the 
experimental data for alpha particles between 1 and 2 
Mev; having chosen this one normalization, the shape 
and position of each of the calculated curves of Fig. 7 is 
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Fic. 7. Calculated pulse height versus energy for p, a, and C® 
in CsI(Tl), superimposed on experimental data from reference 22. 
Calculated curves are based on smooth curve of Fig. 6 and are 
normalized to experimental points for alphas between 1 and 2 Mev. 
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Fic. 8. Scintillation efficiency as a function of energy for alpha 
particles in NaI(TI), calculated from Figs. 1 and 6. Note ex- 
panded scale. on ordinate. 


uniquely fixed. It is seen that the agreement with experi- 
ment is good for alphas and C” ions, but the calculated 
proton curve is some 10 to 15% lower than the experi- 
mental points. This is a consequence of the fact that 
the theoretical curve of Fig. 6 does not fall as steeply 
as the experimental data. 

One feature of the calculated pulse height versus 
energy curve which may be noted here arises from the 
fact that the differential energy loss of a charged particle 
passes through a maximum. Reference to Fig. 1 shows 
that this maximum occurs just below 1 Mev for alpha 
particles and below 0.1 Mev for protons. As a conse- 
quence of this, a plot of dL/dE versus energy passes 
through a minimum at that energy where dE/dx is a 
maximum. As an example, Fig. 8 illustrates the be- 
havior of dL/dE versus energy for an alpha particle in 
Nal (TI), calculated on the basis of Figs. 1 and 6. The 
ordinate of Fig. 8 is the same as that of Fig. 6. The be- 
havior of dL/dE as shown in Fig. 8 thus predicts a 
kink in the pulse height versus energy curve : for energies 
below ~1 Mev, the pulse-height curve has a decreasing 
slope and bends toward the energy axis, whereas for 
higher energies it bends away. There is considerable 
experimental evidence in the higher energy region 
illustrating the increasing slope. There have been fewer 
experimental studies in the region below 1 Mev; how- 
ever, the data of Allison and Casson" on alpha particles 
in NaI(T1) up to 0.3 Mev indicate a distinctly decreas- 
ing slope with increasing energy, in qualitative agree- 
ment with the prediction of Fig. 8. It would be of interest 
to examine carefully the pulse height versus energy rela- 
tionship for alpha particles on, say, NaI(T1) or CsI(TI) 
in the region of 1 Mev to test the predicted behavior. 

We turn next to an estimate of the diffusion length of 
the energy carriers. The diffusion length L is given by 


L?=D/(Natet+Nw)). (22) 


Also, in cylindrical geometry the mean square distance 
before capture is related to the diffusion length by 
(r*?)=4L*. It should be noted that in the present work L 
in general is not a constant since NV, is not a constant. 
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Fic. 9. Distribution of energy carriers on activator sites and 
trapping sites after the diffusion and capture processes are com- 
plete. (a) Low-dE/dx case corresponding to incident electron of 
0.15 Mev. (b) High-dE/dx case corresponding to 4-Mev alpha. 
Note different scales in (a) and (b). Curves apply to NaI (TI) of 
activator concentration ~1X 107. 


If the discussion of diffusion length is limited to the case 
of low ionization densities, then the saturation mecha- 
nism is negligible and N, is nearly constant, equal to 
N .°. The following discussion thus applies to low-dE/dx 
events, e.g., electrons. For a NaI(Tl) crystal of 0.1% 
activator concentration, it was previously found that 
o.N .°/o,Ni:~8. Equation (22) then becomes L?=0.88 
D/N.°c.. Also, it was found previously that D/oq 
= (1/2r)(5X10°) cm. The density of TI sites is 
1.5X 10" per cm’, so that L is calculated to be about 
20 A and the root mean square distance before capture is 
about 40 A. This value of diffusion length is at best a 
rough value, particularly since it depends on previously 
estimated quantities such as ¢ and w. It should be signi- 
ficant, however, as to order of magnitude; in particular, 
the diffusion length found here is quite small and indi- 
cates that the energy transport occurs in a very limited 
region. Theoretical estimates of the ‘‘migration length” 
of an exciton in an idealized ionic crystal generally 
indicate an upper limit of order 10‘ A. The presence of 
impurity centers, however, is expected to reduce the 
exciton lifetime, hence diffusion length; calculations 
indicate*® that an impurity concentration of order 105 
per cm* might reduce the exciton lifetime by an order 
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of magnitude. In the present case we are dealing with 
impurity concentrations of order 10 per cm’, so that 
the small value of diffusion length derived here does not 
seem unrealistic. 

It is instructive to plot the distribution of excitons 
captured on TI sites and on lattice sites for the case of 
both a low-dE/dx and a high-dE/d«x particle. According 
to the earlier discussion, the distribution of excited Tl 
centers (i.e., number of Tl sites per cm* which have 
captured an exciton) is given by the function 
N.°w{1—exp[ —¢..(r) ]}, while the density of excitons 
captured on lattice sites is simply NV .°¢,,(r). The func- 
tion ¢,.(p) is available from the previous solution to 
(14); the constant relating p to r in Eq. (12) can be 
determined numerically from the preceding discussion, 
with the result r= p X67 A. Both distribution functions 
are plotted in Fig. 9 for the case of a 0.15-Mev electron 
(dE/dx=2 kev-cm?/mg) and a 4-Mev alpha particle 
(dE/dx=400 kev-cm?/mg). In Fig. 9(a), the low-dE/dx 
case, it is seen that both curves have nearly the same 
functional dependence and are separated in magnitude 
by a factor of w=8. This is the “no-saturation” case, 
in which the ratio of excitons captured by TI sites and by 
lattice sites is just the ratio of the densities of sites 
weighted by their capture cross sections. The behavior 
shown in Fig. 9(b), the high-dE/dx case, is significantly 
different. The density of activated T] sites for small r is 
a constant equal to the initial density of T] ions, so that 
all possible activator sites have been filled; in the same 
region, the density of excitons captured on lattice sites 
is very large. Thus, the filling of all available activator 
sites at small r forces the capture of many excitons by 
lattice traps. At large r, the density of excitons is at all 
times small, and the distribution functions again differ 
only by the constant factor w. Thus, the decreasing 
scintillation efficiency for high-d#/dx particles is due to 
two factors: (a) the competition between activator sites 
and lattice traps for capture of the energy carriers, and 
(b) the fact that the density of activator sites is much 
less than the density of traps. On the other hand, if the 
density of traps were less than the density of activators 
then it would be the traps which were depleted and the 
scintillation efficiency would actually increase with 
dE/dx. Clearly, if there were no traps at all the distribu- 
tion would simply move out to larger r until every carrier 
occupied an activator and the scintillation efficiency 
would be constant in dE/dx. 

The distribution function for excited activators can 
be multiplied by rdr and integrated to obtain the num- 
ber of excited Tl sites within a cylinder of radius r. The 
result of doing this for the two cases of Fig. 9 shows that 
95% of the excited T] sites are contained within a radius 
of ~90 A for the electron case, and within ~ 170 A for 
the alpha particle. This difference illustrates the fact 
that the carrier distribution is pushed out to larger radii 
for high-dE/dx events. It should be understood in this 
discussion that no account is taken of the formation of 
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delta rays, so that the above distributions apply only to 
excitons formed in the wake of the primary particle. 
The migration of delta rays from the path of the incident 
particle will have the effect of increasing the apparent 
volume from which light is emitted. It is appropriate to 
note the experimental work of Zavoiskii and Smolkin*! 
who measured an upper limit on the diameter of the 
light-emitting column in the case of 5.3-Mev alphas on 
CsI(Tl). Their experiment, which was limited by the 
resolution of the optical apparatus, indicated a maxi- 
mum width of 1 micron. The estimated diameter of 
several hundred angstroms based on Fig. 9 is thus not 
inconsistent with experiment. 

In view of the above calculations of the carrier dis- 
tribution function, we may return to examine the initial 
assumption of cylindrical symmetry with neglect of end 
effects. This assumption seems to be quite good for 
protons, alphas, or heavier ions in the energy regions 
involved here (including fission fragments) as the range 
of these particles in an alkali iodide is of the order of 
10-* or 10-* cm, whereas the column containing the 
distributed excitons is seen to have a diameter of order 
hundreds of angstroms. Thus, the ratio of length to 
diameter of the column is large and cylindrical sym- 
metry is appropriate. A somewhat anomalous situation 
arises, however, for very low dE/dx particles such as 
electrons. In this case, where dE/dx is of order 1 to 
10 kev-cm?/mg, a pair will be formed on the average 
at distances of about 250 to 25 A along the path of the 
primary particle and these distances are comparable 
with or greater than the exciton diffusion distances. In 
this case, a more appropriate geometry probably would 
be that of a series of point sources. Fortunately, in this 
low-dE/dx region, the results of the calculation should 
be rather insensitive to the geometry and need not be 
modified for present purposes. The reason is simply that 
there is virtually no saturation of Tl centers for these 
values of dE/dx and the excitons will be distributed on 
Tl sites and trapping sites in the ratio w, independent 
of the source geometry. In the region of dE/dx=50 
kev-cm?/mg and above, where saturation effects begin 
to be significant, pairs will be formed only a few ang- 
stroms apart and cylindrical geometry is appropriate. 
It should be further noted that throughout the calcula- 
tion we have approximated a discrete lattice as a con- 
tinuous medium. 


VI. CONCENTRATION-DEPENDENT AND 
TEMPERATURE-DEPENDENT EFFECTS 


We turn next to a study of the effect of activator 
concentration on the behavior of the scintillation effi- 
ciency curve. A new solution to the equations corre- 
sponding to a different Tl concentration is obtained by 
picking a new value of w in Eq. (14) and repeating the 
process to obtain dL/dE as a function of dE/dx. A 
family of curves is obtained by this method, as shown in 
Fig. 10. The activator concentration c associated with 
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Fic. 10. Calculated scintillation efficiency as a function of 
dE/dx for crystals of different Tl concentration. 


each curve is derived from the relationship 


w= (o,N.°/o,N))= (8X10")c, (23) 


where the ratio o,/o; was previously determined as 
8X 10°, and where JN; is associated with the density of 
lattice sites so that V,.°/N,=c. This latter association is 
of course an assumption, so that the absolute value of 
concentration associated with any curve of Fig. 10 is 
uncertain; the significant feature is thus the relative 
concentration in going from one curve to another. 

Several points may be noted in connection with Fig. 
10. First, it is seen that the difference in scintillation 
efficiency between, say, protons and heavy ions 
(dE/dx=50 and 500 kev-cm?/mg) is minimized for high 
concentrations and is a maximum for a low-concentra- 
tion crystal. This behavior is of course due to the fact 
that the saturation effect is less pronounced in a crystal 
with a higher density of activator sites. Particular atten- 
tion may be directed to the c=1.0% curve which is 
quite flat over a wide range of dE/dx. In such a crystal, 
the response to protons and alphas would be nearly 
the same. 

A second point of interest has to do with the scintilla- 
tion efficiency as a function of concentration for a fixed 
dE/dx. It is seen in Fig. 10 that for the lowest dE/dx the 
scintillation efficiency initially increases with concen- 
tration and passes through a maximum, in agreement 
with the behavior of Fig. 4. In contrast with this, the 
scintillation efficiency for highest dE/dx is seen to be a 
monotonically increasing function of concentration up 
to 1.0%. The shape of the scintillation efficiency versus 
concentration curve thus depends on dE/dx in a manner 
which can be obtained from Fig. 10. The experimental 
data of Eby and Jentschke* on NaI(TI) crystals with 
varying Tl concentration permit a comparison of the 
predictions of Fig. 10 with experiment. The experi- 
mental data are available as pulse height versus concen- 
tration for 5.3-Mev alphas, 11.5-Mev deuterons, and 
23-Mev alphas. In order to make the comparison, the 
scintillation efficiency for a particular concentration 
crystal from Fig. 10 was integrated over energy to 
obtain the pulse height Z for each of the three particles 
used in the experiment. The comparison is shown in 
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Fic. 11. Pulse height versus Tl concentration for different 
particles on NaI(TI). Experimental curves from Eby and Jent- 
schke, reference 8. Calculated curves result from integration of 
curves in Fig. 10, and are normalized to experiment with the 
choice of one constant. 


Fig. 11; by virtue of the arbitrary ordinate, the calcu- 
lated data have been normalized to experiment with the 
choice of one normalizing constant. It is seen that the 
agreement with experiment is reasonably good, both as 
to the relative magnitudes of the curves and as to their 
shapes. It may be further noted that the maxima in the 
calculated curves occur at a concentration which is 
within a factor of 2 agreement with the experimental 
curves, thus lending support to the validity of Eq. (23) 
and the assumption that NV,°/N;=c. It would be of 
interest to examine the scintillation efficiency as a func- 
tion of Tl concentration for very high dE/dx particles, 
as Fig. 10 indicates a monotonically increasing function 
in the concentration range studied here. 

We turn finally to temperature-dependent behavior. 
In activated alkali iodides, the dependence of light in- 
tensity on temperature is usually described® in terms of 
the temperature dependence of the radiative transition 
probability. In connection with the present work, we 
note additional effects which might contribute to a tem- 
perature dependence. Tomura® has suggested that the 
cross section for excitation of the TI* ion by a moving 
exciton, 4, is expected to be a function of temperature. 
If one does not consider the diffusion aspects of the 
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problem, Tomura shows that the relative luminescent in- 
tensity should be proportional to | a+) exp(— E/kT) |", 
where a and 0d are constants and E is the energy differ- 
ence between the states of the mobile exciton and the 
trapped exciton. This temperature dependence is func- 
tionally the same as that predicted by the conventional 
description mentioned earlier.” In terms of the present 
work, however, a temperature dependence of o, leads to 
a temperature dependence of w, Eq. (13), and a change 
in w is equivalent to a change in the activator concen- 
tration. Thus, the present model predicts a change in 
shape of the dL/dE versus dE/dx curve with tempera- 
ture. If the activation energy E is positive, as expected, 
then a, increases with decreasing temperature and the 
dL/dE versus dE/dx curve at low temperatures should 
correspond more nearly to that of a crystal with higher 
activator concentration. A change in temperature is not 
identically equivalent to a change in concentration, 
however, as other parameters in the present model may 
be temperature dependent, e.g., the recombination 
probability ”o/n,., the diffusion constant D, or the radia- 
tive transition probability P,. The principal point is the 
following : If the usual interpretation of the temperature 
dependence is correct and arises only from the radiative 
transition probability then the scintillation efficiency 
curve should change only in magnitude as a function of 
temperature, but not in shape. If the dependence of 
o_ on temperature as suggested by Tomura is a signifi- 
cant effect, then the shape of the curve should be a 
function of temperature. It would be of considerable 
interest to obtain experimental data on the dL/dE 
versus dE/dx curve for, say, NaI(T1) at liquid nitrogen 
temperature to test this prediction. We may note one 
set of experiments“ on europium-activated Lil which 
confirms a change in the shape of the curve in going from 
room temperature to liquid nitrogen temperature. The 
experimental data are consistent with a flatter dL/dE 
versus dE/dx curve at low temperatures, analogous to 
a higher concentration crystal. 
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The magnetic properties of erbium single crystals (hcp)' grown by the Bridgman method have been de- 
termined in fields up to 18 kilo-oersteds with the field applied parallel to and perpendicular to the c axis at 
4.2°K and between 20.4°K and 300°K. The c axis was found to be the direction of easy magnetization. A 
Néel point was observed at 85°K. The ferromagnetic-antiferromagnetic transition temperature inferred 
from the magnetic data was 19.6°K. The saturation moment, ¢,,0, obtained by extrapolation of the c-axis 
data was 8 Bohr magnetons compared to the theoretical 9. Electrical resistivity measurements from 1.3°K 
to 300°K with the current parallel to the c axis showed a sharp increase in resistivity at 20.4°K, the ferro- 
magnetic-antiferromagnetic transition temperature; a large peak occurred at 53.5°K, and a minimum oc- 
curred at the Néel point. The a-axis resistivity curve showed a change in slope at the Néel point and was well 


behaved elsewhere. 





INTRODUCTION 


HE electrical resistivity of polycrystalline erbium 
has been reported by Legvold ef al.! and by 
Colvin et al.? Legvold ef al. found that there was a 
moderate change in the slope of the resistivity curve 
at about 80°K. Colvin et a/., using a sample prepared 
by improved techniques, found the temperature de- 
pendence of the resistivity of polycrystalline erbium to 
be significantly different. Their values for the resistivity 
and for the slope of the resistivity vs temperature curve 
at room temperature were approximately half .the 
values previously reported. They also reported a mini- 
mum in the curve at 80°K. 

The heat capacity of erbium has been measured 
between 15°K and 320°K by Skochdopole e¢ al.’ They 
found three peaks in the specific heat vs temperature: 
One peak occurred at 19.9°K; it was symmetrical and 
showed thermal hysteresis. A second peak occurred at 
53.5°K, and this one had a rounded maximum. The 
third peak appeared at 84°K, where the heat capacity 
curve was flat for about one degree and then dropped 
very rapidly with increasing 7. 

Using the magnetic data for erbium determined by 
Klemm and Bommer,‘ Néel® predicted a Curie point of 
40°K for this metal. Subsequently, Elliott ef al.® re- 
ported the magnetic properties of erbium metal from 
20.4°K to 90°K. The initial susceptibility vs tempera- 
ture curve they obtained showed a maximum at 78°K. 
They concluded that erbium was antiferromagnetic 
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from 78°K down to 20.4°K and that it was ferromag- 
netic below 20.4°K. 

Koehler and Wollan’ have reported neutron diffrac- 
tion data on erbium. They found it to be ferromagnetic 
at 4.2°K, but at higher temperatures it was not pos- 
sible to determine either the type of ordering or the 
magnetic lattice. Recently, however, Cable et al.* have 
obtained new data and concluded that a complex 
magnetic lattice is involved above 53°K. They indicate 
that a helical type of magnetic alignment might come 
close to fitting the observed diffraction patterns be- 
tween 20°K and 53°K, and that there is a component 
of the magnetic moment perpendicular to the ¢ axis at 
4.2°K. 

Banister ef al.,° using x rays, determined the structure 
of erbium at low temperatures and found it to be 
hexagonal close-packed down to 40°K. 


EXPERIMENTAL PROCEDURE 


rectangular parallelepiped samples were cut 
large single crystal of erbium grown by the 
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Fic. 1. Magnetic moment per gram of erbium samples 
vs field at 4.2°K, 20.4°K. 
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Fic. 2. Constant field plot of magnetic data taken with the field 
along the length of the c-axis crystal. The 17.8 koe data for the 
a-axis crystal are also shown. 


Bridgman method, two with the a axis parallel to the 
long dimension and two with the c axis parallel to the 
long dimension. One pair, an a-axis crystal 1 mmX 1mm 
X11 mm and a c-axis crystal 1 mmXimmX6 mm, 
was used for magnetic measurements. The other pair, 
an a-axis crystal of effective dimensions 2.0 mmX3.0 
mm 4.6 mm and a c-axis crystal of effective dimen- 
sions 1.5 mmX2.4 mmX4.6 mm, was used for resis- 
tivity measurements. Pieces of the crystal next to one 
of the samples used were analyzed for impurities. A 
spectrographic analysis showed: Yb<50 ppm; Tm< 20 
ppm; Ho<80 ppm; Dy<50 ppm; Y detected but 
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Fic. 3. An enlargement of the constant field plot shown in Fig. 2. 


<100 ppm; Ca<100 ppm; Fe<50 ppm; Si<200 ppm; 
Mg detected but <200 ppm; Cr~500 ppm; Cu not 
detected; Ni not detected. A vacuum fusion analysis 
showed : N, 0.84 ppm; O, 1200 ppm; H, 11 ppm. A semi- 
quantitative analysis for Ta on a small portion of the 
crystal yielded an estimate of the Ta content to be ~ 5000 
ppm although it was not detected spectrographically. 

The polycrystalline sample used for magnetic meas- 
urements was also a rectangular parallelepiped and was 
a portion of the sample used by Colvin e¢ al.’ in the 
work mentioned earlier. An analysis of this material 


showed: Tm<20 ppm; Ho<80 ppm, Dy<50 ppm; 
Yb<50 ppm; Yb<2 ppm; Y~400 ppm; Ca detected 
but <300 ppm; Mg detected but <300 ppm; Si de- 
tected but <300 ppm; Cr~500 ppm; Fe~500 ppm; 
C, 280 ppm; N, 79 ppm; Ag, Au, Be, Cd, Co, Ge, Hg, 
Ni, P, Ru, Sb, Te, Ti, V. W, not detected; La, very 
weak <500 ppm; Ta, very weak, <5000 ppm; Pb trace. 

The magnetic measurements were made with fields 
up to 18 kilo-oersteds in magnitude applied parallel to 
the long dimension of the crystals at 4.2°K and be- 
tween 20.4°K and 300°K. The magnetic moment per 
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Fic. 4. Constant field plot of magnetic data taken with the 
field along the length of the a-axis crystal. 


gram, o,, was measured isothermally as a function of 
field. Elliott e¢ al. have described the apparatus used 
in these measurements. 

The electrical resistivities of the single crystals were 
measured as a function of temperature from 1.3°K to 
300°K both with the current parallel to the a axis and 
with the current parallel to the c axis. The apparatus 
used in these measurements has been described by 
Colvin ef al.? 


RESULTS AND DISCUSSION 


The ¢ axis was found to be the direction of easy 
magnetization as is shown in Fig. 1, in which are 
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Fic. 5. The critical field, H., required to go from the antiferromag- 
netic state to the ferromagnetic state vs temperature. 


0 J. F. Elliott, S. Legvold, and F. H. Spedding, Phys. Rey. 91 
28 (1953). 


’ 





ELECTRICAL 


RESISTIVITY OF Er 


SINGLE CRYSTALS 


ext 


100 120 140 160 §=6180 





Fic. 6. The saturation magnetic 
moments vs 7? and vs T}. 


_— 





THEOR. Ow0 = 300.6 
EXPER. Om0 = 266.9 
EXPER. OOO = 264.9 ——— ~ 


-o, _ 
ees Fee Ok A ee ee ee 


— ! | ! 
THEOR. Ow0 = 300.6 
EXPER. OW0 = 267.7 
EXPER. O00 = 264.4 ——— 








oO 100 200 300) 400 


plotted the low-temperature isotherms for the three 
magnetic samples. The plots of o, vs temperature at 
constant fields were determined from the isothermal 
measurements (Figs. 2-4). A ferromagnetic-antiferro- 
magnetic transition temperature of 19.6°K was ob- 
tained by extrapolating the H, vs T curve shown in 
Fig. 5. The critical field for a temperature 7, H., is the 
field at which the magnetic moments suddenly align 
themselves with the applied field and the sample 
appears to go ferromagnetic. In Fig. 6 are shown ex- 
trapolated oor and ¢,,7 values vs T! and vs T?. A plot 
of 1/x,, the reciprocal of the magnetic susceptibility, 
vs temperature in the paramagnetic temperature range 
is shown in Fig. 7 for the three magnetic samples used. 

The results of measurements of resistivity of the 
single crystals as a function of temperature, tempera- 
ture increasing, are shown in Fig. 8. Residual resistivity 
values of 19.50 uwohm-cm and 16.32 wohm-cm have been 
subtracted from the observed data for the a-axis crystal 
and c-axis crystal, respectively. It was observed that 
there were some oxide platelets in the single crystals. 
The plane of the platelets was observed to lie in the 
basal plane. These platelets, formed in the crystal grow- 
ing process, probably contributed to the high residual 
resistivities observed. 

In Fig. 9 are plotted data taken from the curves re- 
ported by Colvin et al.? for the polycrystalline sample 
of erbium as well as the calculated polycrystalline data 
determined from the relationship 


— 1 nn 
Ppoly >= Spit 3Pi- 


Here for any given temperature ppoly is the calculated 
resistivity value of a polycrystalline sample of erbium, 
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and p, or pi is the resistivity value perpendicular or 
parallel to the c axis. 

A Néel point for erbium was observed at 85°K. This 
is shown in Fig. 3, where a curve drawn through the 
peaks in the isofield curves has been extrapolated to 
o,=0. This temperature agrees with the minimum ob- 
served in the pj vs temperature curve shown in Fig. 8. 
It also agrees closely with one of the anomalies in the 
heat capacity vs temperature curve of erbium measured 
by Skochdopole e¢ al.’ 

The experimental value of the saturation magnetic 
moment at infinite field and 0°K, o.0, was* 266.9 cgs 
units/g by the T? plot and 267.7 by the T! plot. These 
values are close to 8 Bohr magnetons. If the influence 
of the crystalline fields can be neglected and if it is 
assumed that the low-lying state is the spectroscopic 
state ‘15/2, we then find ers=gJ=9 Bohr magnetons. 
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Fic. 7. The reciprocal of the susceptibilities vs temperature. 
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Fic. 8. Resistivity (residual subtracted) as 
a function of temperature. 


This 1 Bohr magneton difference could be associated 
with the alignment of the spins which Koehler and 
Wollan’ and Cable e al.’ have observed by neutron 
diffraction studies. They report that a component of 
the moment is perpendicular to the c axis. The sharp 
upturn in the magnetic moment along the @ axis at 
4.2°K when the applied field reaches 17 kilo-oersteds 
(Fig. 1) suggests that the magnetic moments can be at 
least partially aligned along the @ axis and that in 
sufficiently high fields the full 9 Bohr magnetons might 
be reached. 

In the paramagnetic temperature range, above 
140°K, the effective number of Bohr magnetons was 
obtained from the plot of 1/x vs T shown in Fig. 7. 
The value obtained was 9.90.2 Bohr magnetons. This 
if to be compared with the theoretical value of 9.6 
Bohr magnetons. 

The anisotropy in the resistivity is defined by the 
ratio p,/p|. For room temperature p,/pj= 1.72. Anisot- 
ropy is apparent not only in the room-temperature 
values of the resistivity, but also in the behavior of the 
resistivity in the neighborhood of the three specific 
heat anomalies* observed at 20.4°K, 53.5°K, and 
85°K. 
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Fic. 9. Polycrystalline data vs temperature obtained from 
Colvin compared with $p:1+-411 vs temperature. 


At the Néel point, 85°K, p, vs T has a small change 

slope, while pj vs T goes through a sharp minimum. 

At 53.5°K no anomaly was observed for p, vs T, but 
for pi vs T a peak occurred. The occurrence of this 
broad unsymmetrical peak might indicate that the 
ordering or disordering of the spins through the anti- 
ferromagnetic-paramagnetic transition occurs over a 
wide temperature range, or it might indicate that the 
spins are changing from one type of antiferromagnetism 
to another. Further neutron diffraction studies in this 
temperature region, perhaps on single crystals of 
erbium, might help to clarify the situation. 

In the paramagnetic temperature range, p, vs T has 
a slope of 0.122 


a slope of 0.185 wohm-cm/°K, p 
pohm-cm/°K. 
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Experiments were performed to test the hypothesis due to Redfield, that a nuclear spin system in a 
sufficiently large rf field, Hi(v), is properly described by a spin temperature referred to a frame of reference 
rotating about the Zeeman field with the frequency » of the rf field. Measurements were made on the Na® 
spins in NaCl and the F"™ spins in CaF2. A combination of steady-state and pulse techniques was used to 
measure the magnetization M, as a function of the frequency and amplitude of H,;(v). When H, is sufficiently 
large, the data show that Redfield’s theory is correct within 10% for NaCl but appreciably in error for CaF». 
The same type of measurement performed at low amplitudes of H, show that the theory of Bloembergen, 
Purcell, and Pound is in agreement with the NaCl measurements but measurably in error for CaF». It is 
suggested that neither theory is correct for CaF, because the fluorine spins relax by means of paramagnetic 
impurities, and, therefore, do not relax independently with characteristic time 7), as is assumed in both 
theories. In an intermediate range of saturating field amplitudes, neither theory is expected to apply; this 


was found to be the case experimentally. 





I. INTRODUCTION 


N recent years, a renewed interest in the concept of 
spin temperature has developed along with fruitful 
utilization of the spin temperature hypothesis in analyz- 
ing experimental results.' The measurements reported 
here are in agreement with the results of others?* in 
revealing that a spin system in a sufficiently large rf 
field, H,(v), is properly characterized by a spin tem- 
perature referred to a frame of reference rotating with 
frequency v about a large fixed external field Ho. 

When Aj is small, i.e., when y?H?27,7,=S<1, the 
theory of Bloembergen, Purcell, and Pound‘ is expected 
to be correct. The BPP calculation of the magnetization 
(M,), absorption (x’’), and dispersion (x’) is based on 
the hypothesis that the spin system can be characterized 
by a temperature referred to the laboratory frame. (The 
spin temperature will in general differ from the lattice 
temperature.) 

Redfield? was the first to recognize the physical im- 
portance of describing spin systems by a spin tempera- 
ture in the rotating frame when the saturating field is 
large. Several workers, including Redfield,? have per- 
formed experiments which show that absorption and 

t This work was supported by grants from the National Science 
Foundation and the Office of Ordnance Research. These experi- 
ments were initiated at Carnegie Institute of Technology and were 
partially supported there by the National Science Foundation. A 
preliminary report of this earlier work appears in Bull. Am. Phys. 
Soc. 5, 176 (1960). The calcium fluoride measurements reported 
at that time are in error. 

1 See, for example, L. C. Hebel and C. P. Slichter, Phys. Rev. 
113, 1504 (1959) and R. T. Schumacher, Phys. Rev. 112, 837 
(1958). An excellent discussion of the concept of spin temperature 
is given by A. Abragam and W. G. Proctor, Phys. Rev. 109, 
1441 (1958). 

2 Alfred G. Redfield, Phys. Rev. 98, 1787 (1955). This paper 
contains a complete physical and mathematical discussion of the 
concept of spin temperature in the rotating frame. 

3D. F. Holcomb, Phys. Rev. 112, 1599 (1958) ; N. Bloembergen 
and P. P. Sorokin, zbid. 110, 865 (1958); R. Blume and A. Redfield, 
Bull. Am. Phys. Soc. 5, 176 (1960). Additional theoretical dis- 
cussion is given by K. Tomita, Progr. Theoret. Phys. (Kyoto) 
19, 541 (1958). 

4N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev. 
73, 679 (1948) (henceforth referred to as BPP). 


dispersion behave anomalously above saturation. Re- 
cent work by Blume and Redfield* has verified that the 
equations derived by Redfield correctly describe the 
dispersion in lithium metal above saturation. 

The measurements described here were made on the 
fluorine and sodium spin systems in single crystals of 
calcium fluoride and sodium chloride. We have measured 
the magnetization M, as a function of the frequency and 
magnitude of the saturating rf field, unlike previous 
experiments, where x’ and x” were determined. The 
results obtained reveal quite clearly the lower limit on 
the amplitude of H; for which the spin systems are in a 
canonical system in the rotating frame and the upper 
limit on H; for which the spins are in a canonical dis- 
tribution in the laboratory frame. 

For NaCl, there is very good agreement between ex- 
periments and the predictions of BPP and of Redfield 
in the appropriate limits where these theories are appli- 
cable. In CaF2, however, the agreement with these 
theories is not as good. This disagreement can be at- 
tributed to effects associated with the spin-diffusion- 
type relaxation mechanism, which is operative in this 
material. 


II. THEORETICAL CONSIDERATIONS 


In the experiments described below, the quantity that 
is measured is M,, the component of the magnetization 
along the direction of the external field Ho. The mag- 
netization is usually given by the following equation, 
originally derived by BPP*: 


M./Mo=(1+47HrTig(r) P, (1) 


where M, is the equilibrium magnetization, g(v) is the 
normalized absorption line shape centered at the Larmor 
frequency v»»=yH)/2x, and T; is the spin-lattice re- 
laxation time. 

Equation (1) is expected to hold for the steady state 
provided: (a) the spin-lattice interaction relaxes the 
nuclear spins independently with relaxation time 71; 
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(1) and (2). The second 


TABLE I. Parameters appearing in Eqs. 
The 


moments were calculated by the method of Van Vleck.* 
relaxation times =e and 72 were measured. 








. Values of the parameter for 
several crystal orientations 
Units C1 rystal Ho| [100] Ho! i[110] Ay||[ 111] 


4.19 105 6.08% 10° 6.72 108 
6.6X 108 9.7X108 10.7 X 108 
2.71105 0.75105 0.097105 
20.7107 8.03107 3.75107 
190+10 190+ 10 

14.540.3 14.5+0.3 
4.54 
12.9+0.3 


Parameter 


((Av)?)na sec”? 
((Av)*)cy sec? 
((Av)*)ci-na sec 
((Av)*)y sec™ 
T:(Na)> msec 
T,(Na)* sec 
Ti (Cl) 


T,(F) 12.9+0.3 





* See eteene 8. 

> This quantity is defined as $g(vo). It was determined, for sodium 
chloride, by a measurement of the absorption line shape using a Varian 
spectrometer. 

¢ In neither the sodium chloride nor the calcium fluoride crystals did the 
spin-lattice relaxation time show a dependence on crystal orientation. 
Mieher has shown theoretically that 7: should not be orientation dependent 
in quadrupolar solids such as NaCl [R. L. Mieher, Phys. Rev. Letters 
4, 57 (1960))}. All quoted spin-lattice relaxation times were measured at 
room temperature. 

4 Indirect measurement by R. T. Schumacher.' The crystal orientation 
was not noted. See, however, the footnote directly above. This value of 
T1 is in good agreement with that of Wikner et al.,"* who found 7:(Cl) in 
NaCl to be 5.2 sec at 298°K 


(b) the resonance line is homogeneously broadened?’ ; 
and (c) the rf field H, is a relatively weak perturbation 
on the spin system, i.e., y?H:°7:T.<1, where T: is the 
transverse relaxation time. When this third condition 
is satisfied, the spin system can be characterized by a 
spin temperature, the reciprocal of which is proportional 
to M, and to the difference in population between ad- 
jacent magnetic sublevels (27+ 1 in number). 

When A is large, in particular when S=7y°H*T,T.>1, 
Eq. (1) can be grossly incorrect. In this domain of large 
S the spin system, according to Redfield’s spin-tempera- 
ture hy pothesis, can still be characterized by a tempera- 





(Av)? 


Me 
My [-y2H:2(v)/4x*]+ (Av)?+3((Av)2) 
Me 
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ture but not as measured in the laboratory frame of 
reference. Rather, the spin system will be in a cononical 
distribution in a frame of reference which rotates with 
the rf frequency v about the direction of Hp. In this case, 
the magnetization vector, ((M,)),® can be shown? to be 
along the direction of the effective field H.,, which is 
given by , 
H.,= Hit’ + (Ho—w/y)k’, 


where the primed coordinate system rotates with angu- 
lar frequency w= 2zv about the e’ axis. The direction of 
the unit vector &’ is that of the external field Hp. 
Redfield’s spin-temperature hypothesis’ is equivalent 
to the statement that, at all times, the spin system is 
completely characterized by the density matrix 


p~exp(—K,,/kT,), 


where 7, is the temperature of the spin system in the 
rotating frame. The Hamiltonian 3¢,, is the spin Hamil- 
tonian transformed to the rotating frame. This Hamil- 
tonian includes the dipole-dipole interactions and also 
the interactions of the spins with Hp and with A,(v). 

It is worth noting that Redfield’s hypothesis cannot 
be correct for small H;. For example, this hypothesis 
implies that, at resonance, H,, and hence ((M,)), will 
be perpendicular to the z axis, giving M.=((M,))-k’=0. 
Of course, one finds a relatively large value of M, at 
resonance if S<1. 

To derive an expression for M, in terms of H,(v), it is 
also necessary to make an assumption about the spin- 
lattice relaxation mechanism. Redfield assumed, for 
simplicity, that each nuclear spin relaxes independently 
of the others with a relaxation time 7;. He then obtained 
the following result for the ras ulized) magnetization 
as a function of H; and Av=(2r)"(v—yH)): 


(2a) 


(Av)? 


(2b) 





M, 


Equations (2a) and (2b) apply to solids in which 
there are, respectively, one and two magnetic ingredients 
present. The unprimed symbols in both equations de- 
note parameters of the spin system on which measure- 
ments are made ; the primed symbols in Eq. (2b) charac- 
terize the second ingredient—in these experiments the 
Cl nuclei in NaCl. The second moments appearing in 


5 A. M. Portis, Phys. Rev. 91, 1071 (1953). 

® The double brackets indicate that the expectation value of 
the magnetic moment operator has been averaged over the 
canonical ensemble. 

7 Redfield’s hypothesis, while reasonable, would be extremely 
difficult to justify in any particular problem. Similar difficulties 
would be encountered in trying to establish that any physical 
system consisting of many interacting particles can be charac- 
terized by a canonical distribution and therefore by a temperature. 


Ty? HY? (v), /4n2}+ (Av)? +3((Av)*) u+3((Av)?) pT1/Ty’ +-((Av)?)» ) 


J1+T,/T,] 





Eqs. (2) are calculated by the method of Van . Vieck.* 8 
The second moments ((Av)?), ((Av)? )p, and ((Av)*),-« 
appearing in Eq. (2b) are, for sodium chloride, the con- 
tribution of the sodium nuclei to the second moment of 
the sodium-absorption line, the contribution of the 
chlorine nuclei to the second moment of the chlorine- 
absorption line, and the contribution of the chlorine 
nuclei to the second moment of the sodium line, re- 
spectively. These moments depend on the orientation 
of the crystals with respect to the direction of Hp. 

In the subsequent sections of this paper, measure- 
ments will be compared with Eqs. (1) and (2). Table I 
lists all the parameters, either calculated or measured, 
which are required in order to apply these equations. 


8 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
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Ill. EXPERIMENTAL TECHNIQUE 


The signal observed in these experiments was the 
peak value of the nuclear free-induction decay following 
a /2 pulse. This signal is proportional to M,. The pulse 
apparatus was of the coherent type’ with the transmitter 
operated at a crystal-controlled frequency of 10.000 
Mc/sec. It was capable of turning sodium spins through 
90 deg in 5 usec. Under optimum conditions, the receiver 
fully recovered in 5 ywsec after the end of the pulse.” 

The saturating rf field H,(v) was furnished by a con- 
ventional cw transmitter, whose output was inductively 
coupled into the transmitter coil of the pulse apparatus. 
This transmitter was driven by a variable-frequency 
oscillator—a BC 221. The independent variable in most 
of the experiments was Av, the difference between the 
frequency of the cw oscillator and that of the pulse 
transmitter. The Larmor frequency of the spins was set 
as Closely as possible to the pulse transmitter frequency 
by adjustment of the external field Ho. When the Larmor 
frequency was set equal to the 10.000-Mc/sec trans- 
mitter frequency, the curve of M, versus Av was ob- 
served to be symmetrical about Ay=0." 

To set the frequency difference Av at a desired value, 
a small portion of the output of the 10,000-Mc/sec 
crystal oscillator was coupled into a commercial receiver 
which simultaneously picked up the signal from the cw 
transmitter. The difference between these two fre- 
quencies appeared at the output of the receiver and was 
measured, with the aid of a calibrated audio oscillator, 
by observing the appropriate Lissajous figure on an 
oscilloscope. For Av210 kc/sec, this method was un- 
satisfactory, and it became necessary to utilize the 
calibration of the BC 221 to measure Av. With one or 
the other of these calibration methods, it was possible to 
determine Ay within better than 1% in every case. 
The sequence of events in measuring M, at a given Av 
was as follows: The cw transmitter was turned on and 
allowed to remain on for a time much greater than 7; 
(and T,’) in order that the steady state might be estab- 
lished. The cw transmitter (i.e., 11) was then switched 
off, and, after a preset but variable time interval, the 
x/2 pulse was initiated. The subsequent free-induction 
decay was visually observed on an oscilloscope. The time 
interval between turnoff of H,(Av) and the initiation of 
the 90° pulse was much greater than 7; but much less 
than 7. A sequence of measurements at a given Av and 
a given H, showed no effect of the changing of this time 
interval provided it remained within the above stated 
limits. 

The amplitude of H; was determined by a test coil 
inserted in the transmitter coil (with receiver coil re- 


® John J. Spokas and Charles P. Slichter, Phys. Rev. 113, 1462 
(1959). 

The circuit closely followed a design by W. G. Clark 
(unpublished). 

11 A small missetting of the external field Ho causes the meas- 
ured points to be centered at a frequency differing slightly from 
vo. The effect of such a missetting can be seen in Fig. 3(a). 
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Fic. 1. Relative magnetization vs Av for the sodium spin system 
in NaCl. The solid line represents Eq. (1). 





moved). This test coil was calibrated from a knowledge 
of the geometry of the coil and its natural resonant 
frequency and by measurement of the peak voltage 
induced in the test coil by a 7/2 pulse (of known dura- 
tion) in the transmitter coil. Using these two calibration 
methods, it was believed possible to determine H;(v) 
within +3%. 

All measurements were made at room temperature. 
The sodium chloride and calcium fluoride crystals were 
synthetic and were obtained from the Harshaw Chemi- 
cal Company. 


IV. EXPERIMENTAL RESULTS 
A. NaCl 


Figure 1 shows the magnetization versus Ay (in 
kc/sec) for two orientations of the NaCl crystal. The 
measurements were made at a value of H:= 1.03 mgauss 
for which S=0.15. The solid and open circles represent 
data taken with the [100] and [110] directions of the 
crystal, respectively, parallel to Hy. The solid curve in 
Fig. 1 is a plot of Eq. (1) in which g(v) is the measured 
shape of the sodium absorption line.'? The line shapes in 
these two directions are almost exactly the same, and 
the same 7; was measured for both orientations of the 
crystals (see Table I). Therefore, the theoretical curves 
for the two orientations are coincident. 

The excellent agreement between experiment and the 
BPP theory, as seen in Fig. 1, is not unexpected, since 
S is small compared to unity. 

On comparing the predictions of Eq. (2b) [canonical 
distribution in rotating frame] with the data in Fig. 1, 
one finds the agreement to be extremely poor. For 
example, as we have already noted, Eqs. (2) give 
M,=0 at Av=0. 

Figure 2 shows measurements at two crystal orienta- 


12 The width of the sodium absorption line is greater by approxi- 
mately a factor of 1.4 than the width arising from dipole-dipole 
interactions alone. This results from interactions between the 
sodium nuclear quadrupole moments and strain-produced field 
gradients in the crystal. If the local strains are not too large, the 
resonance line is still expected to be homogeneously broadened. 





WALTER I. 





or tt [100] 
S= 1.7x 10* 

eH, tt [10 
S*22x 











3 2 -1 


° 
bv in kc 


Fic. 2. Relative magnetization vs Av for the sodium spin 
system in NaCl. The solid lines were calculated using Redfields’ 
theory, Eq. (2b). 


tions for which S is very large (S~~10*). In this domain, 
one expects Redfield’s hypothesis and Eq. (2b) to be 
valid. Indeed, the curves (solid lines) calculated using 
this equation (and the appropriate parameters in Table 
I) are in very good agreement with the measurements. 
It should be remarked that 7)’, the relaxation time of 
the chlorine nuclei in NaCl, was not directly measured 
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Fic. 3. Relative magnetization vs Av for the sodium spin 


system in NaCl. The dashed and solid lines were calculated using 
the theories of Redfield and of BPP, respectively. 
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for the sample used, but rather was inferred by Schu- 
macher from low-field cross relaxation measurements 
performed on the sodium nuclei in NaCl.' The second 
moments, ((Av)*)na, ((Av*))ci, and ((Av?))ci_na were, 
of necessity, calculated® and therefore do not take into 
account the observed quadrupolar broadening. 

Referring again to Fig. 2, the BPP theory predicts 
values of M, that are too small by many orders of 
magnitude. For example, Eq. (1) predicts a value of 
M,/M,y at Av=+1 kc/sec which is smaller than the 
observed values by a factor of approximately 5X 10°, 

The validity of Redfield’s hypothesis for large S is 
further supported by many additional measurements at 
S>10, which showed that M,(»)/Mp is independent of 
the amplitude of H:(v). Inspection of Eqs. (2) shows that 
this is to be expected when | Av| > yH/2r. 

When S is neither very large nor very small compared 
to unity, Eqs. (1) and (2) are not expected to be valid; 
i.e., the spin system is not in a canonical distribution in 
either the rotating or stationary frames. Figure 3 shows 
measurements in this transition region. 
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Fic. 4. Relative magnetization vs Av for the fluorine spin system 
in CaF». The solid lines were calculated using Eq. (2a). 


Figure 3(a) shows measurements for which H||[110], 
S=1.0, The solid line, which is a plot of Eq. (1), is seen 
to be in slight disagreement with the data ; the resonance 
line appears slightly narrower" than the BPP theory 
predicts. This characteristic narrowing at the onset of 
saturation has been referred to as “saturation narrow- 
ing.” This narrowing becomes very apparent in Figs. 
3(b) and 3(c). In these figures, S is equal to 2.3 and 10, 
respectively. Also shown in these figures are theoretical 
curves representing Eq. (1) (solid lines) and Eq. (2b) 
(dashed lines). It is observed that while neither theory 
is correct at S=2.3, there is good agreement between 
experiment and Redfield’s theory at S= 10. 

To summarize, the sodium chloride measurements 
well below and well above saturation support the spin 
temperature hypotheses of BPP and of Redfield. They 
also reveal that the spin-lattice relaxation assumption 
used by these authors is a good one. The latter result is 
not surprising, for it is now well established™ that the 


3 E. G. Wikner, W. E. Blumberg, and E. L. Hahn, Phys. Rev. 
118, 631 (1960). 
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sodium spins in NaCl are relaxed by a direct coupling 
between the sodium nuclear quadrupole moments and 
the fluctuating field gradients produced by the lattice 
vibrations. Since the mutual interaction between the 
spins plays no role in the process, the spins should 
relax independently. 


B. CaF; 


Measurements on caicium fluoride are not so well 
suited for testing Redfield’s hypothesis as are the sodium 
chloride measurements. In CaF», the spin lattice relaxa- 
tion rate is in part governed by the rate of diffusion of 
spin energy to the paramagnetic impurities in the 
sample.'*'* Then Eq. (2) is not expected to be exactly 
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Fic. 5. Relative magnetization vs Av for the fluorine spin 
system in CaF. The solid and dashed lines represent Eqs. (1) 
and (2a), respectively. 
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correct even when Redfield’s spin-temperature hypothe- 
sis should be valid, since the spins do not relax inde- 
pendently. Nevertheless, qualitative agreement with 
Eqs. (2) might be expected and was indeed observed. 

Figure 4 shows measurements at large S for two orien- 
tations of the CaF; crystal. The open circles (S= 3X 10°) 
and closed circles (S=6X 10*) denote measurements for 
which H,||[100] and A,||[111], respectively. It was 
found that, as long as S210, the magnetization at a 
particular value of | Av| is independent of the amplitude 
of H, when | Av| >yH,/2z. This result is in accord with 
Eqs. (2). The theoretical curves in Fig. 4 were calculated 
from Eq. (2a). The calculated second moments for the 


144N. Bloembergen, Physica 25, 386 (1949). 
18 P-G de Gennes, J. Phys. Chem. Solids 7, 345 (1958). 
16W. E. Blumberg, Phys. Rev. 119, 79 (1960). 
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Fic. 6. Relative magnetization vs Av for the fluorine spin system 
in CaF». The solid line represents Eq. (1). 


two crystal orientations appear in Table I. The second 
moment in calcium fluoride shows a strong dependence 
on the orientation of the crystal with respect to the 
external field. The measurements in Fig. 4 show a corre- 
spondingly large orientation dependence, but the meas- 
ured magnetization for both crystal orientations is 
appreciably smaller, at a given Av, than the correspond- 
ing calculated values. 

Figure 5 shows measurements at H,;=5.1 mgauss 
(S=2.9) and H:=2.8 mgauss (S=0.95). The crystal 
was oriented so that H»||[100]. The solid and dashed 
lines in this figure represent the predictions of Eqs. (1) 
and (2a), respectively. Again, since S is neither very 
large nor very small compared to unity, the lack of 
agreement between experiment and both theories is not 
unexpected. 

It is of interest to check Eq. (1) weli below saturation, 
where the theory of BPP might be expected to be 
correct. Figure 6 shows such measurements with 
S=0.31, Ho||[111]. The solid line is the theoretical 
curve. The disagreement between experiment and the 
BPP theory is greater than the experimental error in 
the interval | Av| <5 kc. 

Figure 7 presents additional data indicating that 
Eq. (1) is incorrect even for small S. This figure displays 
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Fic. 7. Relative magnetization vs H; for the fluorine spin 
system in CaF,. The measurements were made at Avy=0. The 
solid line represents the theory of BPP, Eq. (1). At the top of the 
graph are shown values of S corresponding to the values of the 
field H, appearing directly below. 
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M,,/M,as a function of H; (in milligauss) at Ayv=0. The 
crystal is oriented so that H,||[111]. At the top of the 
graph are shown values of S with corresponding values 
of the field H, appearing directly below. Attention is 
called to the fact that the usual spin-temperature 
hypothesis, and therefore Eq. (1), should be most nearly 
correct when the frequency of the saturating field is very 
near resonance, i.e., when | Av| <7yH,/2z."7 In NaCl, it 
was found that Eq. (1) was in agreement with measure- 
ments at Av=0 for S as large as 3. From Fig. 7, however, 
it is seen that Eq. (1) (solid line) is in measurable dis- 
agreement with the data even when S is as small as }. 
These measurements at small values of H; provide 
added evidence that the fluorine spins in CaF, do not 
relax independently and therefore cannot be charac- 
terized by a single relaxation time 7). 

If spin-lattice relaxation cannot be characterized by 
a single time constant, one would expect a transient- 
type experiment to show nonexponential recovery of the 
magnetization following sudden saturation. Experiments 
of this type were performed to measure 7; they did not 
reveal any deviation from exponential recovery. The 
measurements of M(t) following saturation at (=0 were 
accurate within +3%. The measurements were made in 
the time interval 0.17, </<371. 

The question might be raised whether 7), as measured 
in a transient-type experiment, should have the same 
numerical value as that obtained from a steady-state 
saturation experiment. De Gennes has found that it 
should, provided the magnetization in the transient 
experiment recovers exponentially. 

To summarize, those measurements, well below satur- 
ation, which employed the steady-state technique, did 
reveal the failure of the relaxation assumption of BPP 
and of Redfield; the transient measurement technique 
did not demonstrate this failure. 


17 Near resonance the effective field is small and consequently 
so is the energy of the spin system as viewed in the rotating 
reference frame. It is just when this energy is small (much less 
than #7,~') that the BPP theory should be valid. 
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V. SUMMARY 


The primary aim of the experiments herein reported 
was to verify that for S=y°H,T,T2>>1, a nuclear spin 
system is properly characterized by a canonical dis- 
tribution in a frame of reference rotating about Hy with 
the frequency of the saturating rf field H;(v). To test 
this hypothesis in a steady-state experiment it is also 
necessary to make an assumption about the spin-lattice 
relaxation mechanism in the crystal. In deriving Eq. (2), 
Redfield assumed that the nuclear spins relax inde- 
pendently with a characteristic time 7. His theory is in 
very good agreement with measurements at S>1 in 
sodium chloride but only in fair agreement in calcium 
fluoride. It appears that his spin-temperature hypothesis 
is valid in both crystals when S>>1 but that the relaxa- 
tion assumption is a good one only in NaCl. These re- 
sults are in accord with what is known about the spin- 
lattice relaxation mechanisms in both types of solids. 

The secondary aim of this work was to check the 
validity of Eq. (2) when S1. To derive Eq. (2), one 
assumes that the spin system is in a canonical distribu- 
tion in the laboratory frame of reference and that the 
nuclear spins relax independently with relaxation time 
T,. In the domain of small S, there was again better 
agreement between experiment and theory for sodium 
chloride than for calcium fluoride. This is additional 
evidence that the simple relaxation assumption em- 
ployed by Redfield and by BPP is a good one when the 
relaxation is quadrupolar as in NaCl but is inadequate 
when the relaxation is produced by paramagnetic im- 
purities as in CaF». 
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The decay of phosphorescence in CaCO;, MgCO;, CaMg(COs;)2, and CaSO, obeys the relation J7=Jo[b/ 
(b++) ]", where the parameters b and m are functions of the temperature of decay and the fraction of initially 
filled traps (i.e., the excitation time). This result can be derived from the usual model for second-order decay, 
and the results predicted for the behavior of 6 and m with temperature and excitation time are the same 
whether it is assumed that the traps and luminescent centers are independent of each other or are due to the 
same defect or impurity center. It is shown, however, that in both cases the predicted behavior is not in 
agreement with the experimental results for the crystals studied here. 





I. INTRODUCTION 


HE decay of emission in thermoluminescent 

materials is generally referred to as a first- or 
second-order process depending on whether the elec- 
trons involved in the various transitions are confined 
to a localized center or spend part of their time in the 
conduction band. The first-order decay is exponential 
in form whereas the form of the second-order process 
involves a power law relation. 

Various models hawe been proposed which predict 
the observed form of the second-order decay and make 
it possible to duplicate mathematically the decay of 
some phosphors such as ZnS. However, further 
verification of the models has been lacking; in par- 
ticular, there has been no effort to verify the dependence 
of such parameters as temperature and fraction of 
initially filled traps. This paper describes the results 
of an investigation of these parameters in the decay 
curves of some common thermoluminescent minerals 
including CaCO; (calcite and aragonite), MgCO; 
(magnesite), CaMg(COs;), (dolomite), and CaSO, 
(anhydrite). All of these minerals exhibit thermo- 
luminescent decay features which are characteristic of 
the second-order mechanism. It will be shown that 
none of the models proposed for second-order decay 
predict the observed dependence on temperature and 
initial filling of traps except at temperatures well above 
the glow peak. 

Il. THEORY 


Figure 1 illustrates the various transitions which 
occur during second-order decay. The traps are con- 
sidered as discrete levels denoted by F. The levels at 
L are luminescent centers and x, y, and z denote the 
numbers of empty luminescent centers, empty traps, 
and filled traps, respectively ; a, y, and 8 are the proba- 
bilities of filling empty traps, emptying filled traps, 
and filling empty luminescent centers, respectively. It 
should be pointed out that retrapping of an electron 
at the same center where it was originally confined can 
be neglected, since it can be considered that the electron 
had never left the trap, which only has the effect of 
reducing the value of y. This case is analogous to 
retrapping in first-order decay. 


It is clear that the decay of emission for the second- 
order process is proportional to the number of empty 
luminescent centers and the number of filled traps, the 
latter being determined by the rate at which the traps 
are emptied and by the rate at which retrapping and 
recombination takes place. On the basis of this model, 
which has been described and elaborated upon by a 
number of authors,'~“ it is possible to obtain an ex- 
pression for the decay of phosphorescence as a function 
of time. Two cases must be considered: (1) where the 
luminescent centers are independent of the traps, and 
(2) where the luminescent centers and traps are different 
valence states of the same impurity ion or defect site. 

The case where the luminescent centers are inde- 
pendent of the traps will be considered first. With 
reference to Fig. 1, the following equations can be 
written: 


dz/dt= —dy/dt= —~yz+any, (1) 
dx/di= —Bnx, (2) 
dn/dt=yz—any—Bnx, (3) 

N=y-+z, (4) 


where m is the number of electrons in the conduction 


NXE 
Se = it 





— 
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Fic. 1. Energy levels involved in second-order decay. 


1M. P. Lord, A. L. G. Rees, and M. E. Wise, Proc. Phys. Soc. 
(London) 59, 473 (1947). 

?R. T. Ellickson and W. L. Parker, Phys. Rev. 70, 290 (1946). 

3H. A. Klasens and M. E. Wise, Nature 158, 483 (1946). 

*E. I. Adirovitch, J. phys. radium 17, 49 (1956). 
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band and N is the total number of traps. Only three of 
the above equations are independent. A fourth inde- 
pendent equation is obtained by assuming that 


dn/dt~0, (5) 


which is a good approximation as long as «>>n. 
Combining Eqs. (3), (4), and (5) gives 


n=~y2z/[a(N—sz)+8x ], 
and combining Eqs. (1), (2), and (3) gives 
dn/dt=dx/dt—dz/dt. 
From Eqs. (4), (5), and (7), it follows that 
2™xX— Xo t2=xX+N—yo—Xo, (8) 


where xo, Yo, 0 are the values of x, y, and z when /=/o, 
the time when the exciting radiation ceases and the 
decay of emission begins. When (8) is substituted into 
(6) and the resulting equation in m is substituted into 
Eq. (2), a relation involving only x and ¢ is obtained, 
dx yx(x+N—yo—Xo) 

-—=— ——=I (zx), (9) 

dt = §(yotxo—x) +x 


where {=a/{ is the ratio of the probability of retrapping 
to the probability of capture by luminescent centers. 
This can be integrated to give 


=|) (141-1) (N—vo 


zo) ]/ ($(yotz0))} 


Xo N- Vo 


— (V—yo— Xo) 
-exp| : ~- v(t) (10) 
£ (vot 0) 


It is reasonable to assume that the rate constants a 
and 8 are independent of the temperature of decay, 
whereas 7 is related to the temperature 7 through the 
Boltzman factor, 

E/kT (11) 
The rate constant, v, is the rate at which a trapped 
electron attempts to escape and E is the trap depth 
shown in Fig. 1. Since Eq. (10) cannot be solved for x 
in terms of /, it is not possible to obtain an equation 
for the intensity of emission, J, as an explicit function 
of ¢. Instead, i must be calculated by approximation 
methods from Eqs. (9) and (10) for given values of 
t—to. 

In many thermoluminescent crystals a simple rela- 
tion exists between the number of luminescent centers, 
x, and the number of trapped and free electrons. This 
is a result of the part played by the holes created in the 
valence band when electrons are raised to the con- 
duction band and captured by traps during excitation. 
In many cases an impurity or defect center cannot act 
as a luminescent center until it has captured one of 
these holes from the valence band. An example of this 
is CdS containing monovalent silver as the activator.® 


¥Yy = ve 


5 J. Lambe and C. C. Klick, Phys. Rev. 98, 909 (1955). 
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In this case the number of luminescent centers will be 
equal to the number of holes created by the excitation 
process, or 


Xo= Zot No Zo. 


If nonradiative transitions occur at a negligible rate, 
then the rate of emptying traps will be equal to the 
rate of filling luminescent centers and «~z. When this 
relation is substituted into Eq. (6) and the resulting 
equation substituted into (2) a much simpler relation 
for J is obtained: 


dx Byx? 
T= — == 
dt a(N-—x)+8x 


y 
((N—x)+2 


Equation (12) can be integrated to give 


Z0 , 3 
ltt) (1=1) loge ) rev — ). (13) 
x xX Zo 


Equations (12) and (13) must again be solved by 
approximation methods to obtain values of J corre- 
sponding to various values of !— fo. 

The case where the luminescent centers are a different 
valence state of the impurity or defect which serves as 
the trapping level has been worked out by Lehovec.® 
In this case the result for » is given by 


y(x+aA—B) 


; (14) 


n= . 
al B— (a+1)x |+-8x 


where a is the valence number of the tapping centers, 
A is the total number of ions or defects, and B is 
the number of negatively charged centers present in 
the crystal which do not participate in the phospho- 
rescent transitions but still contribute to the charge 
in the crystal. For a discussion regarding the validity 
of independently varying the values of A and B the 
reader is referred to the original paper by Lehovec. 
From Eq. (14) the intensity of emission is given by 


dx Byx(aA— B+x) 
I= ——=Bnx= : “ (15) 
dt a(a+1)[B/(a+1)—x ]+ 6x 
Although it has not been pointed out by previous 
authors, Eq. (15) is of the same form as (9). In fact, if 
a in (15) is replaced by a/(a+1) and the substitutions, 
A=yotxot+N/a, 

B= (a+1)(yot%o), 
are made, the result will be identical with (9). Further- 
more, for the special case where B/a=A, Eq. (15) 
reduces to (12) with the above substitutions. The 
result is that the decay curve has the same form 
regardless of whether the luminescent centers are 
independent of the traps. Also, when the number of 


6K. Lehovec, J. Opt. Soc. Am. 45, 219 (1955). 





PHOSPHORESCENCE IN CaCos, 


-20 


MgCo;, CaMg(CO;):, AND CaSO, 839 





Fic. 2. Theoretical decay curves 
with points computed from Eqs. 
(12) and (13) for »=N/zo and 
r=y(t—to). 
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charges due to centers participating in thermolumi- 
nescence is equal to the number of all other charges, 
the result for the dependent case is equivalent to the 
result for the independent case in which the luminescent 
centers interact with holes from the valence band. 
Equation (15) is based on the assumption that a 
luminescent center is formed by removing an electron 
from a trapping center. This appears to be the most 
likely condition but it is interesting to consider the 
alternate case where a trap is formed by removing an 
electron from a luminescent center. In this case, 


Byx(aA—B—x 


dt a(1—a)[B/(1—a)+«]—Bx 

This result can be obtained from Eq. (15) by replacing 
(a+1) by (1—a) and x by —x. Therefore, the form of 
the decay curve is the same in both cases. 

Equation (12) reduces to the bimolecular decay 
expression when ¢=1. In this case the probability of 
retrapping is equal to the probability of capture by a 
luminescence center and 


dx 


dx/dt= —yx"/N, 


-0.20 -0.30 -040 -050 -0.60 -0.70 


Vv 
10s (74) 


-0.80 


“| 1 
<t<=- conan seme 
Y (N, ‘yZ0) + (t—to) 
so that 


[=—- (16) 


} 2 


where V=N/yzo is inversely proportional to the 
fractional number of traps filled at ‘=¢) when the 
exciting radiation is removed. 


Ill. COMPARISON WITH EXPERIMENT 


All of the common thermoluminescent minerals such 
as calcite, dolomite, magnesite, anhydrite, and arago- 
nite have decay curves which can be fitted to the 
expression, 

T=I[b/(6+1) }", (17) 
during the early part of their decay. In general, decay 
curves of the form of Eq. (17) have been attributed to 
the second-order mechanism discussed earlier. The 
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ture 7, activation energy FE, and frequency factor »v. 
For values of E, v, and T representative of those for 
calcite, dolomite, etc., the curves of Fig. 2 fit Eq. (17) 
for periods in excess of 10° seconds. In most experi- 
mental observations the periods for which (17) is 
applicable are of the same order of magnitude. This is 
illustrated in Fig. 3 where some experimental decay 
curves are shown for a calcite sample. Although the 
curves of Fig. 2 were calculated by assuming that the 
luminescent centers are independent of the traps, it is 
clear from the earlier discussion that these curves can 
be duplicated for the case where the luminescent centers 
and traps are due to the same ion or defect (when 
B/a=4A). 

It can also be shown by carrying out a sufficient 
number of calculations that Eqs. (9) and (10) can be 
fitted to Eq. (17). The results in this case are based on 
the assumption that the number of filled traps is not 
related to the number of luminescent centers. Some 
decay curves computed from Eqs. (9) and (10) are 
illustrated in Fig. 4 and the following observations can 
be made: (1) The curves fit Eq. (17) over a shorter 
range of y(/—t) than before; (2) 0 still decreases with 
zo/N but not in a linear fashion except when ¢ is close 











05 “0.8 18 ‘ to 1; and (3) m still increases with excitation time when 
Los (~~) 





Fic. 3. Experimental decay curves for a calcite sample 
containing 100 ppm Mntt* 


parameters 6 and m are functions of temperature and 
length of activation time for an isolated glow peak.’ 

Equation (16), which corresponds to the case of 
bimolecular decay ({= 1), fits the experimental relation 
for all time and gives b=v=N/yzo and m=2. This 
means that 5 should decrease with excitation time for 
this particular case. 

It can be shown, by carrying out a sufficient number 
of calculations, that the more general Eqs. (12) and 
(13) can also be fitted to Eq. (17) over periods of time 
as long as those observed experimentally. The best fit 
is obtained by taking b= N/yzo which means that b 
should still decrease with excitation time. For values 
of ¢ much larger or much smaller than 1 the fit is very 
poor [actually for ¢-+0, Eq. (12) reduces to an 
exponential decay |. The values of m obtained graphi- 
cally from these results increase above 2 as £ becomes 
smaller than 1 and approach zero as ¢ becomes larger 
than 1. For <1, m decreases with zo/N and for ¢>1, 
m increases with zo/N. Therefore, when it exceeds 2, 
m should increase with excitation time and when it is 
less than 2, it should decrease with excitation time. To 
illustrate these results, some decay curves computed 
from Eqs. (12) and (13) are shown in Fig. 2 for some | | 
representative values of zo/N and ¢. For simplification, =20 | =.30 
the time variable used in Fig. 2 is multiplied by y which LOG (; ; 1 
can be calculated from Eq. (11) for a given tempera- 











: ’ x Fic. 4. Theoretical decay curves with points computed from Eqs. 
7W. L. Medlin, J. Phys. Chem. Solids (to be published). (9) and (10) for r=y(t—tp). 
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TABLE I. Experimental values of b and m. 





Activation Temperature b 
Sample Impurity Glow peak time (sec) (deg. K) (sec) 





~| 2 


NR 


Calcite 100 ppm Mn*t+ 350°K 45 273 
Calcite 100 ppm Mn*t+ 350°K 45 
Calcite 100 ppm Mn*t+ 350°K 

Calcite 100 ppm Mnt* 350°K 

Calcite 100 ppm Mn*t+ 350°K 

Calcite 100 ppm Mntt 350°K 

Calcite 100 ppm Mntt 350°K 

Calcite 100 ppm Mnt* 350°K 

Calcite 100 ppm Mn*t+ 350°K 

Calcite 100 ppm Mnt* 350°K 

Calcite 100 ppm Mntt 350°K 

Calcite 100 ppm Mn** 350°K 

Calcite 100 ppm Mn*t 350°K 

Calcite 100 ppm Mnt* 350°K 


Calcite 40 ppm Mnt* 470°K 
Calcite 40 ppm Mnt* 470°K 
Calcite 40 ppm Mnt* 470°K 
Calcite 40 ppm Mn*t 470°K 


Calcite 500 ppm Pbtt 410°K 
Calcite 500 ppm Pbt* 410°K 
Calcite 500 ppm Pbtt 410°K 
Calcite 500 ppm Pbt* 410°K 
Calcite 500 ppm Pbtt 410°K 
Calcite 500 ppm Pb** 410°K 
Calcite 500 ppm Pb*t 410°K 
Calcite 500 ppm Pb*t 410°K 


Anhydrite 680 ppm Mnt* 390°K 
Anhydrite 680 ppm Mntt 390°K 
Anhydrite 680 ppm Mntt 390°K 
Anhydrite 680 ppm Mn*t 390°K 
Anhydrite 680 ppm Mn*+* 390°K 
Anhydrite 680 ppm Mntt 390°K 
Anhydrite 680 ppm Mn*t 390°K 
Anhydrite 680 ppm Mntt 390°K 
Anhydrite 680 ppm Mn*t 390°K 
Anhydrite 680 ppm Mnt* 390°K 
Anhydrite 680 ppm Mn*t 390°K 
Anhydrite 680 ppm Mnt* 390°K 


Anhydrite 950 ppm Sb*t* 355°K 
Anhydrite 950 ppm Sbtt* 355°K 
Anhydrite 950 ppm Sb*+t+ 355°K 
Anhydrite 950 ppm Sbtt* 355°K 
Anhydrite 950 ppm Sb*t* 355°K 
Anhydrite 950 ppm Sb*t* 355°K 
Anhydrite 950 ppm Sb*t* 355°K 
Anhydrite 950 ppm Sbtt* 355°K 
Anhydrite 950 ppm Sbtt* 355°K 
Anhydrite 950 ppm Sbtt* 355°K 
Anhydrite 950 ppm Sb*t+ 355°K 
Anhydrite 950 ppm Sbt*t 355°K 


Aragonite 80 ppm Mntt 250°K 
Aragonite 80 ppm Mnt* 250°K 
Aragonite 80 ppm Mnt+ 250°K 
Aragonite 80 ppm Mnt+* 250°K 
Aragonite 80 ppm Mn** 250°K 


Dolomite 1100 ppm Mn** 330°K 
Dolomite 1100 ppm Mn*+* 330°K 
Dolomite 1100 ppm Mn*+ 330°K 
Dolomite 1100 ppm Mnt* 330°K 
Dolomite 1100 ppm Mn*t 500°K 
Dolomite 1100 ppm Mnt* 500°K 
Dolomite 1100 ppm Mnt* 500°K 
Dolomite 1100 ppm Mntt 500°K 


Magnesite 260 ppm Mn*t 220°K 
Magnesite 260 ppm Mntt 220°K 
Magnesite 260 ppm Mn*t 470°K 
Magnesite 260 ppm Mn*t+ 470°K 
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m>2 and decreases when m<2. These results also 
apply to the case where the luminescent centers are 
due to the same ion or defect and B/a#¥A. 

The results of Figs. 2 and 4 show that the same 
behavior is predicted for 6 and m in all cases: (1) b 
should decrease with excitation time, and (2) m should 
increase with excitation time if it is greater than 2 and 
decrease with excitation time if it is less than 2. 

In order to test these results, a large number of 
decay curves were measured after various excitation 
times for the prominent glow peaks in thermolumi- 
nescent samples of calcite,* dolomite,* anhydrite,’ 
aragonite, and magnesite.’ The samples were prepared 
synthetically by coprecipitating activator impurities 
such as Mnt+, Pbt+*, Zn**, etc., with the matrix 
material. The decay curves for all of these minerals 
can be fitted to Eq. (17) over periods of the order of 
10° seconds. Some representative values of 6 and m 
determined graphically from the decay curves of these 
samples are given in Table I. In most cases it was 
impossible to measure the decay curves over a very 
large range of temperatures because of interference 
from neighboring glow peaks. Some exceptional cases 
for which the glow peaks are fairly well isolated are 
anhydrite with Mnt* and Sb*** activators, calcite 
with Pb** activator, and aragonite with Mn** activator. 

The results of Table I show that the predicted 
increase in 5 is not observed in any of the samples 
except at temperatures well above the glow peak. Also, 
the results for m agree with the predicted behavior in 
less than half of the cases studied. It can be concluded 
that none of the models described in the previous section 
account for the experimental results at temperatures 
near the glow peak during the early part of the decay 
period. 

For very long decay times, Eq. (13) reduces to the 
exponential form, 


«oy (yotxo— NV) 


a | — 


¢ (yo) + (¢— 1)( A _= vi — Xo) 


(yotxo— N)y(t— to) 
Xexp} — 
Cl vi + Xo) + ( [— 1) ( N—yo- Xo) 


but it is questionable whether this result is valid since 
the approximation z~x is probably not very good at 
long decay times. Equation (15) which should be valid 
for all times, reduces to a bimolecular form for long 


8 W. L. Medlin, J. Chem. Phys. 30, 451 (1959). 
*W. L. Medlin, J. Chem. Phys. 34, 672 (1961). 
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decay times, 


xe [E(vot+x0)/x0 ] 


Ju — 3 
E(yo# x0) '[E(yo+x0)/x0 +7 (t— to) 


Decay curves for several of the samples listed in Table 
I were measured for long decay periods (up to 3 hours) 
and in all cases the curves did not assume either a 
bimolecular or exponential form. The results for long 
period decay provide further evidence that the second- 
order mechanism does not for the observed 
results. 

It should be noted that other decay mechanisms 
involving nonlocalized transitions are possible and 
therefore the results obtained here do not conclusively 
rule out the second-order process. The possibility of 
distributions of trapping levels must certainly be con- 
sidered in this regard." Also, the effect of nonradiative 
transitions which has been neglected here may be 
important since the number of these may be a strong 
function of temperature. 


account 


IV. CONCLUSIONS 


The second-order decay process leads to a decay 


curve of the form 
b ’ 
I to ) | 
b+ 


during the early part of the This result 
applies to the case where the traps and luminescent 
centers are independent of each other as well as the 
case where they are not. The decay curves for the 
common thermoluminescent minerals, calcite, dolomite, 
anhydrite, aragonite, and magnesite, are all of this form 
during the early part of their decay and both 6 and m 
are functions of the temperature and activation time. 
However, the behavior predicted for 6 and m as func- 
tions of these conditions for the second-order process 
is not observed in any of the crystals studied here 
except at temperatures well above the glow peak. It is 
concluded that some other mechanism is necessary to 
explain the decay curves of these minerals at tempera- 
tures near and below the glow peak. 


dec ay. 
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Blanc’s Law—Ion Mobilities in Helium-Neon Mixtures 
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The mobilities of ions of near thermal energies are measured in helium-neon mixtures using a drift velocity 
apparatus. These studies permit the investigation of ion motion in gases, e.g., He* in Ne, under conditions 
where the charge transfer interaction is negligible compared to polarization attraction and short-range 
repulsion between ion and atom. In addition, the measurements provide a test of Blanc’s empirical law, 
1/u= fi/ui1t+f2/u2, which relates the mobility 4 in a binary mixture to the pure gas mobilities 4; and pe 
and to the fractional gas concentrations f; and fe. A theoretical treatment developed by Holstein is presented 
which shows that deviations from Blanc’s law are limited to a few percent. The mobilities of He*, Hes*, and 
Nes* ions are found to obey accurately Blanc’s law. However, the ‘“‘Ne*” ion curve ceviates markedly from 
the law. These deviations are explained in terms of the formation of moderately stable (He Ne)* ions from 
Ne*. Finally, the observed mobilities of He2* in Ne and Ne2* in He are found to agree with the predictions of 


polarization theory. 





I. INTRODUCTION 


ECHNIQUES for determining the mobilities of 

ions of near-thermal energy have been described 
in detail in previous papers.'“* These measurements 
have been extended to the study of ion mobilities in 
helium-neon mixtures for the purpose of investigating 
the mobilities of noble gas atomic ions under conditions 
where the charge transfer interaction is negligible com- 
pared to the interactions of polarization attraction and 
short-range repulsion. In addition, these studies provide 
a test of Blanc’s law (which describes the mobilities of 
ions in gas mixtures in terms of their pure gas mobilities) 
under conditions which avoid the apparent complica- 
tions, such as “‘clustering,’’ of earlier studies.‘ 


II. BLANC’S LAW 


In 1908, Blanc® investigated the mobilities of ions in 
binary mixtures of gases, such as Hy and COs». It was 
found that the mobility » obeyed the simple re- 
lationship 

oe ee 
ay (1) 


MMi pe 


where f, and fare the fractional concentrations of gas 1 
and gas 2, respectively; i.e., f:+f2=1. The mobilities 
wi and pe are the “pure gas” mobilities for the ion in 
each of the gases. 

Later studies‘ showed marked deviations from this 
simple law; however, since the measurements often 
applied to complicated gases, such as water vapor and 
air, the deviations could be ascribed to complex ion 
formation or to “‘clustering.’”’ The present measurements 


* Visiting Professor of Physics at the University of Pittsburgh, 
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1M. A. Biondi and L. M. Chanin, Phys. Rev. 94, 910 (1954). 
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involve the simple gases, helium and neon, under 
circumstances in which clustering of ions and complex 
ion formation were not expected. 


Ill. VALIDITY OF BLANC’S LAW 


Let us consider the elementary “average particle” 
definition of mobility, i.e., 


uw =C(m/e)Pec)av, (2) 


where C is a constant, (m/e) is the mass to charge ratio 
of the ion, and (Py¢)ay is the average probability per unit 
time of scattering of the ion (obtained by averaging over 
the actual ion velocity distribution). In binary gas mix- 
tures of sufficiently low density so that only two-body 
collisions involving the ion and a gas molecule need be 
considered, the scattering probability is simply 


Poo= fi(Pc)it fe(Pc)2, (3) 


where (P¢)1,2 are the scattering probabilities in the pure 
gases 1 and 2, respectively. Combining Eqs. (2) and (3), 
it will be seen that the empirically determined Blanc’s 
law follows immediately. 

This and other elementary “proofs” of Blanc’s law 
are based on the results of first-order mobility theory, as 
expressed in Eq. (2). A more rigorous approach to the 
investigation of the validity of Blanc’s law has been 
made by Holstein. He starts with the Boltzmann 
transport equation’ for the ions: 


of eE 


—>e VFP 
dl 


. Vif 
m 


= [KW sfo)-KOW IO, (4) 


where f is the ion distribution function, e and m the 
charge and reduced mass of the ion, respectively, E is 


6 T. Holstein, Phys. Rev. 100, 1230(A) (1955), and private notes 
(unpublished). 

7 A detailed discussion of the use of the Boltzmann theory in ion 
mobility treatments is given by G. Wannier, Bell System Tech. J. 
32, 170 (1953). 
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Fic. 1. Schematic arrangement of the electrodes in the 
ion-mobility tube. 


the electric field, and K(v,v’)d*v’ is the probability per 
unit time that an ion with velocity, v, will have its 
velocity changed by a collision with an atom to the 
value, v’, contained in the differential volume, (d*v’).° 
For the case of ions moving through a gas under the 
action of a sufficiently small electric field so that they 
remain essentially in thermal equilibrium with the gas, 
the ions’ distribution function may be represented by 
one which is slightly displaced from a Maxwellian dis- 
tribution in the electric field direction, i.e., 


f(v) = fo(v)[1+v- Ex (2) ], (5) 


where fo(v)=(m/2rkT)! exp(—mv?/2kT) is the Max- 
wellian distribution. 
Under steady-state conditions, Eq. (4) simplifies to 


— (e/kT) exp(—mv*/2kT) 


v-v’ 
= f200)| ae)—x00 fo, (6) 


where the new collision kernel, 
L(v,v')=K(v,v’) exp(—mv?/2kT), 
has been introduced because of its symmetry property, 
L(v,v’)=L(v’,v). 
The drift velocity vz and the associated quantity, 
the ion mobility, are defined by 


wB=vee f vf(o)a, (7) 
. (5), this becomes 


m \3 
»-4(- -) fe exp(—mv*/2kT)x(v)d*v. (8) 
2akT 


8 For the case of near-thermal equilibrium, the principle of de- 
tailed balancing gives K(v’,v)/K(v,v’)=exp[—m(v—v)/2kT], 
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In order to use a variational analysis to determine the 
correct mobility, one chooses the form 


e m i 
= — —) 
3RkT \2akT 
| fexeo exp(— mv 24) 
f frown )—v! + vx (v’) ]d*nd*v’ 


obtained by combining Eqs. (6) and (8). For a given 
trial function, Xr(v), one may prove that; (a) Eqs. (8) 
and (9) coincide for the correct x(v), i.e., the x(v) which 
satisfies the Boltzmann Eq. (6), and (b) a trial mobility 
ur obtained by inserting an arbitrary trial function X7 
into Eq. (9) obeys the inequality, u2ur. In addition, 
the succession of trial mobilities obtained by using suc- 
cessively generalized trial x’s converges upwards toward 
the correct mobility, y. 

Let us now consider the application of this treatment 
to the derivation of Blanc’s law. In a binary mixture of 
fractional concentrations, f; and fs, the collision proba- 
bility per unit time is given by 


L(v’,v)= f:L1(v',v)+ feLo(v’,v), (10) 


where L, and L2 are the collision probabilities for gases 1 
and 2, respectively. Thus, if the correct x(v) does not 
depend on the fractional concentration in the mixture, 
Blanc’s law immediately follows from Eq. (9), i.e., 


(11) 


It then follows that conventional first-order mobility 
theory, where the distribution function is expanded to 
the order of Eq. (5), with x(v)=constant, independent 
of the nature of the gas mixture, automatically yields 
Blanc’s law. 

If the functional form of x(v) changes with the make- 
up of a binary mixture (as may well be the case if the 
force laws describing the scattering of the ion by the two 
different types of atoms are of strongly different types) 
then deviations from Blanc’s law are to be expected. 
From the variational analysis, Holstein shows that the 
deviations are in such a direction that the curve of 
1/u vs f; has negative curvature; thus 

1 fi fe 
=? 


BM Hi Be 


(12) 


An estimate of the extent of' the deviation from 
Blanc’s law is obtained by noting that since the correct 
mobility is always greater than the trial mobilities, 


(13) 





BLANC’S 


where wu is the mobility given by the first-order theory 
[with the trial function X7(v)=constant ]. Thus, if the 
ion mobilities, u; and ue, in the pure gases are accurately 
represented by the first-order theory values uw; and 
uo, Eqs. (12) and (13) require that the deviations from 
Blanc’s law be small. Chapman and Enskog® have con- 
sidered the higher order corrections to the first-order 
theory of mobility. In general, for various reasonable 
force laws, the corrections are found to be small, of the 
order of a few percent. Consequently, deviations from 
Blanc’s law are limited to this order of magnitude. 


IV. EXPERIMENTAL METHOD 


The mobility tube used to determine the ion mobilities 
in helium-neon mixtures has been described in detail 
previously.' This tube, which is shown schematically in 
Fig. 1, consists of a shielded discharge region in which a 
short-duration pulse of ions is created. The ions are 
admitted through a grid into the drift region where their 
motion induces a current in a resistor in the external 
circuit. The resulting voltage signal is amplified and 
displayed on a synchronized oscilloscope. The drift 
velocity is determined from observation of the time 
required for the ions to cross the drift region. 

Gas samples employed in these studies were Airco 
Reagent Grade. The mobility tube was mounted on an 
ultrahigh-vacuum system which attained pressures 
<10-§ mm Hg and rates of rise of contamination pres- 
sure <10-* mm Hg/min. 


V. MEASUREMENTS 


An example of the results of our measurements is 
shown in Fig. 2. The mobility uo of ‘“Ne*’” ions” 
moving in various mixtures of helium and neon, i.e., 38, 
50, and 70% neon, is shown as a function of E/p, the 
ratio of drift field to gas pressure. The mobility yo 
refers to a standard gas density of 2.69 10'* atoms/cc, 
and a temperature of 300°K, in keeping with previous 
usage. The short vertical lines on each curve indicate the 
extent of the thermal energy range. As can be seen from 
the figure, the experimental results extend either down 
into or close to this range, thereby minimizing un- 
certainties in the thermal values." 

From measurements such as shown in Fig. 2, the 
Blanc’s law plot shown in Fig. 3 was obtained. The 
reciprocals of the mobilities of He*+ and ‘Ne*’’ are 
plotted as functions of the percent concentration of 
helium and neon in accordance with Eq. (1). The circled 


® See, for example, S. Chapman and K. Enskog, Mathematical 
Theory of Nonuniform Gases (Cambridge University Press, 
London, 1939), Chap. 9. The standard mobility formulas [corre- 
sponding to a trial function of the form x(v) =constant ] include a 
factor 1/(1—e) which gives the higher order corrections. For the 
force laws considered, € is a small number. 

104 discussion of an alternative ion identification is given in 
Sec. VI. 

1 Extrapolation of the mobility values to E/p=0 is made in 
such a way that the mobility becomes constant in the thermal 
energy range. 
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Fic. 2. Normalized mobility, yo, of ‘“Ne*’” ions as a function of 
the ratio of drift field to total gas pressure in various helium-neon 
mixtures at a gas temperature of 300°K. The total gas pressure was 
~8 mm Hg. 


values on the ordinates indicate the values previously 
obtained in the pure gases.'? These values serve to 
identify the ions in the mixture. The left-hand ordinate 
corresponds to the case of pure helium, the right-hand 
ordinate represents the case of pure neon. The total gas 
pressure used in these measurements was ~8 mm Hg; 
however, the different symbols on the Ne* curves indi- 
cate different runs at slightly different pressures, giving 
some indication of the reproducibility of the results. 
The mobility of He* in the helium-neon mixtures is 
found to obey Blanc’s law within the experimental error. 
On the other hand, the “‘Ne*” curve follows a reasonable 
straight line from 100 to ~50% neon concentration but 
then falls below an extension of this line. The deviation 
from Blanc’s law is only slightly larger than the scatter 
in the experimental data. However, least-squares fitting 
of straight-line segments to the data indicates that the 
fit of a single straight line is considerably poorer than 
that obtained using two straight segments from 0-50 
and 50-100% neon concentration. A discussion of pos- 
sible causes of this deviation is deferred to Sec. VI. 
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Fic. 3. Blanc’s lew plot for thermal ‘‘Ne*’’ and Het ions in 
helium-neon mixtures at 300°K and a total gas pressure of ~8 
mm Hg. The circled symbols on the ordinates indicate values pre- 
viously determined in single-gas studies. 
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Fic. 4. Blanc’s law plot for thermal Ne2* and He;* ions in 
helium-neon mixtures at 300°K and a total gas pressure of ~8 
mm Hg. The circled symbols indicate values previously determined 
in single-gas studies. 
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The Blanc’s law plots of He:* and Ne;* ions are shown 
in Fig. 4. Once again, the pure gas mobilities previously 
determined for the appropriate ions are indicated on the 
ordinates. Here, as for He*, Blanc’s law is found to be 
obeyed within the limits of our experimental uncertainty. 

The ion “identification” made possible by tracing the 
ion mobilities from their parent gas values through the 
various intermediate mixtures, as indicated in Figs. 3 
and 4, allows us to examine the energy dependence of 
the mobility of ions of one gas, e.g., He+ and Hez*, in 
sufficiently high percentages of the other gas component, 
i.e., Ne, so that the contribution of the parent gas (He) 
in determining the mobility is small. 

The dependence on E/p of the mobility of helium ions 
in neon is shown in Fig. 5. The small variation of the 
shape of the curves with changing neon concentration in 
the range 96-99% neon indicates the small effect of the 
helium on the mobility. Similar curves for neon ions in 
helium are shown in Fig. 6. As will become clear from 
the discussion in the next section, the “identification” of 
the high-mobility ion as Ne* is open to question. 


VI. DISCUSSION 


The measurements of ion mobilities in helium-neon 
mixtures have permitted us to test Blanc’s law under 
simple conditions. Elementary treatments had shown 
that, provided the ion retained its identity over the 
range of gas mixtures studied, Blanc’s empirical law 
[ Eq. (1) ] would be rigorously obeyed. A more sophisti- 
cated treatment by Holstein indicated that, while devia- 
tions from Blanc’s law could occur, they were limited in 
magnitude to a few percent, and only occurred when the 
force laws between the ion and the two scattering gases 
differed considerably. Thus, the experimental confirma- 
tion of Blanc’s law for He*+, Hes*, and Nes", as indicated 
in Figs. 3 and 4 is consistent with theoretical con- 
clusions. However, the deviations (~8%) from Blanc’s 
law for ‘““Ne*” ions, while only moderately greater than 
the experimental scatter, seems to be a real effect. 

Initially, the deviations were ascribed to the sub- 
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stantially different force laws between Ne* and neon 
(long-range charge transfer, plus a short-range repulsive 
interaction) and between Ne* and helium (polarization 
attraction and short-range repulsion). This explanation 
seems unsatisfactory for two reasons; the magnitude of 
the deviation is greater than one calculates from theory 
for these types of force laws, and the case of He* in 
helium and neon involves similar force laws, yet does 
not exhibit detectable deviations. More recently, the 
existence of the ion (He Ne)* has been reported from 
mass spectrometer studies."* The fact that these ions are 
formed in appreciable concentrations at pressures and 
on time scales similar to those used in the mobility 
studies has very recently been confirmed in microwave 
afterglow studies employing mass analysis.'* Afterglows 
of helium containing small amounts of neon at total 
pressures of several mm Hg yielded (He Ne)* ions in 
comparable concentrations to He*, He2*, and Net. 
One reasonable formation and destruction reaction 
for (He Ne)* is the following: 


Net+ He+ X—(He Ne)t+X, (14) 
where X is a third body (either Ne or He in the present 
mixture studies).!® The rates of creation and destruction 
are not known; however, if our measuring time scale 
(10-100 usec) is long compared to the formation and 
destruction times, a quasi-equilibrium will exist with a 
given Net ion existing part of the time in an uncombined 
and the remainder in a ‘‘combined”’ state as it drifts 
across the tube. The mass action law gives, for the 
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Fic. 5. The mobilities of He* and He,* as a function of E/p at 
high fractional concentrations of neon and at a gas temperature 


of 300°K. 


2M. A. Biondi and L. M. Chanin, Phys. Rev. 100, 1230(A) 
(1955). 

138M. Pahl and U. Weimer, Z. Naturforsch. 12a, 926 (1957), and 
H. J. Oskam, thesis, University of Utrecht, 1957 (unpublished). 


4W. A. Rogers and M. A. Biondi, Westinghouse Research 
Memo 403FD457-M4 (unpublished). 

16 A difficulty of the (He Ne)* hypothesis is that the analogous 
reaction, He+-+-Ne+X—(He Ne)*+X, must be assumed to occur 
at a much slower rate to explain the absence of an effect on the 
Blanc’s law curve for He* ions. 
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Fic. 6. The mobilities of ““Ne*”’ and Ne2* asa function of E/p at 
high fractional concentrations of helium and at a gas temperature 
of 300°K. 


fractional concentration of each type of ion: 
N (Net) N (He) 
———_—=c exp(—AE/kT), (15) 
N(He Net) 
where c is a constant including the statistical weights of 
each state, AE is the binding energy of the (He Ne)* 
ion, and T is the common temperature of the gas atoms 
and of the ions. From Eq. (15), it will be seen that as the 
helium concentration increases, the fraction of time the 
ion is in the combined (He Ne)* state increases. Thus, 
at high helium concentrations the curve of 1/yo vs 
percentage of neon is appropriate to the (He Ne)* ion, 
while at high neon concentrations it is appropriate to 
Ne*. Since these two curves can have quite different 
slopes, marked deviations from a single straight line 
joining the end points can occur. In the intermediate 
concentration region, a weighted average of the two 
mobilities is obtained.'* 

If the rates of Eq. (14) going to the right and to the 
left are not fast compared to our measuring time, then 
the waveforms obtained in the drift tube should be 
distorted as a result of the fact that conversion of a Net 
ion to a (He Ne)* ion may take place anywhere along 
the drift path. Thus, with statistically distributed points 
at which conversion occurs and with a substantially 
different mobility for Ne* and (He Ne)* ions, the initial 
sharp pulse of ions becomes smeared out by the time it 

16 A similar explanation has been invoked for N2* and N,* ions 


in nitrogen by R. N. Varney, Phys. Rev. 89, 708 (1953), and J. 
Chem. Phys. 31, 1314 (1959). 
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TABLE I. Experimental and theoretical values of 
positive-ion mobilities. 


uo (pol. theory) 
(cm?/volt sec) 


’ Mo (exp) 

Ton—gas (cm?/volt sec) 
Het— Ne 16.0 
He.*—Ne 9.3 
Ne2*t— He 17.5 








arrives at the collector. Although noticeable distortion 
of the waveforms by conversion was not observed, this 
point was not investigated with sufficient care since, at 
the time, we were unaware of the stable existence of 
(He Ne)*. In this case, also, the ion “mobility,” as 
determined from the smeared-out arrival time of the 
converted ions could show appreciable deviations from 
Blanc’s law. It is hoped that future studies as functions 
of helium and neon pressure and of temperature will 
provide better evidence for one or the other of these 
proposed mechanisms."” 

Finally, it has been possible to determine the thermal 
(300°K) values of the mobilities of He*+ and He,* ions 
in neon and of Ne.* in helium. The experimental values 
are compared with the results of mobility theory in the 
limiting case of a pure polarization attraction’® in 
Table I. 

It will be seen that rather good agreement is obtained 
for the cases Hes+— Ne and Ne,*— He, while the simpler 
case He+— Ne involves some 25% discrepancy between 
theory and experiment. The inclusion in the interatomic 
forces of the short-range repulsion between ion and 
atom can easily lead to an increase in the theoretical 
value of the mobility of this magnitude. However, in the 
absence of an accurate theory which includes a proper 
exponential repulsive potential (intermediate between 
the too-hard “‘hard-sphere” repulsion of Langevin and 
the too-soft 1/r*§ repulsion of Hasse and Cook'’), no 
detailed comparison of experiment and theory can be 
made. 
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Resonance fluorescence from the 279-kev level of T]°* was studied with the centrifuge method 


Assuming a 


total conversion coefficient a7=0.225, a mean life r, = (5.00+0.24) X10~” sec for gamma-ray emission was 
calculated from the resonance scattering measured at different source velocities. Combining this lifetime 


with the B(E£2) 


from Coulomb excitation, the absolute value of the mixing amplitude 6=(£2/M1)! is 


|| =1.31_0.13°°. The angular distribution of the resonance radiation was found to be of the form W (@ 
= 1+ (0.87+0.08) P2(cos@). This angular distribution, together with the range of absolute values of 4 given 
above, fixes the sign of 6 as positive. The range of 5 values permitted by the angular distribution measure 


ments is 5= + 1.20_o.12*°™. 





I. INTRODUCTION 


HE main features of the two radioactive decays 

which excite levels in Tl! are summarized in 
Fig. 1. The special interest in these levels had its origin 
in the expectation that, since Tl has a single proton 
hole in the 82-proton shell, the properties of the Tl 
levels should be well described by the single-particle 
shell model. According to this model, the 401-kev transi- 
tion between the second and first excited states was 
expected to be a fast M1 transition because it connects 
two d states. The M1 part of the 279-kev transition 
probability, on the other hand, was expected to be 
greatly reduced because this transition occurs between a 
d state and an s state and is therefore / forbidden. 
Measurements of the internal conversion’ and the life- 
time” showed that the M1 transition probability of the 
279-kev transition is reduced by a factor of one thou- 
sand, while Coulomb excitation studies’ indicated that 
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Fic. 1. The excited states of Tl. Energies are given in kev. 
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the M1 transition probability for the /-allowed 401-kev 
transition is close to the independent-particle model 
estimate. 

Following the prediction by Sliv and Listengarten‘* 
that the K and L; shell conversion coefficients for M1 
transitions in a nucleus with Z= 83 should be lowered by 
a factor 3, more detailed investigations of the conversion 
coefficients of the 279-kev transition in Tl™ were carried 
out. They led to the experimental confirmation of the 
existence of nuclear size effects in M1 conversion coeffi- 
cients® and stimulated studies of the £2/M1 mixing 
ratio since knowledge of this ratio is essential for the 
evaluation of the finite-size effects. y—y angular correla- 
tion measurements with the 401-—279-kev cascade were 
not of much help in determining the mixing ratio of the 
279-kev transition because both transitions in the 
cascade are mixed and the interpretation is, therefore, 
ambiguous. A mixing ratio independent of conversion 
data was obtained’ from a study of the polarization of 
the Coulomb excited 279-kev radiation, which yielded 
a value 6=+1.50+0.08 for the mixing amplitude of the 
279-kev transition or a mixing ratio 6&=2.25+0.25. 
This mixing ratio is considerably higher than the values 
obtained from an analysis of the conversion data,® al- 
though it should be added that there exists considerable 
latitude in the interpretation of the conversion data. In 
view of the importance of the mixing amplitude of the 
279-kev transition for the interpretation of other experi- 
ments involving T]*, as for instance, for the evaluation 
of nuclear structure effects’ in conversion-electron- 
gamma angular correlations,*’ it was decided to obtain 
independent information on 5279 or 6*2x77= E2/M1 using 
the resonance fluorescence technique. Under favorable 
circumstances, a measurement of the angular distribu- 
tion of the resonant gamma rays with respect to the 
incident gamma-ray beam will, when combined with 

*L. A. Sliv and M. A. Listengarten, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 22, 29 (1952). 

5 A. H. Wapstra and G. J. Nijgh, Nuclear Phys. 1, 245 (1956). 
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some additional information concerning the range of 
possible E2/M1 ratios, allow one to determine 5. The 
absolute resonance scattering cross section, which may 
also be extracted from such a study, measures the total 
£2+-M1 transition probability. A comparison with the 
Coulomb excitation yield, i.e., with the £2 transition 
probability, gives directly 6. 

A measurement of the total E2+ M1 transition proba- 
bility with the resonance fluorescence technique is in 
itself of interest since in the past’ some doubt had been 
expressed in lifetimes measured with that technique, and 
since the 279-kev transition in Tl is well suited for a 
comparison of different techniques for the determination 
of short lifetimes. In the last few months, a considerable 
number of new and more accurate results"—® has been 
added to the already existing list." As will be shown 
later, the discrepancies between the lifetimes measured 
with a given method are, in general, as large or larger 
than the differences between the average lifetimes ob- 
tained with different techniques. 

As far as the various resonance fluorescence tech- 
niques" are concerned, it was felt that with the thermal 
method an improvement over a previous measurement"? 
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would be, to say the least, very time consuming. The 
centrifuge method, which gives the best ratio of resonant 
to nonresonant scattering, was judged to be capable of a 
higher accuracy. The optimum speed for the 279-kev 
transition, ~470 meters per second, did not present any 
problem, since even with aluminum rotors source speeds 
in excess of 1000 meters per second had been attained in 
our apparatus. 


Il. EXPERIMENTAL PROCEDURE 


High specific activity Hg, obtained from the 
Oak Ridge National Laboratory, was converted from 
Hg(NOs)2 to HgS. About 25 mg of the HgS was added 
to a small centrifuge tube in a rubber matrix. Two such 
sources were prepared with activities of about 10 and 30 
millicuries, respectively. The strength of each source 
was limited by the specific activity available at the time 
of preparation and the capacity of the centrifuge tube. 

A cut-out view of the experimental apparatus used in 
the measurement of r, with the first source is shown in 
Fig. 2. A thallium scatterer and its lead comparison 
scatterer automatically replaced one another every 20 
minutes. The scatterers, 13 in. diameter and } in. thick, 
were located about 13 cm from the mean position of the 
source and 9 cm from the detector. The detector, a 35 
mm diameter and 40 mm long NaI(T1) crystal mounted 
on an RCA 6342 photomultiplier tube, was shielded 
with lead from the direct radiation. A ;g-in. lead ab- 
sorber interposed between the scatterer and detector 
attenuated the Compton-scattered gamma rays. Pulses 
from the phototube were fed through a nonoverloading 
amplifier into a pulse-height analyzer in the usual 
scintillation spectrometer arrangement. The scattered 
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radiation was counted only when the direction of emis- 
sion of the gamma rays striking the scatterer subtended 
an angle of less than +30 degrees with the tangent to 
the path of the source. This was accomplished with a 
gating pulse initiated by a light beam which was re- 
flected from a mirror mounted on the driving shaft of 
the centrifuge. For the 279-kev transition in Tl, the 
spin sequence for resonant scattering is }-$-}. The 
angular distribution of the resonance radiation for this 
sequence is of the form 1+ A2P2(cos@) independent of 
the value of the mixing amplitude 6. Since P.(cos@) 
vanishes near 126°, a scattering angle (130°) close to 
this zero was chosen in order to make the determination 
of the total cross section independent of the accurate 
knowledge of the coefficient A». 

With the scattering angle of 130°, measurements were 
carried out with the source moving towards the scatterer 
with varying velocities, with the source at rest, and 
finally with the source moving away from the scatterer 
(“‘reverse”’ velocity). When the source is moving to- 
wards the scatterer, the emission line can be Doppler 
shifted so that it overlaps the absorption line com- 
pletely, thus giving rise to the maximum resonance 
scattering effect. For complete overlap, the relative 
velocity of the absorbing and emitting nuclei should be 
443 m/sec. Because of the finite size of the scatterer and 
the finite extent of the path, the effective relative 
velocity is smaller than the actual source velocity. Con- 
sequently, the optimum scattering effect occurs for our 
geometry at a source velocity of 467 m/sec. With the 
source moving away from the scatterer, the effect of the 
Doppler shift is to separate the two lines and to reduce 
the resonance effect practically to zero. With the source 
at rest, the intermediate situation of partial overlap 
exists. 

The second source was used for the angular distribu- 
tion measurements at a fixed source velocity of 467 
m/sec, the velocity yielding the maximum scattering 
effect. The scatterers were rectangular solids 2} in. 
1} in.X} in. The geometry of Fig. 2 was slightly 
modified. Some of the lead shielding between the source 
and the detector was replaced by gold to increase the 
absorption of the direct beam. Scattering was measured 
at 105°, 130°, and 150°; this necessitated locating the 
scatterers in a range of 10-15 cm from the mean position 
of the source and in about the same range from the mean 
position of the detector. 


Ill. EXPERIMENTAL RESULTS 

The average differences between the counting rates 
with the thallium scatterer and the lead comparison 
scatterer for different velocities of source 1 are given in 
Table I. The errors quoted are purely statistical. 

Since the residual resonance effect for the reverse 
velocity (— 189 m/sec) is expected to be less than 3% of 
the maximum resonance effect, the counting rate in the 
reverse position represents essentially the mismatch of 
the scatterers for all nonresonance effects, 
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TABLE I. The average difference V(v) between the counting rate 
Nv with the thallium scatterer and the counting rate Np, with the 
lead scatterer as a function of the velocity (v) of source 1. 


Counting rate difference 
N(v)=N ri—NVp» in 


counts/min 


Velocity (v) in 
meters/sec 


467 10.92+0.94 
377 7.96+0.87 
302 8.61+0.97 
248 3.0 +1.1 
127 0.52+0.87 
0 1.0 +1.3 

— 189 (reverse) 0.5 +0.7 


In Table II, the average differences between the 
counting rates for source 2 with the thallium scatterer 
and the lead comparison scatterer for different scat- 
tering angles, taken at the velocity of the maximum 
resonance effect, are shown. The counting rates given in 
Table II are not indicative of the angular distribution, 
since the over-all solid angles for the three scattering 
positions differed considerably. Again, the errors given 
are purely statistical. 


IV. EVALUATION 


For a centrifuge experiment with a single gamma-ray 
transition to the ground state, the effective resonance 
scattering cross section may be written in the form: 


2Ji+1 ta I'o 1 


CR= 


2ot+1 4r' (1+ar) E, 


Me i M(E,/Mc—u)? 
x | exp| - . ee) 
2k(T st+T sc) 2k(T st+T sc) 


where J; and Jo are the total angular momenta of the 
excited state and ground-state, respectively, E, is the 
energy of the gamma ray and A the corresponding 
wavelength; I) is the partial width for the direct 
gamma-ray transition to the ground state, a7 designates 
the total conversion coefficient of the transition, M is 
the mass of the nucleus, & is Boltzmann’s constant. T's 
and T s¢ are the effective temperatures" of the source 
and scatterer, respectively, « is the relative velocity of 
source and scatterer, and c is the velocity of light. For 
the 279-kev transition in Tl®, a total conversion coeffi- 


TABLE II. The average difference N (467) at a velocity of 467 
m/sec of source 2 between the counting rate Nr; with the thallium 
scatterer and the counting rate Np, with the lead scatterer as a 
function of the scattering angle 6 


N (467) at scattering angle @ in counts/min 

Run 105° 130 150° 
86.2+2 
j 77.743. 
3 99.9+5. 86.043 


47.2+2.0 
49.4+2.0 


1 59.1+3.1 
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cient a7=0.225+0.005 was used.'* A Debye tempera- 
ture of 96° was assumed” in the calculation of the 
effective temperatures T s= T sc= 296°. 

Using Eq. (1), the counting rates expected for differ- 
ent source velocities » and different values of I") were 
calculated for the various geometries. For this purpose, 
the contributions of different sections of the scatterer 
for the subdivisions of the source path had to be 
summed. The summations were carried out with Univac 
II. Since it was found that the Bureau of Standards” 
value of 147 barns/atom for the total electronic cross 
section at 279 kev (Z=81) differed from the Davisson 
and Evans”! total cross-section value of 137 barns/atom 
by more than 5%, we determined this total cross section 
experimentally. Our measured value is 151+3 barns/ 
atom. Since a large fraction of the Rayleigh-scattered 
quanta is still capable of resonance scattering, and since 
a considerable portion of the outgoing quanta which are 
Rayleigh- or Compton-scattered will be detected be- 
cause of the limited energy resolution of the scintillation 
detector, the effective cross sections for the incoming 
and outgoing radiation are somewhat smaller than this 
total cross section. The values used for the evaluation of 
the experimental data were ¢jncoming= 143 barns/atom 
and @outgoing= 141 barns/atom. Using these cross sec- 
tions, the counting rates expected for different source 
velocities and different values of the width I’) were 
computed and were then compared with the observed 
counting rates given in Table I. The width Ip found in 
this way corresponded to a gamma mean life r,=4/T 
= (5.10-++0.28)x10-" sec. Three more values for 17, 
were obtained from the analysis of the three independent 
angular distribution measurements which had been 
carried out with source 2 (see Table II). All these values 
for the mean gamma lifetime 7, of the 279-kev transition 
in Tl are listed in Table III with their statistical 
uncertainties. 

The counting rate versus velocity curve expected for 
a mean life r,=5.0010-" sec is compared in Fig. 3 
with the experimental results obtained with source 1. 
The final value of the mean gamma lifetime, 


Ty= (5.00+0.24) x 10-” sec, 


includes corrections for air absorption as well as other 
small corrections and uncertainties in the angular defi- 
nition of the gate, the elongation of the rotor, and the 
total electronic cross section. 

As mentioned in the Introduction, one obtains the 
mixing ratio & of a transition by combining the data 
from nuclear resonance fluorescence and Coulomb ex- 


18 G. J. Nijgh, A. H. Wapstra, L. Th. M. Ornstein, N. Salomons- 
Grobben, and J. R. Huizenga, Nuclear Phys. 9, 528 (1958-1959). 

1% F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940). 

*” G. W. Grodstein, X-Ray Attenuation Coefficients from 10 kev- 
100 Mev, National Bureau of Standards Circular No. 583 (U. S. 
Government Printing Office, Washington, D. C., 1957). 

21 C. M. Davisson and R. D. Evans, Revs. Modern Phys. 24, 79 
(1952). 
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TABLE IIT. Experimental values for r,, the mean gamma lifetime 
of the 279-kev level in TI. 





Source 


1 (5.10+-0.28) x 10-” 
2 (4.78+0.47) X 10-” 
2 (4.97+0.38) X 10-” 
2 (5.00+0.58) x 10-” 


Ty (sec) 





Average 2 (4.92+-0.26) x 10- 


Average 1+2 


(5.00+0.19) x 10-1 





citation since 
(E22) (E2) 


(M1) (M1+E2)—(E2) 


where (M1+ E2) is the transition probability measured 
by nuclear resonance fluorescence (or by delayed coinci- 
dences), (M1) is the magnetic dipole transition proba- 
bility, and (£2) is the electric quadrupole transition 
probability—a quantity proportional to the Coulomb 
excitation parameter B(£2). 

Using the Coulomb excitation value” of B(E2) 
= (0.61+0.07) X 10 measured by McGowan and Stel- 
son, and our value of the mean gamma lifetime of the 
279-kev level, the mixing amplitude was calculated to be 


Ie 


6) =1.31_9.:4s+°4. The main error in this value stems 
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Fic. 3. The resonance scattering effect as a function of the 
velocity of the source. The heavy line represents the theoretical 
counting rate for 7,=5.00X10~" sec. The experimental points 
from the first (weak) source are shown for comparison purposes. 
2 The value of B(E2) listed in reference (3) was calculated for 
a’ =0.246 We have corrected this value for ar=0.225 by multi- 
plying with the factor (1+-a7r)/(1+a7’). 
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Fis. 4. The differential cross section in arbitrary units versus the 
scattering angle. The heavy curve is the mean square fit to the 
angular distribution data uncorrected for the finite size of the 
detector. 


from the uncertainty in the Coulomb excitation value 
for B(E2). 

As has been mentioned previously, the angular distri- 
bution of the resonance radiation for a }—$-4 spin 
sequence has the form 1+ A2P2(cos@). The coefficient A» 
for the 279-kev transition in Tl was determined by a 
least-squares fit to the angular distribution data ob- 
tained with source 2 (Table IT). The values obtained for 
the three separate runs are given in Table IV. The error 
of the average value was calculated from the deviations 
of the individual runs from the mean. 

The average differential cross sections from the three 
runs with source 2 are compared in Fig. 4 with the 
angular distribution 1+0.86P,(cos@). When the correc- 
tion for the finite extension of the detector is applied, 
the coefficient A» is changed from 0.86 to 0.87+0.08, the 
value listed in Table IV. 

For a mixed M1+ £2 transition, we have 


Ao=[1/(1+8) P[F2(LLj’ j)+26F2(LL’ j’ j) 
+8F,(L'L'j’j)P, (3) 


TaBLe IV. Experimental values of the coefficient As in the 
angular distribution W (6) = 1+-A2P2(cos@) of the resonance radia- 
tion from the 279-kev level. 


0.8340.08 
1.024-0.08 
0.76+0.07 


Average 0.87+0.08 
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where j’ and j are the angular momenta of the ground 
state and excited state, respectively, and &, the mixing 
ratio, denotes the intensity ratio of the radiation with 
angular momentum L’ to the Z radiation. The F, 
coefficients are tabulated by Ferentz and Rosenzweig.” 

Using Eq. (3), one computes for the 4-$-} spin 
sequence a coefficient, 


A,=[1/(1+6) P[0.5000—1.7326—0.50008 7. (4) 


This coefficient A, is plotted versus the mixing ampli- 
tude 6 in Fig. 5 for positive and negative values of 6. The 
only intersection of our lifetime and angular distribution 
data is on the curve of positive 6. This result is con- 
sistent with the polarization Coulomb excitation ex- 
periment® which also yielded a positive mixing ampli- 
tude. The range of values determined from the angular 
distribution is 6=-+1.20_9.::+°” which is in excellent 
agreement with |6|=1.31_9.:s*®™* obtained from the 
comparison of the Coulomb excitation and resonance 
fluorescence lifetimes. 

Any attenuation of either the angular correlation of 
the resonance radiation or the polarization of the 
Coulomb excitation in the thallium metal would lower 
the value of 6 derived from these measurements. The 
agreement with the measured 6 from the distributions 
and lifetimes indicates that there are no appreciable 
extranuclear effects which attenuate the distribution 
or polarization of the radiation from that level. 


V. DISCUSSION 


Table V lists the most recent values of the mean 
gamma lifetime of the 279-kev level in Tl? obtained 
with four different techniques. 

In 1958, Knapp” suggested that the lifetimes meas- 
ured by Coulomb excitation are longer than those 
arrived at by resonance fluorescence studies. Recent 
more accurate evidence has demonstrated agreement 
between the Coulomb excitation and resonance fluo- 
rescence techniques, for example in Ni®, Ge”, and Ge™,*® 

As one can see in Table V, there is also agreement for 
the mean gamma lifetime of the 279-kev level in TP” 
when one compares the present resonance fluorescence 
value with the Coulomb excitation result of McGowan 
and Stelson.* The resonance fluorescence results in Tl 
also agree with the average of the recent delayed- 
coincidence measurements, the values being (5.00-+-0.24) 
X10-" sec and (4.83+0.08)X10-" sec, respectively. 
There is greater disagreement among the values ob- 
tained by the delayed coincidence method"-”-.!5 than 
between the average results obtained by the techniques 
of delayed coincidences, Coulomb excitation, and reso- 
nance fluorescence. The lifetime obtained with the new 

%3M. Ferentz and N. Rosenzweig, Atomic Energy Commission 
Report, Argonne National Laboratory, ANL-5324, 1955 (un- 
published). 

*4R. M. Steffen, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1955), Vol. 4, p. 293. 


2 P. H. Stelson and F. K. McGowan, Bull, Am. Phys. Soc. 4, 232 
(1959). 
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Fic. 5. The angular distribution 
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the mixing amplitude. The cross- 
hatched lines indicate the experi- 
mental A» and its error as well as 
|8| and its error obtained from a 
comparison of the Coulomb excita- 
tion and resonance fluorescence 
lifetimes. 














technique of high-frequency deflection"® seems low; the 
value lies more than two standard deviations below the 
lifetimes obtained by the other methods of measurement. 

For the 279-kev level in Tl, from our measured 
lifetime and 6, we find the experimental value for the 
reduced magnetic dipole matrix element M,x,?=0.032 
+0.004. Using the configuration mixing of Arima et al.?® 
and Kisslinger,?’ M theor? = 0.267, a factor of 8 higher than 
the experimental result. It is disturbing that although 
TI has one less than a closed proton shell, one of the 
poorest fits of magnetic dipole transition probabilities of 
Arima et al. is found in this nucleus.” Kisslinger men- 
tions a recent calculation that indicates that a 20% ad- 
mixture of collective excitations to the wave functions 
could alter the gamma lifetime without changing the the- 
oretical conversion coefficient or the agreement with the 
ground-state magnetic moment. It seems as though the 
measurement of another experimental parameter, for 
example, the magnetic moment of the 279-kev excited 
state, would be needed to check the admixture coeffi- 
cients. 

The angular distribution value of 6 does confirm that 
the mixing amplitude in the 279-kev transition has a 
positive sign. The knowledge of the sign of 6 is necessary 
for the analysis of the recent conversion electron- 
gamma angular correlations*” since it provides another 
restriction on the possible parameters which can enter 
the correlations. These correlations examine finite- 


26 A. Arima, H. Horie, and M. Sano, Progr. Theoret. Phys. 
(Kyoto) 17, 567 (1957). 

27 L. S. Kisslinger, Phys. Rev. 114, 292 (1959). 

278 Note added in proof. Recently, A. deShalit [Phys. Rev. (to 
be published)] has suggested that the first two excited states of 
TI®’ might be described in terms of excitations of the even- 
even core (Hg™*) coupled to the odd proton in its lowest state. 
This description appears to account adequately for the main 
properties of the electromagnetic transitions between the three 
lowest states of T1®. 


10 
<E2> 
B= / oMi> 


nuclear-size effects upon the conversion electron parame- 
ters which enter angular correlation theory. Gerholm 
et al.’ concluded from their measurements that if the £2 
conversion coefficients were increased by 10%, their 
results would be consistent with the nuclear structure 
theory of Church and Weneser.’ 

Since the well-measured K-conversion coefficient ax 
may be written as ax= (8:+a26*)/(1+6), where ;, is 
the M1 K-conversion coefficient and a, is the E2 K- 
conversion coefficient, one can arrive at possible values 
for a from the measured values of 6 and ax and as- 
suming plausible M1 conversion coefficients. Using the 
average 6= +1.43+0.07 computed from the three inde- 
pendent determinations of the mixing amplitude (see 
Table V, footnote a), ax=0.162+0.003,° and the as- 


TasBLe V. Recent experimental values of the mean gamma-ray 
lifetime of the 279-kev transition in TP. 





Author(s) 


vy 
(10710 sec) 


4. 
5. 
5. 
3. 
5. 
5. 
4. 
4. 
4. 
5. 


Method 
Resonance fluorescence 
Delayed coincidences 
Coulomb excitation* 
High-frequency deflection 
Delayed coincidences» 
Delayed coincidences® 
Delayed coincidences> 
Delayed coincidences” 
Average delayed coincidences 
Resonance fluorescence 


Metzgere 

Berlovich and Dubinkin¢ 
McGowan and Stelsone 
Johansson and Alvager! 
Bashandy et al.« 
Gorodetzsky et al.» 
Pederson and Belli 
Schwarzschild and Kanei 





Present work (1960) 





* Corrected for the average 6’ = +1.43+0.07 computed from the three 
independent determinations of the mixing amplitude: the polarization of the 
Coulomb excitation (1.50+0.08), Coulomb excitation and resonance 
fluorescence lifetimes (1.31-t0.1s°), and the angular distribution of the 
resonance fluorescence radiation (1.20 -0.12°-29). 

b For the cases in which Tj, the half-life of the 279-kev level, was listed, 
the value was corrected by a factor (1 +ar)/0.693, where ar =0.225 is the 
total conversion coefficient. 

© See reference 17. : 

4 E. E. Berlovich and G. V. Dubinkin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 223 (1957) (translation: Soviet. Phys. JETP 5, 164 (1957) ]. 

© See reference 3. 

f See reference 13. 

® See reference 11. 

b See reference 12. 

i See reference 15. 

i See reference 14. 
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sumption that 8; is the theoretical value of Sliv®® or 
Rose,” one finds that for all possible values of 6 within 
the experimental error, a exp is slightly smaller than 
the theoretical £2 conversion coefficient. With the same 
values of ax and 4, but 8: theor lowered by 10% from the 
Sliv or Rose values, as indicated by the Kisslinger calcu- 


L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Reports, 1956 [translation: Reports 57ICC K1 and 
581CC L1, issued by Physics Department, University of Illinois, 
Urbana, Illinois (unpublished) ]. 

2M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 
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lation, a2 exp is equal to the theoretical 2 conversion 
coefficient within experimental error. Thus, our ex- 
perimental results for the mixing amplitude 6 do not 
suggest that experimental £2 K-conversion coefficients 
are larger than the theoretical predictions. Recent 
measurements” of #2 transitions in Pt™, Pt, and 
Hg" actually indicate that experimental £2 conversion 
coefficients in these nuclei are 10% 
theoretical values. 


lower than the 


* C. DeVries, E. J. Bleeker, and N. Salomons-Grobben, Nuclear 
Phys. 18, 454 (1960) 
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The lifetime of the first excited state of 


technique. From analysis of the exponential decay observed with an electronic time-to-pulse-height cor 
verter, the mean life was determined to be (4.05+0.08) X10~" sec. The decay of this state was observed 


using sources of Hg®* and Pb’, both sources yielding the same mean life within statistical errors 


This 


value of the lifetime agrees very well with the recent determination by Deutsch and Metzger utilizing the 


resonance fluorescence method. 


INTRODUCTION 

HE lifetime of the first excited state of Tl has 

been measured many times both directly by 
delayed coincidence methods and indirectly by reson- 
ance fluorescence and Coulomb excitation.' Since the 
various coincidence measurements showed very poor 
consistency it was never possible to either compare the 
methods or to be sure of the lifetime of this state. 
Further, the transition from the first excited state 
is known to display anomalous internal conversion 
coefficients. Although consideration of nuclear system- 
atics as well as the internal conversion data would not 
admit the existence of two states near 279 kev, such a 
situation might have explained both the anomalous 
conversion coefficients as well as the dispersion in 
lifetime measurements. 

Although there is no reason to suspect that nuclear 
lifetimes and the state widths as determined from 
nuclear resonance fluorescence would not conform to 
the usual uncertainty relation such a discrepancy has 
been suggested.’ The transition in Tl is particularly 
suited to checking this point, especially in view of the 
recent improvements in the delayed coincidence method 
which allows the direct observation of the exponential 
decay without recourse to centroid measurements. Both 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 For a review of earlier work see E. Bashandy, T. R. Gerholm, 
and J. Lidskog, Arkiv Fysik 17, 421 (1960). 

2 A summary of the more recent measurements is given by B. 
Deutsch and F. Metzger, preceding paper [Phys. Rev. 122, 848 
(1961) J. 

’V. Knapp, Proc. Phys. Soc. (London) A71, 194 (1958). 


the fluorescence and the electronic measurements can 
now be performed with errors of less than 5%. The 
resonance measurement is reported by Deutsch and 
Metzger in the preceding paper. 

In an attempt to clarify the situation we have re- 
measured this lifetime using the improved fast coinci- 
dence technique.*:' In order to obviate any experimental 
difficulties as well as to prove the singularity of the 
279-kev state, we have observed the exponential decay 
of this state when it is populated by the @~ decay of 
Hg” and, in a second measurement, when populated 
by the y decay of the 680-kev level of Tl which is fed 
in the K capture of Pb”. 


Hg** — Ti?’ MEASUREMENT 


Hg”® (47-day) was obtained from Oak Ridge National 
Laboratory. 8--y delay measurements were obtained 
using the fast-coincidence system described previously*® 
in connection with measurements of the first excited 
states of O'’ and F"’. A diphenyl acetylene scintillator 
# in diam Xj in. thick was mounted on a 56AVP photo- 
tube for the detection of 6~ particles. The y detector 
was a 1} in.X1} in. plastic scintillator (Pilot B) 
mounted on an RCA 7264 phototube. 

The time spectrum obtained as well as a comparison 
with the spectrum obtained with identical energy 
channels using a Au™® source is shown in Fig. 1. The 
data analysis was performed by analysis of the exponen- 


*R. E. Bell and M. H. Jorgensen, Nuclear Phys. 12, 413 (1959). 
5J. V. Kane, R. Pixley, R. Schwartz, and A. Schwarzschild, 
Phys. Rev. 120, 162 (1960). 
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Fic. 1. Time distribution of coincidences. (a) Hg®* source and 
(b) Au’ source. Accidental coincidences (~1 count per channel) 
have been subtracted from the Hg spectrum. 


tial tail over the range of delays shown in Fig. 1 by the 
arrows. This measurement gives a mean life for Tl*** 
of (4.06+0.08) x 10-” sec. The least-squares fit to the 
logarithmic decay resulted in an external error equal 
to 0.97 times the internal error. 


Pb** — TI? MEASUREMENT 


The equipment employed in this measurement was 
identical to that used for the Mass 17 measurements.‘ 
y-y coincidences were obtained from the 401-kev-279 
kev cascade. Absorbers mounted on the 401-kev 
detector to minimize backscattering of 680-kev photons 
from the 404-kev detector. This effect could simulate 
a cascade transition as far as the energy channels were 
concerned but would appear like a nearly prompt source 
of coincidences in the time spectrum. With a 2-g/cm? 
(Pb-Cd-Cu) graded absorber in fron. of the 401-kev 
detector, it was found that the centroid shift of the 
prompt vs delayed coincidence curves was consistent 
with the lifetime determined from the exponential 
decay. Figure 2 exhibits the time spectrum obtained as 
well as that due to coincidences of annihilation radiation 
obtained from a Cu™ source. The best fit to this curve 
using the least-squares method is given by a mean life 
for Tl? * of (4.02+0.14) x 10- sec. The least-squares 
fit to the logarithmic decay exhibited an external error 
of 1.2 times the internal error. 


TIME CALIBRATION AND SYSTEMATIC ERRORS 


Until recently the delayed-coincidence method, when 
used to determine lifetimes under 10~® sec, depended 
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Fic. 2. Time distribution of coincidences. (a) Pb source and 
(b) Cu®™ source (annihilation radiation). Accidental coincidences 
(~4.5 counts per channel) have been subtracted from the Pb 
spectrum. 


upon the observation of the displacement in the centroid 
of the time spectrum of the delayed radiation relative 
to that of a known prompt cascade. In principle, this 
method can provide accurate results®; in practice ex- 
treme care must be taken to avoid systematic errors. 
The main sources of systematic error which have been 
diffieult to evaluate were centroid shifts due to (1) 
variation of counting rate, (2) differences in pulse 
spectra of the prompt and delayed source, (3) differences 
in the spatial distributions of interactions within the 
scintillators, (4) scattering of radiations from one 
scintillator to the other, (5) variation of the system gain, 
and (6) errors in time calibration. If the exponential 
decay is observed, the main systematic errors in the 
observed slope are expected to be due only to (5) and 
(6) above. We have taken great care to stabilize the 
operating conditions of our system. In addition, we 
intersperse time calibrations with the measurements of 
the time spectra of the delayed radiation. We have 
observed that the time calibration (i.e., mp sec per 
channel) changes by only a few percent in several days 
(even though the centroid positions at a given delay 
may change by 2X10~-" sec over this period). This 
effect is shown in Fig. 3. 

| Our time calibrations are performed by observations 
of the centroid of the distribution obtained from a 
prompt cascade as a function of inserted delay. The 
delay is produced by variation of two (120-ohm) air- 
core trombones. The air-core trombones have a velocity 


‘T. D. Newton, Phys. Rev. 78, 490 (1950). 
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Fic. 3. Calibration runs using an annihilation radiation source 
(Cu®), taken on three consecutive days. (a) Monday, (b) Tuesday, 
(c) Wednesday. The apparatus was left running continuously over 
this period. 


for our signals of c, within 1%, as measured with a 
source of annihilation radiation.® We were able to obtain 
a linear delay vs centroid position over a 4X 10~*-sec 
range (Fig. 3), the deviation of any point from the 
best-fit straight line being less than 3X10" sec. 


DISCUSSION 


Table I presents the results of our measurements. In 
addition to the value of the exponential slopes we also 
present the centroid shifts of the delayed relative to 
prompt distribution. (The Au™® cascade is not truly 
prompt and our results are corrected assuming a life- 
time of 3X 10-" sec for the 411-kev state of Hg™*.) The 
errors presented for the centroid shifts are based on the 
observed reproducibility of the results. For the reasons 
mentioned above, we do not consider the centroid shifts 
to be as systematically reliable as the exponential decay. 
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TABLE I. Results of the separate lifetime measurements. 


Mean life and error 
standard deviation) 
Source (10-" sec) 
Exponential decay 
4.06+0.08 
4.02+0.14 
Centroid displacement 
4.2+0.1 
$.3+0.1 


Hg™3 
Pb™ 


Hy 
Pb*s 


Our estimation of systematic errors precludes the com- 
bination of the two slope measurement for purposes of 
reducing the quoted error. We therefore give the final 
value (4.05+-0.08) x 10-" sec for the mean life of this 
state. There is no visible support for the idea that this 
state is really two closely spaced states. 

This measurement is in very good agreement with 
recent measurements using other techniques.” Discus- 
sion of this point, as well as the significance of the 
measured value, is given in this last reference. 

During the course of this work another measurement 
of the lifetime, utilizing equipment similar to ours, was 
reported by Gorodetsky et al.’ It is significant that 
within the small errors quoted our results agree with 
theirs.® 


7S. Gorodetsky, R. Manquenouille, R. Richert, and A. Knipper, 
Compt. rend. 251, 65 (1960). 

8 Note added in proof. After submitting this paper a very recent 
publication by E. C. B. Pederson and R. E. Bell in Nuclear Phys. 
21, 393 (1960) has come to our attention. This paper reports a 
measurement of the T]*** lifetime using techniques similar to ours. 
Their result yields 7,,= (3.48+0.15)X10-” sec which is signifi- 
cantly smaller than our result. We have no explanation for the 
discrepancy. From the appearance of the data presented, it would 
seem that the only possible source of this difference can be in the 
time calibration. 
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Nuclear Interactions in Deuterium Fluoride* 


H. Mark Netson,t Joun A. Leavitt,t Mitton R. BAKER, AND NorMAN F. RAMSEY 
Harvard University, Cambridge, Massachusetts 


(Received December 27, 1960) 


The deuteron and fluorine magnetic resonance spectra in the molecule DF have been studied using the 
molecular beam method. The observed resonance patterns have been compared with those calculated on a 
UNIVAC computer. The parameters of the calculation were adjusted until the theoretical and the experi- 
mental curves matched. In this manner the spin-rotational interaction constant of fluorine in DF was 
assigned the value |cr| =160+1 kc/sec and the quadrupole coupling constant of the deuteron in DF was 
assigned the value |d:| =34-+4 kc/sec, which corresponds to |egQ/h| =340+40 kc/sec. 


I. INTRODUCTION 
HE Hamiltonian for a '2 diatomic molecule in an 
external magnetic field has been discussed by 
Ramsey and Lewis.' The detailed theory of the molecule 


* This work was supported in part by the National Science 
Foundation and the Joint Program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

+ Present address: Brigham Young University, Provo, Utah. 

¢ Present address: University of Arizona, Tucson, Arizona. 

1N. F. Ramsey and H. R. Lewis, Phys. Rev. 108, 1246 (1957). 


DF in a strong magnetic field is formally identical to 
that of the molecule HD under the same conditions and 
that theory has been discussed by Quinn, Baker, 
LaTourrette, and Ramsey,’ as well as by Ramsey and 
Lewis.! However, in the case of DF, resolution of the 
various transitions is not accomplished experimentally. 

To aid in the interpretation of the composite reso- 


?W. E. Quinn, J. M. Baker, J. T. 
Ramsey, Phys. Rev. 112, 1929 (1958). 
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Fic. 1. Experimental resonance 
pattern for fluorine transitions in 
DF. Zero intensity is at 0.5 volt. 
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nance patterns obtained for the molecule DF, a calcu- 
lation has been programmed for the UNIVAC com- 
puter® which takes account of the probabilities of the 
various transitions where several resonance lines over- 
lap. This calculation, in effect, predicts by purely 
mathematical means, the resonance curves to be 
expected for any arbitrary set of interaction parameters. 
The various assumed parameters of the Hamiltonian 
are based either upon experimental results or upon pre- 
liminary calculations. The values of these parameters 
are then adjusted as necessary by successive approxi- 
mations to give a best match between the theoretical 
and experimental resonance curves. In the present case, 
a high-field perturbation calculation was carried out to 
second order; the parameters which gave the best fit 
in the second order perturbation calculation, were then 
finally used in a calculation in which the secular equa- 
tions for the matrices resulting from the assumed 
parameters were solved exactly. In this manner, values 
have been obtained for the spin-rotational interaction 
constant of fluorine in DF and for the quadrupole 
coupling constant of the deuteron in DF. 

The experiment was performed in the recently com- 
pleted molecular beam apparatus at Harvard Uni- 
versity, a description of which has previously appeared 
in the literature.* For this experiment, the mass spec- 
trometer was set for mass 21, corresponding to DF*. 
The rf region was in. in length. The beam was detected 
by means of an electron-bombardment ionizer and the 
resonance was observed with a phase-sersitive detector 
and on-off modulation of the rf current. The DF used 
in this experiment was manufactured from AgF», and 
deuterium gas according to the reaction®: AgF:+Dz. 
— Ag+2DF, the DF being collected in a liquid nitrogen 
trap. 


3N. F. Ramsey (private communication). 

4M. R. Baker, H. M. Nelson, J. A. Leavitt, and N. F. Ramsey, 
Phys. Rev. 121, 807 (1961). 

6 J. H. Hildebrand, J. Am. Chem. Soc. 56, 1820 (1934). 
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II. THE FLUORINE INTERACTION 


An experimental resonance pattern for the fluorine 
transitions in DF in a magnetic field of 3840 gauss is 
shown in Fig. 1. The separated peaks as well as the 
progressive decline in amplitude for the outlying peaks 
can be explained on the basis of a large spin-rotational 
interaction. Although the more precise method of 
matching calculated and experimental resonance curves 
was used to obtain the spin-rotational interaction 
constant, the following qualitative discussion may be 
helpful in understanding the resonance pattern. Con- 
sider the Hamiltonian 3: 


a ap dr by 
a ogee BE iy Be 
h |i H| Hl 


where the notation of Ramsey and Lewis! is employed 
and where the only non-negligible internal interaction 
is considered to be the spin-rotational interaction of the 


fluorine nucleus with the molecular field. For this 
Hamiltonian, the frequencies corresponding to a re- 
orientation of the fluorine nucleus are given by 


cr’ 
VR= —@Fr—CRrmy—— be (J+1)—m,*]. 


2 adr—by 


From this expression, one can see that each of the 
separated peaks can be interpreted to consist of con- 
tributions from several transitions having different J, 
all of which have the same value of m,. Furthermore, 
except for the small third term in the above expression, 
the peaks should be symmetrically spaced about the 
fluorine Larmor frequency (for which m;=0). The 
variation in height of the side peaks is explained by the 
fact that the populations of the states for different J 
are goverened by the expression®: 


Nys« (2J+1) exp[—#J (J+1)/2IkT], 


6G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1950). 
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FREQUENCY (kc/sec ) 
where J is the moment of inertia of the molecule, & is 
Boltzmann’s constant, and T the absolute temperature. 
The higher J states are, therefore, only sparsely popu- 
lated for finite temperature and this fact can account 
for the smaller amplitude of the peaks which corre- 
spond to higher my. 

By subtracting the expression for the frequency of 
the line corresponding to +m, from that corresponding 
to —my, the following expression results: 


v(m;)—v(—my) 


Cr= ’ 
2m, 


From this expression, an approximate value for the 
spin-rotational interaction constant, cr, can be ob- 
tained by using the frequencies of the maxima of the 
peaks corresponding to my, and —mzy in the experi- 
mental resonance pattern. From Fig. 1, it is seen that 
\cr| is about 160 kc/sec. Figure 1 also shows that the 
resonance curve should show some asymmetry, but the 
details of the asymmetry of the resonance pattern are 
better identified by comparing the experimental curve 
with the theoretical one obtained by solving the secular 
equation which is appropriate for the F resonance in 
DF by means of a UNIVAC computer, as described 
above. The theoretical curve is shown in Fig. 2. The 
values of the parameters used in this calculation are as 
follows: 


@p= 2.511 Mc/sec, ar= 15.391 Mc/sec, 

by=1.08 Mc/sec, 
cr= — 160 kc/sec, cp=5.73 kc/sec, 

d,=8.81 kc/sec, 
d.= 34 kc/sec, 5=0.102 kc/sec. 
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Fic. 3. Experimental resonance pattern for deuteron transitions 
in DF. Source temperature: 300°K. Magnetic field strength: 5778 
gauss. The zero-intensity line is shown. 
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Fic. 2. Theoretical resonance 
pattern for fluorine transitions in 
DF. The parameters involved in 
the calculation were assigned the 
following values: @p=2.511 Mc 
sec, @dy=15.391 Mc/sec, 6;=1.08 
Mc/sec, cr=—160 kc/sec, cp 
=5.73 kc/sec, d,;=8.81 kc/sec, 
d2=34 kc/sec, 6=0.102 kc/sec. 
The calculation was carried out 
for a magnetic field of 3842 gauss 
and a temperature of 
300°K 


source 


It can be seen from a study of Figs. 1 and 2, that, with 
the above values for the parameters of the Hamiltonian, 
the match between the theoretical curve and the experi- 
mental curve is good. This close agreement allows one 
to assign 

CK 160+1 kc/sec. 


From this experiment, it was not possible to determine 
the sign of cr since replacing cry by —cr in the UNIVAC 
calculation made only small changes in the shape of the 
resonance pattern. 


Ill. THE DEUTERON INTERACTIONS 


Figure 3 is an experimental resonance pattern of the 
deuteron transitions in DF in an external magnetic 
field of 5778 gauss. The two side peaks are interpreted 
as arising from the interaction of the electric quadrupole 
moment of the deuteron with the gradient of the elec- 
tric field of the molecule at the position of the deuteron. 
Under the assumption that the side peaks are due to a 
quadrupole splitting, the separation of these peaks Av 
is approximately related to the quadrupole coupling 
constant, d2, by: d,=4Av/15 for a nucleus with a spin 
of 1, according to a theory by Feld and Lamb.’ It is 
seen from Fig. 3, then, that d:~31 kc/sec. However, 
the Feld and Lamb theory neglects interactions other 
than the quadrupole interaction; it predicts for an 
infinite temperature a double-peaked pattern which 
rises vertically up to the maxima from the outside and 
falling smoothly to a minimum between the peaks. For 
this special case, Feld and Lamb calculate the separa- 
tion between maxima to be given by Av= 3egQ/8h, or, 
since d2=egQ/10h, Av=15 d2/4, as stated above. For 
the present experiment, however, the quadrupole inter- 
action is not the sole significant one, and the effect of 
the other interactions is to smear out the sharply rising 
peaks of the Feld and Lamb theory and to bring the 
maxima of the peaks closer together so that Av is slightly 
less than 15 d,/4. 

Again, the value assigned to the parameter de (or egQ) 
was determined by comparison of the experimental and 
calculated resonance patterns. Figure 4 is the curve 
which was obtained from the UNIVAC solution of the 
secular equation appropriate for the deuteron resonance 


7B. T. Feld and W. E. Lamb, Phys. Rev. 67, 15 (1945). 
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Fic. 4. Theoretical resonance 
pattern for deuteron transitions 
in DF. The parameters of the cal- 
culation were assigned the follow- 
ing values: @p=2.511 Mc/sec, 
ar=15.391 Mc/sec, by =1.08 Mc/ 
sec, cr=—160 kc/sec, cp=5.73 
kc/sec, d;=8.81 kc/sec, de=34 
kc/sec, 5=0.102 kc/sec. The cal- 
culation was carried out for a mag- 
netic field of 5778 gauss and a 
source temperature of 300°K. The 
dashed curve is the result of solv- 
ing the secular equation. The solid 
curve shows the result of multi- 
plying the contribution of the 
J =0 states by a factor of three. 





in DF in a magnetic field of 5778 gauss. The values 
assigned to the parameters of the calculation are the 
same as those given above for the theoretical fluorine 
resonance pattern. In particular, d2 is given the value of 
34 kc/sec. 

The theory of Feld and Lamb for the shape of the 
resonance pattern when a quadrupole interaction exists, 
applies to the case of infinite temperature so that a 
vanishing fraction of the molecules remain in the J=0 
state. This theory predicts no central peak for the 
deuteron resonance in DF, in contrast with the experi- 
mental results. However, for a finite temperature, a 
non-negligible fraction of the molecules exist in the 
J=0 state and these molecules give rise to the central 
peak of the resonance pattern. Actually, any state that 
is little affected by the quadrupole interaction will 
contribute to the central peak. Examples of such states 
are those for which the expression 3m;?—J(J+1) 
vanishes or is very small since this expression occurs as 
a factor in the quadrupole interaction term of the 
Hamiltonian. The first version of the theoretical reso- 
nance curve had a central peak which was smaller than 
the side peaks as is shown by the dashed curve in Fig. 4. 
It was suggested by James Pinkerton that a large 
central peak might be explained upon the basis of mul- 
tiple quantum transitions, i.e., transitions for which 
Amp> 1. Such transitions would effectively increase the 
throw-out power for the-particular molecules involved 
and would increase the apparent amplitude of the reso- 
nance peak at the frequencies where such multiple 
transitions occur. The solid curve of Fig. 4 shows the 
effect upon the theoretical resonance pattern of multi- 
plying the contribution of the J=0 states to the reso- 
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nance curve by a factor of three, indicating in a quali- 
tative way that multiple quantum transitions might 
account for the shape of the deuteron resonance curve 
in DF. 

IV. CONCLUSIONS 


Because of the excellent agreement between the 
experimental and the theoretical resonance curves for 
the fluorine transitions in DF, it is concluded that the 
fluorine spin-rotational interaction constant in the 
molecule has the value: |cr|=160+1 kc/sec. A dis- 
cussion of the large spin-rotational interaction ex- 
hibited by fluorine is found in a previous paper.‘ It is 
interesting to note here, however, that the spin-rota- 
tional interaction constant of fluorine in DF calculated 
on the basis of a bare-nucleus model® is cp= +29 kc/sec, 
indicating that the constant is actually predominantly 
due to the motion of the electrons of the rotating mole- 
cule. From the above value of cr, one would predict, on 
the basis of the change in moment of inertia, that the 
spin-rotational interaction constant for fluorine in HF 
would be 304 kc/sec. This result is in agreement with 
experiment.‘ 

The deuteron resonance pattern in DF can be ex- 
plained by assigning the following value to the quad- 
rupole coupling constant: 


|d2| =34+4 kc/sec, 


so that |eqQ/h| =340+40 kc/sec. In addition it would 
seem that multiple quantum transitions occur which 
emphasize the central peak of the experimental 
resonance. 


~ 8G. C. Wick, Phys. Rev. 73, 51 (1948). 
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New Isotope of Manganese; Cross Sections of the Iron Isotopes 
for 14.8-Mev Neutrons* 


D. M. CurtrenpEN, II, D. G. GARDNER, AND R. W. Frivxt 
Department of Chemistry, University of Arkansas, Fayetteville, Arkansas 
(Received October 10, 1960; revised manuscript received February 1, 1961) 


Bombardment of iron enriched in Fe** with 14.8-Mev neutrons produces an activity having a half-life 
of 1.1+0.1 min. On the basis of cross bombardments and the gamma-ray spectrum of the activity, this is 
assigned to Mn**. In addition, the following cross sections were measured : Fe®*(n,p), 23.02.3.5 mb; Fe®"(n,p), 
71.0+7.6 mb; Fe®*(n,p), 128-13 mb; Fe®*(n,a), 21.52-2.0 mb; Fe™(n,a), 2704-135 mb; Fe*’(n,np), 6.12.6 


mb; Fe*(n,2n), 7.9+0.8 mb; Fe™(m,t), 0.60.1 mb. 





INTRODUCTION 


HE work of Preiss and Fink,' of this laboratory, 

indicates that there is a marked effect of shell 
structure on the probabilities for the occurrence of 
14.8-Mev neutron-induced reactions in the region 
Z=28. Levkovskii? has reported that the absolute 
(n,p) and (mn,a) cross sections of various isotopes of an 
element usually decrease by a factor of 2, 4, or 8 with 
increasing mass number. This variation is more pro- 
nounced in the light elements. The present work was 
undertaken as part of a program to study 14.8-Mev 
neutron-induced reactions around the closed 28 neutron 
shell, and also to examine another region where trends 
such as noted by Levkovskii might be encountered. 


EXPERIMENTAL 


Cross sections were measured for 14.8+0.9 Mev 
neutrons (10°—10" neutrons/sec) from the T(d,n)He* 
reaction at 0° to the incident deuteron beam of the 
University of Arkansas 400-kv Cockcroft-Walton 
accelerator. Bombardment periods ranged from 30 sec— 
6 hr. 

Enriched Fe™, Fe®’, and Fe®’, in the form of the 
powder Fe,O; and natural iron foil (91.6% Fe®*) were 
irradiated. Copper and aluminum foils were used as 
monitors utilizing the accurately determined cross 
sections for the Cu™(n,2n)Cu® reaction (556 mb) 
determined by Yasumi*® and for the Al?"(n,a)Na™ 
reaction (114 mb) determined by Poularikas and Fink.‘ 
Sample thicknesses were 10-55 mg/cm”. 


Counting Techniques 


Beta counting was performed in a 27 end window, 
methane-flow proportional counter having an alumi- 
nized Mylar window of 0.9-mg/cm? thickness. Samples 


* Supported in part by the U. S. Atomic Energy Commission. 
This work constitutes part of the M.S. thesis of D. M. Chittenden, 
II at the University of Arkansas. 

t Visiting scientist at Gustaf Werner Institute for Nuclear 
Chemistry, University of Uppsala, Sweden, 1959-1960. 

11. L. Preiss and R. W. Fink, Nuclear Phys. 15, 326 (1960). 

2V. N. Levkovskii, Soviet Phys.—JETP 6, 1174 (1958); 4, 
291 (1957). 

*S. Yasumi, J. Phys. Soc. Japan 12, 433 (1957). 

4A. Poularikas and R. W. Fink, Phys. Rev. 115, 989 (1959). 


were counted on a saturation backscattering thickness 
of either glass or aluminum and the activity was 
corrected for geometry, self-absorption, and self- 
scattering as described previously.*.® 

The probable error limits placed on the cross-section 
values are based on uncertainties in the monitor cross 
sections, and uncertainties in resolution of decay curves. 

Gamma counting was performed with either a 11} 
inch or 3X3 inch Nal(TI) scintillation spectrometer 
with a multichannel pulse analyzer. Since gamma-ray 
spectra were only used as a means of identification, 
no efficiency corrections were applied. 


RESULTS 


Samples of Fe,O; enriched to 78.4% in Fe®® and 
weighing about 4 mg were bombarded by 14.8-Mev 
neutrons, and the gross beta decay was followed. 
Half-lives of 1.10.1 min, 3.50.1 min from the 
Fe8(n,a)Cr® reaction, and 2.56+0.02 hr from the 
impurity Fe**(n,p)Mn*® reaction, were observed. 

The gamma-ray spectrum showed rapidly decaying 
strong gamma rays of energies 0.36, 0.41, 0.52, 0.57, 
and 0.82 Mev with weak gamma rays of 1.0, 1.25, 1.4, 
1.6, 2.2, and 2.8 Mev energy. These gamma rays were 
attributed to the 1.1+0.1 min activity since Cr® 
decays without the emission of gamma rays. Rapid 
chemical separations showed that the 1.10.1 min 
activity appeared in the manganese fraction. On the 
basis of cross-bombardments utilizing chemical sepa- 
rations and the gamma-ray spectrum (which fits the 
measured energy level of Fe®*)®’ the activity is assigned 
to Mn** from the (n,p) reaction of Fe®*. 

Bombardment of (Fe5”).0; (76.7% Fe”) gave rise to 
a 1.5+0.1 min activity assigned to Mn*’ from the 
Fe"(n,p) reaction and a 2,550.05 hour activity 
assigned to Mn® from the Fe'*(n,p) and Fe*"(n,np) 
reactions. 

Activities observed enriched 


upon irradiation of 


5R. G. Wille and R. W. 
112, 1950 (1958). 

* A. Poularikas and R. W. Fink, Phys. Rev. 115, 989 (1959). 

®C. E. McFarland, F. B. Shull, A. J. Elwyn, and B. Zeidman, 
Phys. Rev. 99, 655 (1955). 

7A. Sperduto and W. W. Buechner, Bull. Am. Phys. Soc. 1, 
223 (1956). 


Fink, Phys. Rev. 118, 242 (1960); 
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TABLE I, fummery of absolute neutron cross sections for iron jm eotapes: 








Measured 
half-life 


21+2 min 

8.4+0.4 min 

25+5 days 
(not measured) 
2.56+0.11 hours 


_ Product 


Reaction 


Fe*(n, t) Mn” 
Fe™(n,2n) Fes 
Fe (n,a) Cr®! 
Fe™(n,p) Mn* 
Fe*(n,p) Mn* 





Mn*? 
Mn* 
Mn*® 


1.5+0.1 min 
2.56+0.20 hours 
1.1+0.1 min 
3.5+0.1 min 


Fes? (n,p) 
Fe®? (n,np) 
Fe®’(n,p) 


Fe®®(n,a) 


(14.8 Mev) 
_ Present w ork 


0. 6+0. 1 
7.9+0.8 
270+135 


128+13 





. Sailor, Atomic Energy Commission yr went 1018, April, 1959 (unpublished). 


(19 
Allen, Proc. Phys. Soc. (London) A70, 198 *\057) (emulsion). 


V. 
L. A. Rayburn, Bull. Am. Phys. Soc. 3, 365 
D. 
B. C Cohen, Phys. Rev. 81, 184 (1951). 


Measured cross sections 
(mb) 
(14.1-15 Mev) 
Other work 


14.9," 16.7, 10,° 2,4 10.6° 

131425¢ 

460,° 376,! 3959 

110,» 114,! 1314-15,)* 1444-16,! 190,¢ 72,™ 
96.7," 124-+12,° 1052,” 110, 95,' 1209 

28° 





eH. Neuert, U wir A of Hamburg (private communication to R. W. Fink, December, 1960). 


fP, V. March and W. Morton, Phil. Mag. 3, 143 (1958) (emulsions). 
+ L. Allen, Nuclear Phys. 10, 348 (1959) (emulsions). 
J. 
mission Report WASH-160., 
ic Zabel, Atomic Energy Commission Report WASH-191, 
iB. D. Kern, W. E. Thompson, and J. M 
k J, M. Ferguson, W. E. Thompson, and B. D. Kern, U. 
(unpublished). 
1S. Vasumi, J. Phys. Soc. Japan 12, 443 (1957). 
m G. W. McClure and D. W. Kent, J. Franklin Inst. 266, 238 (1955). 
® E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 
> S. G. Forbes, Phys. Rev. 88, 1309 (1952). 
P J. Terrell and D. M. Holm, Phys. Rev. 109, 
a G. Brown, G. C. Morrison, H. nen and W. 
* Calculated from Wy of K. Way, R. W. 
Report TID-5300 (U. S. Government Printing Office, Washington, D. C., 


2031 (1958). 


(Fe*).0; (96.66% Fe™) were 8.4+0.4 min Fe®* from 
the (m,2n), 252-5 day Cr®™ from the (m,a), and 21+2 
min Mn®" from the (,/) reactions. The previously 
reported 2.1-min activity assigned to Mn” ® was not 
observed. 

In Table I a summary of the known reaction cross 
sections for 14.1-15 Mev neutrons on iron isotopes is 
presented, together with the present results. 


DISCUSSION 


The (n,p) reactions were found to exhibit the trend 
observed by Levkovskii.? Thus, the (,p) cross sections 
lie in the ratio Fe®: Fe®*: Fe’: Fe®*: : 3.6: 1.0:0.55:0.18 
(Table I). 

Because of the large uncertainty in the counting 
efficiency for the Cr®! x rays in the counter used here, 
it is not possible to examine for a Levkovskii trend the 
ratio of the (n,a) cross sections of iron. 

The value for the cross section of the Fe™(mn,2n) 


8D. O. Caldwell and H. F. Stoddart, Phys. Rev. 81, 666 (1951). 


Howerton, University of California Radiation Laboratory Report UCRL-52 


T. Morton, Phil. Mag. 2, 
King, C. L. McGinnis, R. van Lieshout, 
1955). 


26, May, 1958 (unpublished), quoted from Atomic Energy Com- 


1959 (unpublished). 
Ferguson, Nuclear Phys. 10, 226 (1959). 
S. Navy Research and Development Laboratory Report USNRDL-TR-269, October 10, 1959 


785 (1957) (emulsions). 


Nuclear Level Schemes, A =40 —A =92, Atomic Energy Commission 


reaction (7.9 mb) is much lower than those for other 
(n,2n) reactions in this region; e.g., for Ni®*: the (#,2n) 
value is 5245 mb,’ for Co®, 149+10 mb ® or 630 mb,” 
and for Zn™, 245+20 mb.’ This may be connected in 
part with the fact that Fe™ has a closed neutron shell 
(N= 28). 

The large cross section for the (n,np) reaction of 
Fe*’ and the observation of the (n,/) reaction on Fe™ 
might be explicable on the basis of a nuclear cluster 
theory as suggested by Wilkinson" and others.” 
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Neutron angular distributions from the (p,m) reactions in C%, 
B", and Be’ have been measured using a long-counter detection 
technique in conjunction with the Livermore 90-inch variable- 
energy cyclotron. Proton energies ranged from threshold (2.0 Mev 
to 3.2 Mev) up to 5.7 Mev. The aim here was to find qualitative 
experimental evidence bearing on the direct reaction mechanism 
proposed by Bloom, Glendenning, and Moszkowski wherein the 
(pm) reaction connecting the ground states of mirror nuclei 
should go via a direct mode which is derived principally from the 
residual two-body interaction between the incoming proton and 
the bound neutron (or neutrons). It is found that the experimental 
evidence supports this hypothesis in that the angular distribution 
changes slowly in the direction of increasing complexity with in- 
creasing energy, largely ignoring the occurrence of resonances 
except in their immediate vicinity. Also a tentative grouping by 


pairs of the (p,#) angular distributions for (C“, N™) and (Be®, B") 
shows marked similarities between the members of each pair in 
conformity with the twin-reaction picture stemming from the 
same theory. Finally, preliminary results are presented of an 
IBM-704 computation program using a distorted-wave Born 
approximation theory formulated originally by Glendenning. The 
comparison between theory and experiment, although based on 
early returns, is in general encouraging. It is found that a triplet 
singlet interaction strength ratio is required here which is about 3? 
of that derived from the Gammel-Thaler phenomenological poten- 
tial. However, in view of the basic differences between the free 
and the bound two-body problem it is felt that more knowledge 
will be required in order to properly compare the present results 
with the free-scattering analyses. 





INTRODUCTION 


HE exploitation of the direct-interaction process 
as a means of determining spins and parities of 
nuclear states is now so well advanced as to be termed 
standard in the repertoire of low- and medium-energy 
techniques.' In this paper, we propose to adduce qualita- 
tive experimental and theoretical evidence for yet 
another useful aspect of direct interaction, namely, the 
investigation of the effective two-nucleon force in 
nuclei.? As has been suggested,?* this particular kind of 
investigation is most simple in the case of mirror nuclei 
reactions, 


2X 241+ p- > op1X etn. (1) 


The detailed nature of the simplifications is described 
elsewhere.2 Here we content ourselves with a brief 
recapitulation of the main theoretical results. First of all, 
the fact that we are dealing with mirror nuclei means 
that this process is dominated by that part of the p-n 
interaction which exchanges the charge between the 
two nucleons (considering only central forces). This 
plus the fact that we are dealing with ground states, 
where spins and parities are well known and wave 
functions can be reasonably estimated, makes it possible 
to calculate a cross section having an explicit and 
(hopefully) simple dependence on the p-n interaction 
inside the nucleus. It should be further noted that the 
charge-exchange part of the central force will in general 
be spin-dependent. Thus we can choose a force repre- 


+ This work was performed under auspices of the U. S. Atomic 
Energy Commission. 

1 See S. T. Butler, N. Austern, and C. Pearson, Phys. Rev. 112, 
227 (1958) ; this paper gives a very complete compendium of refer- 
ences (to date) on both experimental and theoretical work in this 
area. 

2S. D. Bloom, N. K. Glendenning, and S. A. Moszkowski, Phys. 
Rev. Letters 3, 98 (1959). 

3S. D. Bloom, R. M. Lemmon, and S. A. Moszkowski, Bull. Am. 
Phys. Soc. 3, 418 (1958). 


sentation in terms of singlet and triplet components and 
the angular distributions will then depend on the rela- 
tive strength of the two. More refined considerations, as 
for instance, the particular interest of such targets as 
C8, B", N?®, Ol, etc., whose structures closely approxi- 
mate the form of two closed shells (or subshells) plus 
or minus one extra core nucleon, are treated elsewhere.” 

It is surprising to find that the amount of experi- 
mental information available which might throw light 
on the kinds of problems just described is quite sparse. 
The reasons for this are not hard to find, however. For 
instance, we note that a total excitation cross section 
(at high energies) in the case of C"(p,n)N™ (ground 
state) has been made recently at Livermore.’ But the 
problem is that C™ is quite unique as a target on which 
such single-state excitation measurements (residual 
radioactivity counting) can be made, since in all other 
nuclei at least one state besides the ground state is 
stable against neutron emission. For other mirror- 
nuclei targets the only immediately accessible experi- 
mental data (yet to be taken) bearing on the question 
at hand are the (p,m) angular distributions, preferably 
at energies where wave-distorting effects are small. 
However, as has been clearly demonstrated,** final- 
state and initial-state interactions produce very large 
effects in the angular distributions as long as the poten- 
tial between the nucleons and the nucleus is comparable 
with the energy of the reaction. This latter situation 
exists essentially for all energies where it is practical to 
separate ground-state neutrons from neutrons leaving 
the residual nucleus in other states, such separation 
being performed usually by time-of-flight or by staying 
below energies capable of exciting anything but the 
ground state. We are thus left in the difficult situation 
where the angular distributions can really be done by 


*C. A. Levinson and M. K. Banerjee, Ann. Phys. 3, 67 (1958). 
5 N. K. Glendenning, Phys. Rev. 114, 1297 (1959). 
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simple techniques (e.g., with long-counters) only at 
energies in the vicinity of threshold. Although this is 
certainly a severe limitation it is still far from a hopeless 
one, since there is no basic reason why the direct process 
should be any less prevalent near threshold than it is at 
higher energies, aside from kinematic factors. One 
effect, however, does intrude at low energies which is 
not much in evidence at high energies. It is the coherent 
interference between resonances and direct effects. But 
these effects need not be too disturbing if one avoids as 
much as possible the vicinity of resonance peaks, as 
suggested by Butler and others.® 

In the work to be described here the (p,v) angular 
distributions were measured for C"’, B", and Be’ targets, 
using a long-counter technique (see below) in conjunc- 
tion with the Livermore variable-energy 90-inch cyclo- 
tron. The experimental results were given some time 
ago,’ the interim having been spent in getting a con- 
comitant theoretical computation underway.’ Since 
last year some (p,m) angular distribution for the case 
of C¥(p,n)N"™ in the energy range 3.57 Mev to 4.60 Mev 
have appeared’ which generally confirm the findings 
here. Since this latter work was performed on a Van 
de Graaff accelerator, with better than a factor of ten 
improvement in energy resolution over the cyclotron, 
one might expect that resonance effects would not 
“average” out as effectively as would be desired for the 
purposes involved here. For this reason the two sets 
of data are not directly comparable, though it would 
still be interesting to extend the Van de Graaff work 
right down to threshold to check the strong forward- 
angle sloping found in the present work. Because of the 
flat-energy response of long-counters the cyclotron 
measurements were necessarily confined to low-energy 
protons, as described above. (However, in a separate 
experiment a large body of time-of-flight data has been 
collected in the case of C™, Be*®, and N' for proton 
energies ranging from 6-13 Mev. A report on this work 
is in preparation.”) Theoretical calculations with dis- 


®S. T. Butler, Phys. Rev. 106, 272 (1957); N. Austern, S. T. 
Butler, and H. McManus, ibid., 92, 350 (1953). 

7S. D. Bloom and R. D. Albert, Bull. Am. Phys. Soc. 4, 321 
(1959). 

8 N. K. Glendenning and S. D. Bloom (to be published). 

* J. K. Bair, H. O. Cohn, and H. B. Willard, Phys. Rev. 119, 
2026 (1960). 

10 J. D. Anderson, C. Wong, S. D. Bloom, J. W. McClure and 
B. D. Walker, Phys. Rev. (to be published). 
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torted wave functions have been made and are also 
presented here. These calculations although illuminating 
and helpful in indicating the direct nature of the process 
are to be considered as somewhat tentative in nature 
since certain assumptions are made in the theory which 
may not be completely tenable at these low energies. 
The general features of the results and their comparison 
with the theory are discussed fully for each case at the 
end of this paper. Suffice it to say that the suggestion 
of direct reaction dominates the (p,”) process from 
threshold on. It remains for future experiments, particu- 
larly at higher energies, in conjunction with more 
detailed theoretical calculations to verify the pre- 
liminary evidence presented here. 


EXPERIMENT 


The experimental setup is shown in Fig. 1. The 
Livermore 90-inch cyclotron provides a beam of protons 
variable in energy from 2.6 to 13.8 Mev. The beam 
is collimated by an elliptical tantalum collimator so 
that a.circular spot is produced at the target which is 
angled at 30° with respect to the proton beam. The 
first collimator has an }-in. major axis and 7g-in. minor 
axis elliptical opening. It is located at a distance of 13 ft 
from the target so as to obtain a large inverse square 
law reduction of background at the detector. The second 
collimator is located 2 ft from the target and has an 
elliptical opening of ?-in. major axis and %-in. minor 
axis, which is sufficiently large to transmit most of the 
proton beam at that point. The beam strikes targets 
which are thin deposits (~1 mg/cm?) of elements 
evaporated on 10-mil tantalum disks. Cooling is achieved 
by means of an air stream directed against the outside 
of the target which is exposed to atmosphere. Targets 
are changed automatically by means of a remote posi- 
tioning device. The final 2 ft of beam pipe and the 
target changer form a Faraday cup which is insulated 
from the rest of the beam pipe. The final 10 ft of beam 
pipe is made of 30-mil aluminum to minimize neutron 
scattering and background. Neutrons are detected by 
means of a BF; long-counter whose front face is about 
2 ft from the target. This counter is mounted on a cart 
which pivots in a horizontal plane about the target 
position as a center. The angle between the proton 
beam and the counter is controllable from a remote 
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Fic. 2. Comparison of experimental results for “twin” reactions 
C¥(p,n)N¥qs and N'(p,n)Oqs. The data for the latter (see 
reference 9) have been replotted to match the conventions used 
in this paper. Data taken right at resonance have been omitted 
from the N* results shown here. 


point in the cyclotron control room to better than 1 
degree in accuracy and reproducibility. 

The energy response of the neutron detector, which 
was a shielded long-counter of the Hanson-McKibben 
type," was measured at 2 points using neutron sources 
of 1.5- and 4.5-Mev average energies. The 2 sources 
(polonium-beryllium and mock fission), which were 
calibrated to better than 5% accuracy by the Bureau of 


4 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
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Standards, gave results that agreed to within 7% ac- 
curacy. Combining these results with measurements by 
Hanson and McKibben" for the same type counter 
indicates that its energy response was flat to within 
15% between 23-kev and 5-Mev neutron energy. Opera- 
tion of the counter was stable and reproducible over a 
period of several months. 

Targets were prepared by evaporating the target 
material on 10-mil polished tantalum backings. The 
deposits were about 2 in. in diameter and weighed 
about 1 mg/cm*. Thicknesses were obtained by weigh- 
ing the 3-in.-diameter backing on a microbalance 
before and after each deposition. The filament-to- 
target distance was sufficient to ensure that less than 
1% variation in target thickness could be caused by 
geometric factors. 

The experimental measurements were carried out by 
counting for a given amount of charge collected on the 
Faraday cup. Typically, the procedure was to increase 
the angle from 0° in alternate 30° steps so that de- 
terminations were obtained in 15° intervals. The cyclo- 
tron current averaged about 0.25 microampere. The 
beam intensity permitted determinations to be made 
with about 3% statistical error in only a few minutes. 

The energy of the proton beam was monitored regu- 
larly by a differential range-energy determination device 
to better than 100-kev accuracy. Backgrounds were 
determined by inserting blank tantalum backings into 
the beam at the target positions. Corrections obtained 
in this manner were generally small compared to the 
data count. 


RESULTS 


Bloom, Glendenning, and Moszkowski’? have pointed 
out that for (~,) reactions on mirror nuclei a target 
nucleus consisting of a doubly closed shell plus one 
neutron is essentially equivalent to a doubly closed 
shell minus one proton, from the direct mode point of 
view, provided the hole and the particle are in the same 
state. Accordingly we have, for the purposes of dis- 
cussion here, grouped the results into pairs. First we 
compare our results for C(p,n)N“gs with the data for 
the “twin” reaction, N'°(~,n)Ogs, taken by Jones, 
Lidofsky, and Weil,” since there are some grounds for 
believing that C' may have the structure of a closed 
subshell of (p;) nucleons plus one neutron in a (;) 
state. N'™ ought to be well approximated by a (;) 
proton hole designation. Be*(p,)B® we have grouped 
with B"(p,2)C"gs, taking the point of view that Be’ 
could possibly be regarded as a relatively inert Be® core 
(consisting perhaps of two alpha particles“ a consider- 
able fraction of the time) with a #, neutron outside 
this core. B", by the same arguments as used for C™, 


2K. W. Jones, L. J. Lidofsky, and J. L. Weil, Phys. Rev. 112, 
1252 (1958). 

18M. K. Banerjee and C. A. Levinson, Ann. Phys. 2, 499 (1957). 

4 William T. Pinkston, Phys. Rev. 115, 963 (1959); J. S. Blair 
and E. M. Henley, ibid. 112, 2029 (1958). 
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may be regarded as having the structure of a proton 
hole in the ; state. Whereas the B™ assignment is based 
on some good theoretical and experimental grounds,” 
the case for Be’ is, in fact, almost totally hypothetical. 
Therefore, we should like to emphasize that the grouping 
together of these two latter cases is very tentative. 


C"(p,n)N%cs and N'(p,n)O'¢s 


Our results and the results of Jones, Lidofsky, and 
Weil” (replotted to match our type of display) are 
shown in Fig. 2. The ordinate for the angular distribu- 
tion for these curves (and for Fig. 3 as well) is loga- 
rithmic and the plots for the various energies have been 
displaced vertically quite arbitrarily to facilitate con- 
venient comparison between the “twin” reactions on 
C® and N! (similarly for Be® and B"). The horizontal 
scale is cos@ (angle between incoming proton and out- 
going neutron) in the center-of-mass system. The solid 
arrows along the vertical scale indicate the position of 
known resonances and are interpolated between the 0° 
cross-sectional values (e.g., the 2.30-Mev resonance in 
Be®(p,n) in Fig. 3 is placed about one-third of the way 
between the points at cos#=1 corresponding to proton 
energies of 2.2 Mev and 2.5 Mev). 

Concentrating our attention on the results for C¥ 
alone (Fig. 2) for the moment, it seems quite clear from 
the onset of the (p,m) reaction at threshold to the 
highest energy measured here that a gradual change in 
the angular distribution in the direction of increasing 
complexity with increasing energy is the basic charac- 
teristic of the results. The somewhat surprising forward 
slope beginning at threshold disappears at around 4.4 
Mev, where a kind of inversion in the angular distribu- 
tion seems to occur since it begins to dip sharply at 0°. 
It is useful now to compare the C® results with the 
Jones et al.” results for N'*. Unfortunately, the results 
for the first 250 kev above threshold for N' are not 
published, so we cannot say whether N'®(p,2)O" also 
exhibits the same forward sloping in this region that 
C¥(p,n)N® does, although, in view of the difference in 
threshold, similarities at these low energies would not 
necessarily be expected (see below). However, the 
striking similarity of the two angular distributions at 
those energies at which both have been observed is 
very obvious. The curves have been compared at 
roughly the same center-of-mass energy, but it must 
be borne in mind that there are differences between 
the two cases which can and should manifest them- 
selves, particularly at the lowest energies. These are 
discussed below. For N'5(p,7)O", it will be noted that 
the dip at 0° disappears above 5.7 Mev. It is now known 
that this behavior also characterizes the (p,m) reaction 
in C%, the dip being replaced by a rise for energies 
above 6.0 Mev.” 

The effect of resonances on the C™ data can perhaps 
be discerned in the data taken at 5.2 Mev. In general, 
because of the fact that the energy resolution of the 
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Fic. 3. Comparison of experimental results for “‘twin’’ reactions 
Be®(p,n) B® and B"(p,n)C'gg. 
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cyclotron is broad (~100 kev) compared even to the 
neutron widths encountered here, it is not to be expected 
that large discontinuities in the angular distributions 
at or in the vicinity of resonances should manifest them- 
selves clearly. On the other hand, in the case of the 
N*(p,n)O" investigation, which was performed using 
the Columbia 6-Mev Van de Graaff accelerator, these 
discontinuities should and do manifest themselves very 
strongly indeed. Angular distributions taken by Jones 
et al.” right at the peak of sharp resonances are elimi- 
nated from the presentation in Fig. 2, but one may 
easily verify this point by looking at the original 
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Fic. 4. Comparison between preliminary theoretical results 
and experimental results in the case of C"(p,n)N gg. 


curves.” The quick disappearance of the effect of these 
resonances on both the low- and high-energy sides is 
quite dramatic and strongly supports the validity of the 
suggestion® mentioned earlier. 


Be®(p,n)B® and B!'(p,n)C"gs 


We begin the discussion here by noting that of all 
the measurements we have made the ones on Be are the 
most vulnerable to both the theoretical criticisms 
already given above and the experimental limitations 
mentioned in the introduction. In the case of Be® it 
happens to be that the energy threshold in the labora- 
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tory system for the (p; ,2) process” is 1.859 Mev, 
which is 200 kev Jower than for the (p,m) process which 
we are most interested in observing. It is quite clear 
that the distortion of the (~,) angular distributions by 
the breakup process, particularly at the (~,) threshold, 
could be very large. This might account for the rela- 
tively anomalous behavior at 2.0 Mev (Fig. 3), where 
the departure from isotropy, characteristic otherwise, 
near threshold, of both Be*(,n) and B"(p,), is very 
marked. Also, there is the possibility of contamination 
in the angular distribution of the controversial state 
at 1.4 Mev in B®. However, in this latter case the very 
questionability of the state indicates a small cross 
section, and the likelihood of its affecting the present 
experiment seems small. The breakup process, as soon 
as one has raised the proton energy out of the immediate 
vicinity of the (p~,2) reaction threshold, may also con- 
tribute little to the total number of neutrons, since 
preliminary measurements” indicate that at these 
energies, at least, the relative contributions of (p; p,m) 
and (p,#) favor the latter rather heavily. 

Keeping all these exceptions in mind, it is still 
striking to compare Be*(p,7) and B"(p,n) at the same 
center-of-mass energies for the energy range covered 
here. From isotropy at threshold and immediately 
above, except for the possibly anomalous 2.2-Mev data 
in Be® (already noted), to the pronounced forward 
peaking and its simultaneous disappearance in both 
targets the similarity of the two cases seems almost too 
close not to be at least partly fortuitous. However, since 
we already know (see Fig. 2) that threshold behavior 
need not necessarily be isotropic, the similarity at lower 
energies would be difficult to attribute completely to 
fortune, and the almost identical evolution with in- 
creasing proton energy renders this interpretation even 
less likely. It would seem therefore, that the direct- 
interaction hypothesis, via the particular mode de- 
scribed above, is also strongly supported here. 


THEORETICAL CALCULATIONS 


The basic method of calculation utilized here is the 
one described and applied in great detail by Levinson 
and Banerjee" and also by Glendenning.® Here we have 
used the latter approach wherein the free-distorted 
wave functions of the Born approximation are generated 
by a square well with a uniform imaginary part. In his 
original work Glendenning® used a simple Gaussian 
interaction between the free and the bound nucleon 
with no exchange character, whereas Levinson and 
Banerjee® in their work used the Serber exchange 
mixture, 

Vi2=3(1—P*P")V(|\r1—r8e! ), (2) 


where the subscripts 1 and 2 refer to the two nucleons 
whose force under consideration. We have 
chosen to express the Serber exchange mixture in terms 


16 C, A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471 (1957). 


law is 
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Fic. 5. Optical parameters used 
in calculating distorted-free wave 
functions for the theoretical angu- 
lar distributions shown in Fig. 4. 
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of the ordinary spin-exchange operator, P’, and the 
isotopic spin-exchange operator, P’, the definitions for 
these being taken as given, e.g., by Blatt and Weiss- 
kopf.'® It was found by Levinson and Banerjee’® that the 
exchange integrals contribute little to the total inelastic 
cross sections. For the (p,m) reaction, the charge- 
exchange part of V,,, contributes a direct integral in the 
space coordinates while the exchange integral is as- 
sociated with the charge-nonexchange part of the p-n 
interaction and arguments based on the poor overlap 
of wave functions for the nonexchange contribution 
to the (p,m) cross section have already been made? 
showing that here this contribution must also be small. 
However, it was found impossible to produce theoretical 
curves resembling the experimental results at all without 
taking into account spin-exchange forces. Thus the 
neutron-proton force was taken to have the form, 


Vap= (VerP*+-V.)P", (3) 


i.€., a spin-exchange component plus a spin-nonexchange 
component, all multiplied by the isotopic spin-exchange 
operator. While it is felt that this form adequately takes 
care of the central forces, the neglecting of the tensor 
force is another matter and probably will require some 
emendation in future work (see below). Equation (3) 
may, of course, be re-expressed in terms of singlet and 
triplet spin-projection operators, and this in fact was 
done in the actual computations. In Fig. 4 we show a 
comparison between this theory and experimental 
results. The calculation was made on an IBM-704 
digital computer. Because of the semilog representation 
of the ordinate (do/dQ) shapes are preserved at all 
vertical positions. The ordinate values are only relative 
at a given energy and should not be interpreted as 
giving the total cross section (when integrated), either 


16 J. M. Blatt and V. F, Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 160. 
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relatively or absolutely. The parameters for the optical- 
model wave functions used for this particular calcula- 
tion are shown in Fig. 5. An optical-well radius value 
of Rp=1.30(A)*X 10-"= 3.06 X 10—" cm was used, and 
in the very preliminary parametric search which the 
results of Fig. 5 represent, the variation in V (real part 
of the potential) was considered as adequately taking 
into account all possible variations in Rp. This is 
exactly the same procedure followed by Levinson and 
Banerjee‘ as well as Glendenning® and it is based on the 
fact that both the magnitude and the differential shapes 
of the theoretically predicted cross sections are essen- 
tially sensitive only to the product V Rp’, rather than 
V and Rp separately. This point has been checked by 
actual computation and will be discussed in another 
paper.® 

The following equations give the relevant mathe- 
matical formulas with the definition of symbols used 
in the calculations under discussion here: 


de ky m f r At 
-()(5) Cf] Vaplt)|?, 
dQ Rn 2xh? 


Vi(r)= VitiW;, r<Rp 


Vi(r)=0, r>Rp 


1— 0: o>» 3+ 1:02 
ratene[r(=2") v(t") 
4 4 (6) 


V.=Ve0 exp(—Bitnp’), Vi= Veo exp(—Birny’). 


Equation (4) is simply the Born approximation, where 
(f| and |i) refer to the final- and initial-state wave 
functions (see reference 2 for the explicit form of the 
totally symmetrized wave functions as well as symbol 
definitions not given here). The free-state wave func- 
tions for the initial state protons (p) and final-state 
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neutrons () are the solutions to Schrédinger’s equation 
with the perturbing potentials of Eq. (5). Omitted was 
the explicit form for the potentials characterizing the 
final state interaction because it is the same as for the 
initial state, with the exception that the subscript “f” 
replaces the subscript “i”. With the exception of 
Rp, initial and final state potential parameters could be 
and were varied independently. No account was taken 
in this calculation of the Coulomb distortion. The form 
of the perturbing potential (V,,) causing the reaction 
in question is given in Eq. (6), where s refers to the 
singlet-projection operator, (1—@,-@2)/4, and ¢ refers 
to the triplet-projection operator, (3+ @,: @2)/4. For all 
the computations done here V; and V, were assumed to 
have the same range. However, it was found that a 
variation in the range of either V; or V, could be 
effectively compensated for by changing the strength of 
the amplitude, again in accordance, roughly speaking, 
with the VR? law. The surface reaction assumption was 
made in this calculation as in the earlier work by 
Glendenning,® although the site of the reaction surface 
was one of the variable parameters. This site could be 
chosen on any sphere outside Rp, the potential boundary, 
which was the same for both the initial and final states. 
Harmonic oscillator wave functions were used for the 
bound states, as is customary in shell-model calculations. 
Theory and experiment cannot be said to be in precise 
agreement at this stage. However, there are many re- 
markable resemblances characterizing the comparison 
of theoretical and experimental results as shown in 
Fig. 4 which could hardly be a result of accident. 
Ignoring for the moment the pronounced backward 
rises predicted by the theory just above threshold (3.2 
Mev to 3.6 Mev) we see that beginning at threshold 
both theory and experiment exhibit pronounced rising 
of the differential cross section in the forward directions, 
which changes gradually in about the same way in both 
sets of curves to a large humping around 90° in the 
theory and 45° or so in the experiment. The theory 
exhibits a sharp forward peaking at energies above 4.1 
Mev not shown in experiment; however, present indi- 
cations are that this is due at least as much to the very 
preliminary nature of the search for the best param- 
eters® as it is to inadequacies in the basic computational 
approach. However, the backward rises in the theo- 
retical curves which occur in the theory just above 
threshold, remarked earlier, might well be due to 
theoretical inadequacies which, for instance (see above) 
include ignoring of the Coulomb forces occurring in the 
initial state as well as the known “softness” of the 
nuclear edge in both initial and final states. Such effects 
are bound to be of particular importance for the lowest 
energies. The “soft” nuclear edge, in fact, is significant 
at all energies of interest here in that it leads to an en- 
hancement of reaction cross sections in general as 
compared to what might be expected from a square 
well, such as we have used here. Thus in this case, as 
well as in inelastic scattering,® in order to fit the ob- 


AND GLENDENNING 


served cross-sectional magnitudes unbelievably high 
values for the nucleon-nucleon interaction strength 
would have to be assumed. For this reason it will be 
necessary to wait for a more elaborate computational 
program before total cross sections in theory and ex- 
periment can be reconciled. It is worth noting that this 
is achievable since in the Levinson and Banerjee'® work 
such a program, taking into account not only Coulomb 
effects and the rounded well but several other more 
subtle effects, did come within a factor of two or so of the 
free-scattering nucleon-nucleon interaction strengths. 

The triplet-singlet strength ratio, V,/V, [see Eq. (5) ], 
which seems to be required in the present computation? 
is about +0.4, though we would like to note that a 
much more thorough investigation of this quantity 
both at these energies and higher energies is in progress.® 
The corresponding ratio for the central-force compo- 
nents of the phenomenological two-body potential 
derived by Gammel and Thaler'* may be estimated by 
making a normalization of their potential amplitudes!” 
to a single Yukawa range. This was done here by again 
invoking the VR? law for the two-body force (see 
above). The procedure must be regarded as very 
approximate, however, because of the presence of the 
repulsive core beginning at 0.4 fermis in all the potential 
components used by Gammel and Thaler.'* The result 
with this method nonetheless is +-0.6, which is certainly 
comparable to +0.4, as measured here. It is felt that 
the computation, although necessarily rough, still has 
guidance value in that it at least indicates no gross 
discrepancies between our parameters and the free-body 
parameters. However, one cannot finally compare these 
two quantities without at least taking into account the 
fact that the Gammel-Thaler potential included a 
strong tensor part, whereas in the present work no such 
force was included in the analysis. Furthermore it must 
be recalled that in the present work, the p-m force was 
measured im the nuclear medium, rather than in the 
free state. The expectation is that these two situations 
may well lead to important differences in the effective 
forces observed.” 

It is hoped to improve in general the procedure for 
comparing results from different analyses in the near 
future. One real improvement which might be men- 
tioned here would be to calculate the free-scattering 
triplet-singlet strength ratio with the diagonal matrix 


17 The relations between (V;,V,) in the present approach and 
the central-force components used by Gammel and Thaler 
(reference 18) are as follows: 

Ve= CV .+—3V-)/2, 
Thus the triplet-singlet strength ratio in terms of the Gammel- 
Thaler components is given by 
V./V.e= CV .t—9V-)/COV et—V--). 

18 J. L. Gammel and R. L. Thaler, Progress in Cosmic-Ray 
Physics, edited by J. G. Wilson (Interscience Publishers, New 
York, 1960), Vol. 5, p. 99; see also K. A. Brueckner and J. A. 
Gammel, Phys. Rev. 109, 1023 (1958). 

1S. A. Moszkowski and B. L. Scott, Ann. Phys. (to be 
published). 


V.=(V.t—1V.-)/2. 
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elements for the free-scattering potential components. 
This should pretty much obviate the range-normaliza- 
tion problem described above. Such a calculation, as a 
function of energy, is now in progress.” 

Speaking broadly, it is felt that the results to date of 
our analysis are encouraging, particularly in view of the 
strictly exploratory nature of both the theoretical and 
experimental effort described here. Furthermore it is 
felt that the points made concerning the inadequacies 
of the present approach in the preceding paragraph are 
the only major ones distinguishing our evaluation of 
V yn from free-body calculations, and methods for re- 
medying most or all of them are not difficult to visualize. 
Thus we feel it is reasonable to say that exploratory as 
this work may be it still seems to show that the theo- 


2S. A. Moszkowski and B. L. 


Scott (private communications). 
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retical method and the experiment are well suited to 
each other and that, by and large, the direct reaction 
can and very likely will be useful as another tool in the 


study of the basic nuclear two-body problem. 
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Si**(d,p)Si?® Reaction* 


A. G. BLarrt AND K. S. QuISENBERRY 
University of Pittsburgh, Pittsburgh, Pennsylvania 
(Received December 28, 1960) 


The 15-Mev deuteron beam of the University of Pittsburgh cyclotron was used to study the Si**(d,p)Si® 
reaction. Angular distributions of protons from most of the Si® levels up to an excitation energy of 6.4 Mev 
were obtained. Good agreement with the 8-Mev deuteron results of Holt and Marsham (at a deuteron energy 
of 8 Mev) was found, except in a few cases where an /=2 distribution showed low-angle peaking in one of the 
experiments but not in the other. The angular distributions of the 5.94- and 6.19-Mev states in Si”, not 
previously reported, were obtained. Butler curves with ]=2 and 1=3, respectively, were fitted to these two 
distributions. A somewhat unusual evaporation technique used to prepare the necessary targets from small 
quantities of SiO, with relatively high collection efficiency is described. 


I. INTRODUCTION 


HE Si?*(d,p)Si*® reaction has been studied at an 

incident deuteron energy of 8 Mev by Holt and 
Marsham,! and their experimental results were in- 
cluded in the evidence for the collective behavior of Si” 
in the study of Bromley ef al.? It is of some interest, 
however, to perform this experiment at a higher deu- 
teron energy, because the dependence of angular dis- 
tributions and stripping reduced widths on incident 
particle energy has been studied in only a few cases. In 
addition, the use of higher resolution may provide 
angular distributions to other Si® levels. The work re- 
ported here is part of a program carried out in this 
laboratory to investigate the (d,p) reaction on Si**, Si”, 


* Work done at Sarah Mellon Scaife Radiation Laboratory and 
assisted by the joint program of the Office of Naval Research and 
the U. S. Atomic Energy Commission. 

t Now at Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico. 

1J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 467 (1953). 

21D. A. Bromley, H. E. Gove, and A. E. Litherland, Can. J. 
Phys. 35, 1057 (1957). 


and Si®, and the (d,t) reaction on Si® and Si®. Results 
of these other experiments will be reported later. 


II. EXPERIMENTAL PROCEDURE 


The external deuteron beam of the University of 
Pittsburgh 47-inch cyclotron, whose energy is approxi- 
mately 15 Mev, is electromagnetically focused and 
energy analyzed.’ Charged reaction particles are ana- 
lyzed by a magnetic spectrometer, which can be rotated 
about the target. In the present experiment, the reaction 
protons were detected by means of a nuclear emulsion 
system.‘ 

The targets used were made in this laboratory, as 
described in the Appendix. One target was made from 
naturally occuring SiO, (92.2% Si®*, 4.7% Si®, 3.1% 
Si®). Other targets enriched in either Si” or Si® were 
made from SiO: enriched in the respective isotope,® and 

*R. S. Bender, E. M. Reilley, A. J. Allen, R. Ely, J. S. Arthur, 


and H. J. Hausman, Rev. Sci. Instr. 23, 542 (1952). 
4E. W. Hamburger, Ph.D. thesis, University of Pittsburgh, 
1959 (unpublished). 
5 The enriched SiOz was obtained from Isotope Sales Depart- 


ment, Oak Ridge National Laboratory, Oak Ridge, Tennessee. 
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Fic. 1. Angular distribution of the Si**(d,p)Si®® 1.278-Mev state. 


in the present experiment were used to assign proton 
groups to the correct isotope and to provide a means of 
subtracting background counts. 

The absolute cross-section scale, discussed briefly in 
the Appendix, is believed to be accurate within +30%. 
The relative cross-section scale should be accurate 
within + 10%. 

For the cases in which backgrounds could be deter- 
mined in a statistical manner, the error bars in the 
angular distributions indicate standard deviations. 
Often a background could not be determined in this 
manner, in which case an upper limit to the background 
error was estimated and included in the determination 
of the total error for the point. 


Ill. RESULTS 


Most of the angular distributions obtained in the 
present experiment agree well with those of Holt and 
Marsham.' The exceptions to this agreement are dis- 
tributions which show low-angle peaking in only one of 
the experiments. Two of these exceptions are the dis- 
tributions for the reaction to the 1.278-Mev and 2.027- 
Mev levels in Si”. The present experimental data for 
these cases are shown in Figs. 1 and 2. One can fit such 
a single-level distribution with the sum of two Butler 
curves calculated for orbital angular momentum trans- 
fer of J=0 and /=2, if both / values are allowed by 
angular momentum conservation.® Here, because the 
ground state of Si** has spin and parity of 0*, and the 


*S. T. Butler and O. H. Hittmair, Nuclear Stripping Reactions 
(John Wiley & Sons, Inc., New York, 1957). 
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1.28-Mev and 2.03-Mev states of Si® have spin and 
parity of $+ and $+, respectively,’ only /=2 is allowed. 
The 8-Mev data of Holt and Marsham show no low- 
angle peaking for these two states. Such ‘‘anomalous” 
behavior at low scattering angles as is exhibited in these 
distributions has been observed previously in (d,p) 
reactions,* and the extent of the ‘‘anomaly” seems to 
depend upon the incident energy of the deuterons. 

One must of course consider the possibility that this 
unusual behavior results from an impurity in the 
target. In the present case, however, we believe that 
there is strong evidence that an impurity is not re- 
sponsible, and that the forward rises in the two dis- 
tributions are a property of the Si**(d,p)Si** reaction to 
the 1.28-Mev and 2.03-Mev incident 
deuteron energy of 15 Mev. 

The two other exceptions are the distributions for 
the Si”? 3.06-Mev and 3.62-Mev states, for which Holt 
and Marsham obtained low-angle rises. Each of their 
distributions was fitted by the sum of two Butler curves, 
one of which, viz., the /=0 curve, was assigned to the 
(d,p) reaction on either the Si” or Si® in the natural 
silica target.' In the present experiment, no low-angle 
peaking for the 3.06-Mev level distribution was ob- 
served down to @m.~6°. In addition, the enriched 
target data show that in this region of Q the Si**(d,p) 
and Si®(d,p) reactions do not produce any proton 
groups of magnitude sufficient to distort the Si*® 3.06- 
Mev level distribution at any forward scattering angle. 
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Fic. 2. Angular distribution of the Si?*(d,p)Si?® 2.027-Mev state. 
7P. M. Endt and C. M. 
(1957). 
8 E. W. Hamburger and A. G. Blair, Phys. Rev. 119, 777 (1960). 


Braams, Revs. Modern Phys. 29, 683 





Si2*(d,p)Si2® 


TABLE I. Summary of Si**(d,p)Si® reaction data. 


Si® level 
(Mev) 





©, present 
* experiment ©?, H-M®* 


0.021 0.022 
0.014 0.019 
0.0034 0.005 
<0.0003 
0.0053 
0.0036 
0.017 
0.013 


ro(f) 





6.0 
5.9 
5.8 


g.S. 
1.278 
2.027 
2.424 Isotropic see 
3.064 2 Wy 0.003 
0.002 
0.017 
0.013 
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4.079 
4.930 
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0.058 
0.029 
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0.023 
0.012 


0.065 
0.032 
0.0015 
0.0010 
0.0071 
0.0054 
0.031 
0.016 


5.937 


+ T 


6.189 


i 


6.380 
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®* The results in this column were obtained by Macfarlane and French 
(reference 11) from the data of Holt and Marsham (reference 1). 

b Angular distributions to these levels were not obtained by Holt and 
Marsham (reference 1). 


The angular distribution below 6..m.~25° of the 
3.62-Mev Si*® level could not be obtained in the present 
experiment owing to interference of the proton group 
from the C"(d,p)C™ ground-state reaction. One can, 
however, compare the present enriched-target data and 
the expected height of the second maximum of an /=0 
distribution; from this comparison an upper limit of 
yo the cross section required by Holt and Marsham’s 
data can be placed on an /=0 contribution from the 
Si**(d,p)Si® or the Si*®(d,p)Si* reaction. We conclude 
that, if not produced as a result of a target impurity, 
the forward rises in the two distributions of Holt and 
Marsham must be due to a property of the Si?*(d,p)Si* 
reaction to the 3.06-Mev and 3.62-Mev states at the 
incident deuteron energy of 8 Mev. 

No attempt at a theoretical interpretation of this 
low-angle peaking will be made here. In the cases just 
discussed, the phenomenon is dependent upon incident 
energy in a way which is not predicted by the simple 
plane-wave Born-apiproximation theory. A brief dis- 
cussion of the mattet.can be found in reference 8. 

Figures 3 and 4 show the angular distribution for 
protons from the 5.94-Mev and 6.19-Mev states of Si”, 
fitted, respectively, by /=2 and /=3 Butler curves. 
The angular distributions of these two states were not 
obtained previously. 

Table I lists the stripping parameters and reduced 
widths of all the Si®* level angular distributions obtained 
in the present experiment. The excitation energies of 
the levels are those given by White.’ Proton groups 
from other known levels between 4.7 and 6.7 Mev of 
excitation were observed, but in general were weak and 
unresolvable. The values of / and ro listed were obtained 
from comparison of the measured angular distributions 
to curves calculated from the Butler formula.* From 


*R. E. White, Phys. Rev. 119, 767 (1960). 
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this comparison, also, the reduced widths ©? of the 
transitions may be extracted. The values of ©? ob- 
tained along with those obtained from the data of Holt 
and Marsham, who assign a + 25% error to their abso- 
lute cross-section scale, are shown in the final columns 
of Table I. The agreement between the two experiments 
is seen to be quite good in most cases, and in all cases 
is within the quoted errors. 

The reduced width can be written as 0?(/)=80,7(J), 
where the spectroscopic factor $ is a measure of the 
overlap between the initial and final nuclear states, and 
©,°(1) is the single-particle reduced width." From the 
agreement above one concludes either that the 2s, 1d, 
2p, and If single-particle reduced widths are approxi- 
mately the same for deuteron energies of 8 and 15 Mev 
or, at the very least, if they are slightly different each 
is different by approximately the same fractional 
amount. These results are in agreement with those from 
stripping experiments on other isotopes." 

Because of its large separation from the 3.62-Mev 
level, the Si” level at 6.19 Mev, reached by an /=3 
transfer, in all probability has a spin of $. The 3.62-Mev 
level is undoubtedly a good 1f7/2 single-particle level," 
which establishes a value of ©,?(1f)+0.013 for this 
nucleus (see Table I). Other $- levels not more than 1 
or 2 Mev above 6.19 Mev, having >> 0?~0.006, should 
therefore be reached by the Si**(d,p)Si® reaction; in- 
terfering C and O" peaks make their detection difficult 
in the present experiment. 

Because the Si* level at 5.94 Mev is reached by an 

=2 transfer, its spin and parity are either $+ or 3+. 
The strong-coupling model,” using Nilsson wave func- 


tions,’ when applied to the Si** nucleus predicts a $+ 
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Fic. 3. Angular distribution of the Si?8(d,p)Si®® 5.937-M ev state. 


Selove (Academic Press, Inc., New York, 1960). 

1M. H. Macfarlane and J. B. French, Revs. Modern Phys. 
32, 567 (1960). 

122A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat-fys. Medd. 27, No. 16 (1953). 

13S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955); B. R. Mottelson and S. G. Nilsson, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 
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Fic. 4. Angular distribution of the Si?*(d,p)Si®® 6.189-Mev state. 


state in the neighborhood of 5 Mev. The predicted 
reduced width of the transition to this state is of the 
order of magnitude which is observed for the transition 


to the 5.94-Mev level. A §* state is also predicted a few 
Mev above the $* state, but the reduced width for the 
transition to this level would be vanishingly small, 
according to this model. Both of these predicted states 
arise from Nilsson orbits based on the 1d-2s shell. It is 
quite possible, however, that the 5.94-Mev level has a 
spin and parity of }* and is reached in the (d,p) reaction 
by a 2d, transition. Other $+ states with large 2d; com- 
ponents should then lie within 1 or 2 Mev of this state. 
As noted above, these other states are essentially out of 
the range of the present experiment. No conclusion can 
be drawn regarding the spin of the 5.94-Mev level. 
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APPENDIX 


A. Target Preparation 


All targets used in the present experiment were made 
by evaporating SiO, powder onto a Mylar backing. In 
the vacuum evaporation technique the requirements of 
target uniformity are usually met by placing the source 
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of the evaporant at a relatively large distance (10-20 
cm) from a flat backing. The source is usually quite 
small, and every point on the surface of the backing 
material is at nearly the same distance from the source. 
The collection efficiency of this type of system is neces- 
sarily small, since the backing surface intercepts a small 
solid angle. In the present experiment, because a silicon 
thickness of a few tenths of a milligram per cm? was 
desired (in order to obtain relatively high count rates), 
and because SiO, enriched in Si” or Si® is quite ex- 
pensive, a modification of the usual method was 
required. 

Figure 5 shows a sketch of the evaporation apparatus 
used. Two pieces of brass tubing of slightly different 
diameters were cut and joined together so as to form 
the hollow semicylindrical shell shown in the figure. 
The inside section of tubing has a diameter of 2 cm; the 
length of the shell is 5 cm. Two holes were drilled 
through the outside section to provide for water cooling, 
as shown. 

A filament cut from 10-mil tantalum sheet runs along 
the principal axis of the shell. The powdered silica was 
placed in small depressions in the filament, the ends of 
which were connected to a variable ac power source. 
Attached to the semicylindrical apparatus was a guide 
system (not shown) which served to position and hold 
the filament accurately as its temperature was raised 
during the evaporation process. 

The approximate evaporation pattern of a system 
like that of Fig. 5 can be calculated for different 
numbers and locations of depressions in the filament 
and different amounts of the evaporant in each depres- 
sion. In this manner the requirements for a uniform 
deposition over a given surface area can be determined. 
In the present case it was also possible to determine 
these requirements experimentally. The inside surface 
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Fic. 5. Sketch of the evaporation apparatus used in the prepa- 
ration of silicon targets. W is the water cooling line; F isa tantalum 
filament. 
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of the brass shell was polished, so that upon completion 
of an evaporation the deposited film could be illumi- 
nated by sodium light and reflection interference fringes 
observed. The conditions of evaporation could then be 
adjusted until the desired uniformity and target thick- 
ness were obtained. The system finally used consisted 
of three sources of evaporant spaced along the filament 
at 1-cm intervals, with 3.0 mg of SiO» in each of the end 
sources and 2.0 mg in the center. With this arrangement 
the deposited film was uniform within +5% over an 
area of 1 cm by 2.5 cm. It should be noted that the film 
probably consisted mostly of SiO and Si, owing to the 
reduction of the SiO, by the tantalum.” 

The deposited film could be removed only by being 
chipped or flaked from the brass surface; it could not 
be peeled. Several techniques were used in an attempt 
to obtain a self-supporting target, but each failed in 
some manner. The silicon targets finally used were 
backed with }-mil Mylar film.'® The Mylar was first 
cemented to a piece of 1-mil Alcoa 2024 aluminum 
alloy'® by a thin film of Araldite epoxy resin.” A thin 
coating of silicone grease was applied to the back surface 
of the aluminum in order to attain good thermal contact 
between it and the brass surface. This sandwich of films 
was fitted into the brass shell, where it was clamped into 
position. After the evaporation was completed, the 
Mylar film with its deposit of silicon oxide was peeled 
from the aluminum, coated (by evaporation) on each 
side with about 50 yg/cm? of silver (for its radiation 
and electrical conductivity properties), and mounted 
flat in a target frame. 

Targets made in this manner had a tendency to pull 
in and wrinkle some around their edges when first put 


4 L. Holland, Vacuum Deposition of Thin Films (John Wiley & 
Sons, Inc., New York, 1956). 

15 Manufactured by E. I. duPont de Nemours and Company, 
Wilmington, Delaware. 

16 Manufactured by Aluminum Company of America, Pitts- 
burgh, Pennsylvania. 

17 Manufactured by Ciba Products Corporation, Fair Lawn, 
New Jersey. 
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into the deuteron beam, but the portion of each target 
through which the beam actually passed always re- 
mained unwrinkled. Also, it was found that the sections 
of Mylar film had to be selected with some care, as a 
target would crack along a flaw in the Mylar after 
spending a few hours in the beam. 

Several targets of naturally occurring and enriched 
silicon were made in this manner. Some have been 
exposed to the beam for thirty or forty hours; none has 
cracked or failed. 


B. Absolute Cross Sections 


The assignment of an absolute cross-section scale to 
the reaction data obtained in the present series of ex- 
periments would ordinarily have been made with the 
aid of a self-supporting natural silica target. With such 
a target one could compare at a chosen scattering angle 
the relative cross section of the O'*(d,p)O" ground-state 
reaction to that of a suitable silicon reaction. The 
absolute cross-section scale of the former reaction, for 
Ea~15 Mev, is known from previous work at this 
laboratory. Owing to a cyclotron breakdown, however, 
these required data were not secured. 

The method actually used is based on the geometry 
of the target evaporation system. Because (a) the 
dimensions of the system are accurately known, (b) the 
distribution pattern of the evaporated film was deter- 
mined experimentally, and (c) a known amount of 
SiOz was evaporated in the preparation of each target, 
sufficient information is available to permit the compu- 
tation of the areal density of the silicon in that portion 
of the target considered to be of uniform thickness. This 
method was used to determine the thickness of the 
natural silicon target and the result obtained is believed 
to be accurate within +20%. From a knowledge of the 
solid angle intercepted by the detection system, de- 
termined in connection with the absolute cross-section 
measurement of the O'%(d,p)O" ground-state reaction, 
one can establish an absolute cross-section scale for the 
silicon reactions. 
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Six neutron groups from the F"°(d,n) Ne™ reaction corresponding 
to the lowest states in Ne” have been observed at six angles of 
observation. The major part of the experiment employed nuclear 
emulsions and an average deuteron energy of 3.57 Mev. The 
importance of stripping appears to depend on the particular level 
involved ; in particular, angular distributions leading to unambig- 
uous assignments by stripping theory appear only for the ground, 
1.63-Mev, and 6.75-Mev levels. The ground-state assignment 
appears to be energy dependent when the present /,=2 value is 
compared to the /,=0 value previously reported for a higher 
bombarding energy. The 4.25-Mev level in Ne® gives rise to an 


I. INTRODUCTION 


HE first few excited states of the Ne” nucleus are 

of interest for comparison with three nuclear 
models: the shell model, the collective model, and the 
alpha-particle model. Extensive calculations based on 
the shell model have been made on nuclei of mass 
numbers 18 and 19 by Elliott and Flowers,’ and they 
suggest that the calculations can be extended to mass-20 
nuclei. Furthermore, of the nuclei immediately above 
O'*, Ne* has the strongest deformation,? making it of 
interest for interpretation by the collective model. 
Finally, Ne” can be considered as five alpha particles. 
Extensive studies have been made on the virtual 
levels of Ne* through the scattering of alpha particles*“ 
by O'*. However, of the five known bound states only 
the ground and first excited states have been given 
definite spin and parity assignments. A direct method 
of assigning spin limits and parities to the bound levels 
of Ne” would appear to be by deuteron stripping on F”, 
and two measurements of this kind have been reported, 
one by an English group® using a deuteron energy of 
around 9 Mev, and the other by a Japanese group® 
using a deuteron energy of 2.17 Mev. The former 
obtained good stripping distributions for the ground 
and first excited states but failed to observe the second 
through sixth excited states altogether. The Japanese 
workers at their low bombarding energy did not obtain 
familiar stripping distributions, and their data indicated 
the presence of weak neutron groups inconsistent with 
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angular distribution which could be either ],=2 or l,=3, but the 
fit to theory is not satisfactory for either case. A qualitative 
argument is given favoring the latter value. No assignment can 
be made to the 4.97- and 5.63-Mev levels 

A brief second experiment with a fast neutron spectrometer was 
performed in order to obtain an absolute differential cross section 
at 0° for Ne™ left in its 6.75-Mev level. The reduced width ob 
tained from this cross section is compared with a published reduced 
width for this same level obtained by elastic scattering of alpha 
particles by O"*, 


the level scheme’ for Ne”. Wilkinson has suggested that 
at low bombarding energies angular distributions for 
high-Q reactions would be greatly distorted from 
recognizable patterns.*® 

The 6.75-Mev level in Ne” is a virtual level for alpha 
emission, and determination of cross sections for its 
formation provides a useful comparison of reduced 
widths from stripping theory and from elastic scattering 
of alpha particles by O"°. 


II. EXPERIMENTAL PROCEDURE 


The very high Q of the F'*(d,n)Ne™ reaction for the 
low-lying levels of Ne” poses a difficulty in attempting 
to resolve the third, fourth, and fifth excited state 
groups by conventional methods of neutron spectros- 
copy. The deuteron bombardment energy chosen in 
the present experiment was a compromise between two 
requirements: first, that the deuterons have sufficient 
energy to overcome the Coulomb barrier, and secondly, 
that the separation of neutron groups in energy relative 
to their mean energy be as large as possible. The average 
deuteron energy at the center of the evaporated lead 
fluoride target of the first run was considered to be 3.57 
Mev based on the estimate made by weighing that the 
target thickness was 140 kev. Both Ilford C-2 400- 
micron emulsions and a fast neutron spectrometer were 
set up. During the first run there was not time to 
optimize performance on the latter and calibrate it; in 
addition, the resolution requirements (AE/E~6% in 
some cases) seemed quite severe for the instrument. It 
did serve to indicate that neutron background in the 
energy region of interest was very small, as did back- 
ground emulsions exposed simultaneously. 

The usual problems of scanning were aggravated by 
the length of the tracks and their scarcity. 

No provision for continuous monitoring of the lead 
fluoride target had been made, and when calculation of 
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the reduced width from stripping gave an extremely 
small fraction of the reduced width from elastic scatter- 
ing, the likelihood that the target disintegrated under 
bombardment could not be discounted. Accordingly, 
the gas-recoil fast neutron spectrometer? was set up at 0° 
since the flux of neutrons which leave Ne” in its 6.75- 
Mev level is strongest at this angle. A gas CF, target 
was employed; the estimated target thickness was 210 
kev, and the over-all bombarding energy at target 
center is considered to be 3.50+0.05 Mev. The Van 
de Graaff generator energy was obtained using the 
generating voltmeter the nuclear magnetic 
resonance apparatus of the analyzing magnet was 
inoperative on the day of the run. Another brief ob- 
servation at 18° was made during the same run in order 
to clear up an ambiguity connected with the 4.97-Mev 
level. 

That the CF, sample used was better than 99% pure 
was determined by gas chromatography. 


since 


III. EXPERIMENTAL RESULTS 


The emulsion spectra observed at the six angles of 
observation are shown in Fig. 1. The arrows are the 
calculated positions of the groups corresponding to the 
level positions obtained from reference 7. The spectra 
have been corrected for the probability of tracks leaving 
the emulsion”. and for the variation of the neutron- 
proton scattering cross section with energy. Slightly 
different acceptance requirements were employed than 
those listed in reference 10, namely, the maximum 
allowable angles both in the plane of the emulsion and 
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in dip were 15°. In order to check if the correction 
formula published in reference 10 was applicable, one 
point was recalculated for a neutron energy of 14 Mev 
where the correction was largest. Graphical integration 
was used, and the calculation included the effect of 
range shortening with increased recoil angle. However, 
the calculation did not include either the effect on 
recoils of Coulomb scattering or anisotropy of the n-p 
cross section. The agreement with the formula was 
within 0.5% so that the formula was employed directly. 

Figures 2, 3, and 4 show, respectively, the angular 
distributions of the neutron groups for the ground-state 
and 1.63-Mev level, the 4.25-Mev and 4.97-Mev levels, 
and the 5.63- and 6.75-Mev levels. A special remark has 
to be made about the error bars in the case of the 4.25-, 
4.97-, and 5.63-Mev levels. As can be seen from Fig. 1 
the corresponding neutron groups were not completely 
resolved. In addition to the usual statistical uncertainty, 
another uncertainty had to be added which will be 
referred to as “resolution uncertainty.” The circled 
points at the centers of the bars were obtained by esti- 
mating from the histogram the maximum and minimum 
number of tracks belonging to a given group and tak- 
ing the mean of these two values. The square root of 
this mean value was considered the statistical standard © 
deviation. The number of tracks between either ex- 
treme point was considered to be a 95% confidence 
interval for the resolution uncertainty. The number of 
tracks between the mean and either extreme point 
was then divided by two to reduce the confidence in- 
terval to 67% to be consistent with the statistical con- 
fidence interval. The error bar represents the square root 
of the sum of these two uncertainties squared and 
normalized according to the area of plate scanned. The 
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Fic. 2. Angular distributions in the center-of-mass system for 
the ground and first excited states. Arrow indicates points at which 
experimental! distribution is normalized to theoretical distribution. 
See text with regard to significance of error bars. The estimated 
uncertainties in the ordinate scale factors are +30%. 


theoretical curves were obtained from the tables of 
Lubitz" using an ro=5.0 f. 

Figure 5 is the spectrum observed at 0° using the fast 
neutron spectrometer. Calibration of the spectrometer 
both for energy and efficiency was made by substituting 
deuterium for the CF, in the gas target and using the 
published D(d,n)He* reaction cross sections and 
calculated neutron energies. The dashed line in Fig. 5 
represents an experimental monoenergetic neutron 
spectrum fitted to the incompletely resolved 6.75-Mev 
level spectrum. Approximate absolute differential cross 
sections can then be assigned at 0° to the 4.97-, 5.63-, 
and 6.75-Mev levels when correction is made for varia- 
tion of spectrometer efficiency with energy. Since the 
bombarding energy for this run was closely that of the 
emulsion run, estimates of absolute differential cross 
sections for the various groups can then be made by 
relating areas under the curves of the spectra of Fig. 1 
to the area under the peak for the 6.75-Mev level. The 
ordinate scales of Fig. 4 were obtained from the direct 
measurement at 0°, while those in Fig. 2 and Fig. 3 were 
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obtained by relating areas under peaks to the 6.75-Mev 
level group area at 0°. 


IV. DISCUSSION OF RESULTS 
Ground State 


The angular distribution appears consistent with 
proton capture having /,= 2. The results of the Japanese 
group show a somewhat similar shape although their 
peak was at a larger angle than the theoretical curve. 
On the other hand, Calvert ef a/.° obtained an angular 
distribution completely consistent with an /,=0 cap- 
ture. The latter result is what would be predicted by 
simple stripping theory for the transition between the 
J=4 F* ground state and the /=0 Ne* ground state. 
To make the expected d’s* configuration of the four 
nucleons of Ne” outside the O"* closed shell, F"’ appears 
to be capturing a d-wave particle. However, F™ is 
expected to be in a predominantly d’s configuration! 
which implies that some rearrangement of nucleons in 
their shells during capture is involved. A somewhat 
similar situation appears in the case of F"°(d,p)F* where 
the angular distribution of neutrons leaving F® in 
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the 4.25- and 4.97-Mev levels. The estimated uncertainties in the 
ordinate scale factors are +40%. 
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ground state varies strongly with energy." A study 
of the energy dependence of the ground-state neutron 
angular distribution would be desirable to find the 
crossover from the /,=2 to the /,=0 distribution. 


1.63-Mev Level 


The /,=2 stripping angular distribution is completely 
consistent with the J/=2* assignment to this level.” At 
small angles the experimental distribution lies appreci- 
ably higher than the theoretical curve based on Butler 
theory. This fact can be explained by recent develop- 
ments in stripping theory using distorted waves.'® 


4.25-Mev Level 


The angular distribution of neutrons leaving Ne” in 
the 4.25-Mev level appears to be a mixture of an /,= 2 
and an /,=3 angular distribution. As an argument to 
emphasize the choice of the distribution as /,=3 some 
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Fic. 4. Angular distributions in the center-of-mass system for 
the 5.63- and 6.57-Mev levels. The estimated uncertainties in the 
ordinate scale factors are, respectively, +15% and +20%. 
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Fic. 5. Spectrum of pulse heights obtained at 0° using the fast- 
neutron spectrometer and a multichannel analyzer. Note the 
suppressed zero on abscissa scale. This spectrum has not been 
corrected for variation of spectrometer efficiency with neutron 
energy. The groups are labeled as in Fig. 1. The dashed curve 
represents an experimental monoenergetic neutron spectrum 
fitted to the not completely resolved group-VI peak. 


qualitative account might be taken of the distortion of 
the nucleus from a spherical shape. In particular, a 
stripping angular distribution peak moves inward in the 
Butler theoretical distribution as the nuclear radius is 
increased. Capture of an f-wave proton by the F¥ 
nucleus would likely be more associated with an inter- 
action radius larger than the mean nuclear radius 
tending to increase a predicted height of the smaller 
angle points to some extent and spreading out the 
theoretical angular distribution more for an 1,=3 
proton than for lower /, values. An /,=3 assignment 
implying a relatively high J value is also more consistent 
with the fact that the 4.25-Mev level decays preferenti- 
ally by gamma emission to the 2+ 1.63-Mev level rather 
than the 0* ground state.'® 

If, indeed, the level is consistent with an /,=3 
assignment, stripping theory requires it to be 2-, 3-, or 
4- with the first unlikely since an /,=1 distribution 
would more probably be observed. Broude and Gove!” 


16 T. H. Kruse, R. D. Bent, and L. J. Lidofsky, Phys. Rev. 119, 
289 (1960). 

17C, Broude and H. E. Gove, Proceedings of the International 
Conference on Nuclear Structure (University of Toronto Press, 
Toronto, 1960), p. 47. 
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suggested that both this level and the 4.97-Mev level 
have J=4. Were J=3 an interesting consistency with 
the predictions of the alpha-particle model would 
appear. This model predicts a 3 level at almost exactly 
the same excitation energy.'® 


4.97-Mev Level 


Aside from the 18° point the angular distribution 
could well be nearly isotropic. Although there was a 
temptation to assign a tentative /,=1 label to this 
distribution since that assignment would give the only 
semblance of a fit to a theoretical curve, the brief fast- 
neutron spectrometer observation at 18° alluded to in 
part II yielded a shallow peak, identifiable as the 4.97- 
Mev level group and representing a cross section smaller 
than the corresponding 0° peak. That the 18° point is 
out of line with the others in the lower part of Fig. 3 is 
now considered to be a statistical fluctuation, and no /, 
value assignment can be made on the basis of these 
data. This level also decays preferentially to the 1.63- 
Mev level rather than the ground state" so again a low 
1, value seems unlikely. 


5.63-Mev Level 


No single /, value can be assigned to this level and 
statistics are too poor to assign a combination of /, 
values by fitting theoretical curves. Probably stripping 
does not compete favorably with compound nucleus 
formation. The differential cross section at 0° is esti- 
mated from Fig. 5 to be 1.7 mb/sr in the laboratory 
system with estimated uncertainty of 15%. 


6.75-Mev Level 


This level has been studied by means of the elastic 
scattering of alpha particles by O'* and an assignment 
of 0+ has been made by Cameron.’ The /,=0 angular 
distribution obtained in the present work is entirely 
consistent with this assignment. The spectrometer run 
gave a differential cross section at 0° and E,y=3.5 Mev 
of 8.9 mb/sr in the laboratory system with an estimated 
uncertainty of 20% due mostly to the fitting procedure. 
This cross section leads to a reduced width calculated 
from formula (II.29) of the Macfarlane and French 


18. Rosenfeld, Nuclear Forces (North-Holland Publishing 
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review article” of @=0.021. A value of ro=5.0 f was 
used in the calculations. The value of @ can be converted 
to the reduced width y? (in Mev-cm) of 
article, and the ratio of y* from stripping to that of 
elastic scattering by alpha particles is 0.36+0.07. As 
has been remarked in reference 19, stripping-reduced 
widths usually are smaller than those obtained from 
reactions in which a compound nucleus is formed. 

In conclusion, the levels whose spin assignments have 
already been made from other work show distinctive 
stripping patterns. The remaining statés do not permit 
unambiguous assignments, an effect which may in some 
way be associated either with the predicted strong 
deviation from sphericity of the nuclei involved or the 
large angular momenta of the states. 


Cameron’s 


V. REDUCED WIDTHS FOR THE GROUND AND 
FIRST EXCITED STATES 

On the basis of the estimated differential cross sec- 
tions at peak of the ground state and 1.63-Mev state 
neutron angular distributions, a the 
quantity & of reference 19 was undertaken assuming 
both distributions to be pure /, 5.0 f. With 
these assumptions the calculation yielded a value of & 
for the ground state of 0.10, over seven times the value 
listed in reference 9 based on the Ey=9 Mev data and 
@ for the 1.63-Mev state is 0.065, about 4.6 times the 
listed value. The very fact that the stripping angular 
distribution for the ground state changes character as 
the bombarding energy is reduced tends to throw doubt 
on the validity of the simplified calculation of @ for 
these lowest levels of Ne”. 


calculation of 


2 and ro 
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Scintillation techniques were used to study the beta and gamma 
radiation from high-purity natural silicon targets after irradiation 
with 8-Mev He?’ ions. In addition to activities associated with 
well-known radioisotopes, an activity with a (1.35+0.10)-sec 
half-life was observed. A (677+10)-kev gamma ray was associated 
with the 1.35-sec half-life. Decomposition of decay curves con 
structed from data obtained by observing annihilation radiation 
revealed a component with the same half-life. Half-life measure- 
ments using positrons with energies in excess of 3.15 Mev also 
indicated the presence of a 1.35-sec activity. The beta spectrum 
in coincidence with two annihilation quanta extended to ~5.0 
Mev, a higher energy than can be accounted for by positrons from 
the known reaction products. The beta spectrum in coincidence 
with the (677+10)-kev gamma ray had an end-point energy of 
(4.30+0.15) Mev. The assignment of the (1.35+-0.10)-sec activity 
to the decay of S® produced in the reaction Si**(He’,n)S®, and 
the proposed decay scheme are supported by arguments formu- 


lated from the known characteristics of reaction products, half-life 
studies using both beta and gamma radiation, the features of the 
experimental beta and gamma spectra, beta-gamma coincidence 
spectra, nuclear systematics, and nuclear theory. The decay of 
the ground state of S® takes place by at least two positron transi- 
tions: §:, a (4.98+0.15)-Mev superallowed transition to the 1+, 
T=0 ground state of P®; 62, a (4.30+0.15)-Mev superallowed 
transition to the 0+, T=1 (0.677+0.010)-Mev first excited state 
of P®. No evidence was found for 83, presumably an allowed 
transition to the 1+, (0.704+0.005)-Mev second excited state of 
P®, but an experimental upper limit of 25% is placed on its 
branching percentage. Branching percentages of (19+2)%, 
(7347)%, and (8+10)% for 81, 82, and 8; were calculated using 
the measured S*” half-life, a S®-P®° mass difference of (6.01+0.15) 
Mev, assumed charge independence of nuclear forces, and the fact 
that log ft for 0* to 0* positron transitions within T=1 charge 
multiplets is almost constant. 





I. INTRODUCTION 


HE conclusions to be presented here were formu- 

lated from the complete analysis of experimental 

data whose partial reduction formed the basis of a brief 

preliminary report appearing elsewhere’ and from the 

reduction of experimental data obtained from measure- 

ments made after the writing of the aforementioned 
report. 

The mass excess of the previously unobserved isotope, 
S*®, as calculated from the semiempirical formulas of 
Fermi? and Cameron’ is —8.836 and —7.138 Mev, 
respectively. On the same basis, it would be concluded 
that the S*® ground state is stable to heavy-particle 
emission, and should decay by positron emission to one 
or more of the states of P®. The Q value for electron 
capture, using the known mass excess‘ of P® and the 
calculated mass excess for S®, is either 2.45 or 4.14 Mev 
according as the Fermi or Cameron S® mass excess 
is used. 

A more reliable calculation of the energy available 
for the positron decay of S® can be made using the 
formula for Coulomb energy differences in light nuclei 
given by Peaslee.® A direct application of this formula 
yields the result that the 0+, 7=1 ground state of S® 
should be ~5.4 Mev above the 0+, T=1 first excited 
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of E. L. Robinson. 
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state of P®. Combining this result with the measured 
energy for the first excited state of P®, (684+4) kev,® 
the Q value for the electron capture of S® to P® should 
be ~6.1 Mev. The ground state of P® then decays by 
positron emission to Si®.? The present investigation 
was undertaken in an attempt to produce the S® and 
study the properties of its decay. 


Il. EXPERIMENTAL 


The experimental apparatus, circuit configurations, 
and experimental procedures used in this investigation 
have been described for the most part elsewhere.* There 
are, however, some differences in detail which will be 
discussed below, and for purposes of convenient 
reference some of the essentials will be repeated here. 

The targets were transported from bombarding posi- 


‘tion inside the cyclotron shielding to a counting position 


outside the shielding by a pneumatic target transfer 
system. The nominal travel time was 0.3 sec. 

The target assemblies, consisting of the sample to be 
irradiated, target carrier, and target-carrier hardware, 
could be interchangeably assembled so that the contri- 
bution of the various materials to the gross beta and 
gamma spectrum could be systematically studied. Meas- 
urements supported the conclusion that the target car- 


6 C. van der Leun and P. M. Endt, Phys. Rev. 110, 96 (1958). 

7It may be generally assumed, unless otherwise specified, that 
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P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957); (b) D. Strominger, J. M. Hollander, and G. T. Seaborg, 
Revs. Modern Phys. 30, 584 (1958); (c) F. Ajzenberg-Se!ove and 
T. Lauritsen, Nuclear Phys. 11, 1 (1959); (d) Nuclear Data Sheets 
(National Academy of Science-National Research Council, 
Washington, D. C., 1958-1960). 
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Fic. 1. A block diagram of the coincidence and spectrometer 
circuit configurations used in this investigation. PA= preamplifier; 
LA=linear amplifier; SCA =single-channel pulse-height analyzer; 
FDC=fast double coincidence circuit; STC=slow triple coinci- 
dence circuit ; VID = variable time delay ; CPS=coincidence pulse 
shaper; GCPM =gate-coincidence pulse mixer; GG=on-off gate 
generator; MCA=multichannel analyzer. 





rier and hardware made negligible contribution, if any, 
to the spectra measured in these investigations. 

The targets were cylinders (nominally 3-in. diameter 
X7s-in. height) of high-purity silicon (Merck, zone- 
refined). Three similar targets, short bombardments, 


and scheduled measurements were used to avoid 
ambiguities introduced by the accumulation of the 
longer lived activities. 

The gamma detectors consisted of cylindrical (3-in. 
X3-in.) NaI(Tl) crystals optically coupled to 6363 
DuMont photomultiplier tubes. The energy calibration 
of the gamma-ray scintillation spectrometer was 
accomplished using well-known gamma radiations. The 
resolution was about 9% for the 0.662-Mev gamma ray 
associated with the decay of Cs'*?. The beta detector 
consisted of a cylindrical (1}-in. height 23-in. diam- 
eter) Pilot-B plastic phosphor optically coupled to a 
6363 DuMont photomultiplier tube. The Pilot-B 
phosphor was covered with an aluminum light shield 
having a 1-mil aluminum foil window. The beta-ray 
scintillation spectrometer was calibrated using well- 
known internal conversion lines and beta spectra end 
points. Fifteen-percent resolution was obtained for the 
0.624-Mev internal conversion line of Ba'*™. 

The beta spectrum in coincidence with energy- 
selected gamma radiation was measured by positioning 
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a gamma detector coaxially with the beta detector on 
the opposite side of the source (refer to Fig. 1, detectors 
4 and 2). The pulses from the beta detector were delayed 
and passed to the multichannel pulse-height analyzer. 
The pulses from the gamma detector were amplified and 
pulse height analyzed in a single-channel differential 
discriminator. The output of the discriminator was 
shaped, delayed, and mixed with the on-off gate signal 
of the multichannel analyzer. The resolving time of 
this coincidence system was ~ 1.5 usec. 

In Fig. 1 is also shown the coincidence system used 
in the measurement of positron spectra. This coinci- 
dence configuration was used to make it possible to 
measure the spectrum of a fraction of those positrons 
for which both annihilation quanta escaped from the 
beta phosphor. The gamma detectors were shielded 
from the source and viewed the beta phosphor as shown 
in Fig. 1. The two channels associated with detectors 1 
and 3 comprise a conventional fast-slow coincidence 
system with a resolving time ~0.15 usec. The single- 
channel differential discriminators were set to accept 
pulses corresponding to a gamma-ray energy interval 
of ~120 kev centered at 511 kev. The output of the 
fast-slow coincidence system was shaped, delayed, and 
mixed with the on-off gate signal for injection into the 
prompt coincidence circuit (r=1.5 usec) 
integral part of the multichannel analyzer. 

The 14.5-Mev, external He the Purdue 
University 37-in. cyclotron was focused, collimated, 
and passed through several windows before impinging 


which is an 
beam of 
on the silicon targets. The nominal beam energy and 


current at the target were 8 Mev and 5X10 
respectively. 


> amp, 


Ill. MEASUREMENTS, RESULTS, AND DISCUSSION 

Many nuclear reactions are energetically possible 
when natural silicon is bombarded with 8-Mev He’ ions. 
The identification of the product radioisotopes was 
accomplished through the use of experimental beta and 
gamma spectra obtained using various bombardment 
and counting programs; studies of the secular changes 
in beta and gamma spectra after bombardment; beta- 
gamma coincidence measurements; and the previously 
established characteristics of the reaction products and 
their decay modes.’ The identification of the known 
product radioisotopes which might be expected, solely 
from energy considerations was complicated by the 
almost complete absence of strong labelling gamma 
radiations. Examination of a list of the energetically- 
allowed, unstable reaction products and their properties 
indicates that all the negative electron emitters have 
long half-lives (>2.5 hr) and all the positive electron 
emitters have short half-lives (<2.6 min). 

A half-life measurement was made using the gamma 
radiation, predominantly annihilation radiation, in an 
80-kev interval centered ai 511 kev. The counting 
period was started 0.3 sec after a 1.1-sec bombardment. 
The data accumulated in a series of similar runs were 
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combined to form a decay curve. The decay curve, as 
expected, indicated the presence of more than one 
activity and could be interpreted by assuming that P® 
(=2.5 min); S*(=2.6 sec); P%(=4.5 sec) and/or 
Si??(~4.4 sec); and an unidentified activity with a 
half-life less than 2 sec were produced. 

To verify the presence of P®, a half-life measurement 
was made using the beta detector and an integral count 
of all pulses corresponding to beta energies above ~ 900 
kev. The measurement was started 1.5 min after a 25- 
sec bombardment and extended over a 15-min period. 
Analysis of the resulting decay curve yielded a single 
half-life of (2.52+-0.04) min which is in good agreement 
with two of the most accurate values reported for P®, 
(2.52+0.02) min? and (2.51+0.02) min” but disagrees 
with a third accurate measurement of (2.62+0.02) 
min." Similar beta half-life determinations were made 
using a series of integral bias values between 0.900 and 
3.15 Mev in which the measurements were started ~0.3 
sec after a 1.1-sec bombardment. For each bias setting 
a complex decay curve was obtained; however, the 
relative contribution of the short half-lived component 
increased with increasing energy bias. From the data 
obtained in the measurement using an integral bias 
corresponding to 3.15 Mev, a half-life of (1.48+0.3) sec 
was determined for the short-lived activity. The data 
obtained in these beta half-life measurements may be 
interpreted consistently on the same basis as the half- 
life data obtained by detecting annihilation radiation. 

Several measurements of gamma spectra were made 
under the following bombardment and counting 
schedule (referred to as a “short program with sub- 
traction’’): irradiation, 1.1 sec; delay (target transit 
time), 0.31 sec; first measurement of spectrum for 3.0 
sec; delay 5 sec; second measurement of spectrum for 
3.0 sec. A difference spectrum was formed by subtrac- 
ting the second from the first. A series of such difference 
spectra was combined to form the final resultant 
spectrum. Spectra accumulated in this manner should 
favor the observation of gamma radiation associated 
with the short-lived activities. A gamma spectrum 
extending up to ~3.1 Mev showed some slight evidence 
for gamma rays between 1.0 and 2.5 Mev; however, the 
counting statistics were not good enough to permit peak 
identification and location. This radiation could be 
attributed to the known, weak gamma transitions in 
Pp, P®7 and S*.2 The prominent peaks at energies 
lower than 1.0 Mev will be discussed below. A second 
gamma spectrum was measured at increased amplifier 
gain and extended up to ~1.4 Mev. This spectrum, as 
well as the previous one, showed prominent peaks at 
(0.677+0.010) and (0.514+0.010) Mev. A portion of 


®L. Koester, Z. Naturforsch. 9a, 104 (1954). 

10S. E. Arnell, J. Dubois, and O. A. Almen, Nuclear Phys. 6, 
196 (1958). 

J. E. Cline and P. R. Chagnon, Bull. Am. Phys. Soc. 3, 206 
(1958). 

12W. L. Talbert, Jr. and M. G. Stewart, Phys. Rev. 119, 272 
(1960). 
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Fic. 2. A gamma-ray spectrum from natural silicon targets after 
irradiation with 8-Mev He’ ions. The spectrum was formed from 
the sum of a series of difference spectra. Each difference spectrum 
was formed by subtracting two spectra measured at different times 
after a single 1.1-sec bombardment: the first measurement was 
made over a 3.0-sec time interval 0.31 sec after bombardment, 
and the second was measured for the same time interval 8.31 sec 
after bombardment. 


this gamma-ray spectrum is shown in Fig. 2. The errors 
assigned to these energies are estimated “‘limits of error” 
based on the probable error in the calibration, uncer- 
tainty in peak location, and possible gain changes due 
to changing source intensity. The probable error 
neglecting the latter effect for the 0.677-Mev gamma 
ray is ~6 kev. A third gamma spectrum extending to 
«2.2 Mev was formed from a series of measurements 
each made for a period of 3.0 sec delayed 5.0 sec after a 
1.8-sec bombardment. This spectrum differed from that 
obtained using the “short program” only in that the 
ratio of the “‘677-kev peak” to the “514-kev peak” was 
reduced, indicating that the 677-kev radiation is associ- 
ated with the short-lived activity. 

The gamma radiation in a 100-kev interval centered 
at 677 kev was used in a series of half-life measurements 
and yielded an average value of (1.3340.10) sec for the 
short-lived activity. This value agrees within experi- 
mental error with that found for the short-lived com- 
ponent observed using high-energy beta radiation, and 
is presumably the half-life of the short component 
(<2 sec) observed using the annihilation radiation. 

The extremely high purity of the silicon makes it 
highly improbable that the 1.3-sec activity arises from 
impurities inherent to the silicon. The possibility of the 





ROBINSON, 


5° 


(135+0,10)sec 


B,:not observed 
(see text) 


Bo:(4.30+20.15) Mev 
B,:(4.98 £0.15) Mev 





Fic. 3. The low-lying level structure of P® as taken from recent 
compilations of nuclear data (see reference 7) and a decay scheme 
for S® proposed on the basis of this investigation. 


activity being produced by He’ reactions with surface 
contamination can be ruled out because of the use of 
several targets which had been carefully cleaned. In 
any case, the targets would probably not have been 
contaminated to the same extent with the same foreign 
material. It was therefore concluded that an activity 
having a half-life of (1.3520.10) sec is produced by a 
nuclear reaction involving 8-Mev He? ions and one of 
the three isotopes of natural silicon. This half-life value 
is based on all the results obtained in the various meas- 
urements. The assigned probable error was determined 
from statistical considerations plus appraisals of each 
experimental measurement and the methods used in the 
reduction of the data. 

Since there is no known single isotope among the 
energetically-aliowed reaction products which has a 
1.3-sec half-life, a positron transition in excess of 3.15 
Mev, and a 677-kev gamma ray, the possibility of a 
new isotope as a reaction product must be considered. 
The presence of a (684+4)-kev* first excited state in 
P® is suggestive. The low-lying level structure of P® is 
rather well known and is shown in Fig. 3 as taken from 
recent compilations of nuclear data.’ The remainder of 
Fig. 3 is the decay scheme of S*® proposed on the basis 
of the present investigation. The ground state of S* 
would be a 0+, T=1 state, and the first excited state 
of P* is known to have even parity, spin 0, and T=1. A 
superallowed positron transition between these states 
would be expected to be the principal decay mode. The 
gamma transition to the ground state would then be a 
dominant feature in the gamma spectrum. The assign- 
ment of the (1.350.10)-sec activity to S® would be 
consistent with experimental results that have been 
presented up to this point. 

Measurements of the positron distribution associated 
with the decay of activities produced in the He*® bom- 
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bardment of natural Si were made using two different 
types of coincidence requirements: the coincident 
detection of two annihilation quanta and a particle in 
the beta detector, (27+); and the coincident detection 
of a single energy-selected pulse (677 kev) and a 
particle in the beta detector (y+). The (2y+8)- 
coincidence positron spectrum measured using a short 
program with subtraction would be a composite of the 
contributions of the short-lived isotopes S*, P”, and 
Si?? with nominal end-point energies of 4.5, 3.95, and 
3.76 Mev, respectively. The experimental spectrum 
showed a continuous positron distribution extending 
to 5.0 Mev. The presence of S*, P®, and Si*’ cannot, 
however, account for the positrons between 4.5 and 
5.0 Mev. It was pointed out in the introduction that a 
positron transition between the ground states of S® 
and P® would be expected to have an end-point energy 
of ~5.1 Mev. The presence of S*® could explain the 
higher energy portion of the positron distribution. It 
cannot be immediately concluded that the transition 
between the S*® and P*® ground states does occur. The 
coincident detection of a positron and a Compton 
electron from the 677-kev gamma ray could contribute 
to the positron distribution in the region above 4.5 Mev. 
The contribution of such Compton electron-positron 
summing was calculated for the geometry used and was 
found to be at least an order of magnitude too small to 
account for the high-energy (4.5 to 5.0 Mev) portion of 
the positron spectrum. This is then taken as experi- 
mental evidence that a positron transition with ~5.0- 
Mev end point occurs. 

The (y+8)-coincidence positron spectra were meas- 
ured using a short program without subtraction. In Fig. 
4 is shown a Fermi plot formed from a (y+ 8)-coinci- 
dence positron spectrum for which the gamma radiation 
in a 100-kev interval centered at 677 kev was used. The 
turning-up of the Fermi plot at lower energies is inter- 
preted as due to source thickness, backscattering out of 
the beta detector, and finite, energy-dependent resolu- 
tion. The tailing-out in the high-energy portion of the 
Fermi plot is interpreted as due to finite energy resolu- 
tion and the summing of Compton electrons from the 
annihilation radiation with the positrons. The error 
introduced into the determination of the end-point 
energy by this latter effect was studied using positron 
emitters with known end points. The linear extrapola- 
tion of the body of the Fermi plot shown in Fig. 4 yields 
an end-point energy of (4.30-+0.15) Mev, where the 
error is an estimated probable error based on the study 
indicated above. 

In the following discussion it will be assumed that 
three beta transitions are associated with the decay of 
the S® ground state: 8), a (4.98++0.15)-Mev transition 
to the ground state of P®; 82, a (4.30+0.15)-Mev 
transition to the first excited state of P®; and 63, a 
(4.28+0.15)-Mev transition to the second excited state 


of P®,. The sum of the three partial transition proba- 
bilities A;, A2, and A; corresponding to the respective 
beta transitions is equal to (0.514+0.038) sec. 
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The two ground-state to ground-state transitions 
S*® — P® and P® — Si*® are so-called analog transitions. 
The P® — Si® transition is well measured with an end- 
point energy of 3.24 Mev, a half-life of 2.52 min, and 
log ft=4.85. This is one of the superailowed transitions 
with an anomalously large ft value. If the charge 
independence of nuclear forces is assumed, the log f? of 
the S*® — P® ground-state transition may be calculated 
from that of the analog transition. Taking into account 
the difference in initial state spins, 0 for S® and 1 for 
P®, a log ft=4.37 is obtained for the S*® — P® ground- 
state transition. The branching percentage for this 
transition is (19+2)% if the energy of the positron 
transition to the (0.684-++-0.004)-Mev state of P® is 
assumed to be (4.30+0.15) Mev and the S*® half-life is 
taken to be (1.3540.10) sec. The data from the present 
investigation are not of such a nature that a reliable 
calculation of this branching percentage can be made. 
However, a branching of 19% is not inconsistent with 
very crude estimates and their assigned errors. 

On the basis of the accepted spin, parity, and isotopic 
spin assignments for the ground state of S® and the 
first excited state of P®, the positron transition con- 
necting these two states is a member of a rather unique 
class, 0+ — 0+ positron transitions within T= 1 charge 
multiplets. Experimentally, this class of transitions has 
been found to possess, within experimental errors, an 
extremely homogeneous group of ft values (~3140 sec). 
Insofar as nuclear forces are charge independent and 
Fierz interference is nonexistent in the beta decay 
process, theory predicts that the ft values for this class 
of transitions should be constant.” Weighting the 
experimental ft values for this class of transitions in- 
versely as the squares of the quoted errors, an average 
ft value of (3138435) sec is obtained. It would seem 
reasonable to assume that the transition in question 
should have a similar ft value which, when used with 
the measured half-life and end point, gives a branching 
of (7347)%. 

Using the relation (0.514+0.038) sec'=d,+A2+A3 
and the results above, a 8; branching of (8+10)% is 
found. No experimental evidence for this transition 
was seen; however, on the basis of experimental con- 
siderations an upper limit of 25% was placed on the 6; 
branch. The most probable value of A; and the transition 
energy for 83 yields a log ft=4.46. The @; transition is 
presumably allowed (AJ=1,no), and a log fi=4.46 is 
certainly within the range of values expected for allowed 
transitions. 

In the calculations above it has been assumed that 
charge independence holds rigorously; the error in the 
P*® —, Si® ground-state log ft is negligible; and the 
log ft value taken as characteristic of the 0+ — 0+ 
positron transitions within the T=1 charge multiplets 
has a negligible error. It follows then that the error in 


13 A brief summary of this topic, related considerations, and 
further references are given by W. M. MacDonald, in Nuclear 
Spectroscopy, Part B, edited by F. Ajzenberg-Selove (Academic 
Press, New York, 1960), p. 932 ff. 
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Fic. 4. Fermi plot formed from the experimental distribution 
of positrons in coincidence with the 677-kev gamma ray (see text 
for details). 


\; and A, is essentially all due to the error in the 8, end- 
point energy, while the error in \; arises from the 
experimental errors in both the S® half-life and the 6; 
end-point energy. Of course, the error in all of the 
branching percentages is due to both the half-life and 
82 end-point energy errors. 


IV. CONCLUSIONS 


In the preceding sections experimental results have 
been presented and interpreted in support of the 
following conclusions“: (1) A radioisotope with a 
(1.35+0.10)-sec half-life is produced in the bombard- 
ment of high-purity silicon with 8-Mev He’ ions. (2) 
The observed half-life is that of the new isotope S® 
produced in the reaction Si**(He*,2)S*®. (3) The decay 
of the 0+, T=1 ground state of S*® takes place by at 
least two positron branches: §:, a (4.98+0.15)-Mev 
superallowed transition to the 1+, T=0 ground state 
of P®; B., a (4.30+0.15)-Mev superallowed transition 
to the 0+, T=1, (0.677+0.010)-Mev first excited state 
of P®. No evidence for a third transition, 83, to the 1+, 
(0.704++0.005)-Mev second excited state was found; 
however, an experimental upper limit of 25% is placed 
on its branching percentage. (4) The S*-P® mass differ- 
ence is (6.01+0.15) Mev. (5) The branching percentages 
for 8:, B2, and 83 were calculated to be (19+2)%, 
(7347)%, and (8+10)% by combining the experi- 
mental half-life of S*® and the S*-P® mass difference 
with the theoretical predictions based on the charge 


4 Note added in proof: Insofar as the experimental measurements 
coincide, the experimental results and interpretations of the 
present investigation are in agreement with those of R. G. Johnson, 
L. F. Chase, and W. L. Imhof, Bull. Am. Phys. Soc. 5, 406 (1960), 


and the corresponding oral report. 
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independence of nuclear forces. These conclusions are 
summarized graphically in Fig. 3. 
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Excited States in N“ from the Elastic Scattering of Protons by C'’} 


E. Kasuy,* R. R. Perry, R. L. Sreere,t anp J. R. Risser 
Rice Universily, Houston, Texas 
(Received December 19, 1960) 


Excited states in N“ have been observed by measuring the differential elastic scattering cross section of 
C(p,p)C® for proton energies from 2.6 to 5.0 Mev. Resonances were observed at proton energies of 2.743, 
2.87, 3.105, 3.20, 3.78, 3.980, 4.04, and 4.14 Mev, corresponding to excited states in N™ at 10.092, 10.21, 
10.428, 10.52, 11.05, 11.240, 11.30, and 11.39 Mev, respectively. Single-level dispersion theory analysis 
indicates assignments J™=1*(2*), 1-, 2*, 1-, 1*, 3-, 2-, and 1*, respectively, for these states. Analysis of 
previously published C¥(p,p)C™ data at lower energies confirms the assignments 1~, 0*, 0~, 3-, and 1* for 
the states at 8.05, 8.61, 8.75, 8.90, and 8.98 Mev. A resonance at 4.265 Mev corresponding to the known 
narrow state at 11.504 Mev was not found in the elastic scattering data although it was found to be strong 


in C¥(p,p’)C™*, 


HESE experiments were an extension of our ex- 

periments' with deuterons on C™ involving a 
number of the same states in N™*. The experimental 
techniques and method of analysis were essentially the 
same in the two experiments. States in N™* at 11.05, 
11.30, 11.39, and 11.504 Mev, which show clearly in 
C®(d,d)C®, C#(d,po)C™", and/or C"(d,p,)C™* at Ea 
* =0.92, 1.19, 1.31, and 1.446 Mev, have large proton 
partial widths to the ground and/or first excited state 
of C. From the analysis of the deuteron data it was 
possible to make J* assignments and estimate the 
proton partial widths. In addition, the results of the 
C"®(d,po)C™ analysis imply the operation of selection 
rules other than those arising from the conservation 
of angular momentum and parity.2 In view of the 
question of the validity of isotopic spin selection rules 
and the extensive interest’ in the states of N™*, it 
appeared important to check these results directly by 
elastic scattering of protons on C"*. In taking the elastic 
scattering data, the range of energies was extended 
down to 2.6 Mev and up to 5.0 Mev. The states at 


+ This work was supported in part by the U. S. Atomic Energy 
Commission. 

* Now at Department of Physics, Massachusetts Institute of 
Technology, Cambridge, Massachusetts. 

t Now at Rocketdyne, Canoga Park, California. 

1E. Kashy, R. R. Perry, and J. R. Risser, Phys. Rev. 117, 
1289 (1960). 

2The po decay from the 11.05-, 11.30-, and 11.39-Mev states 
appears to be restricted to the channel-spin-zero mode. 

8’F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959), and references in that paper. 

4E. K. Warburton, H. J. Rose, and E. N. Hatch, Phys. Rev. 
114, 214 (1959), and references in that paper. 


11.05, 11.30, and 11.39 Mev in N'* produced resonances 
in C¥(p,p)C® at E,=3.78, 4.04, and 4.14 Mev. Addi- 
tional resonances at 2.743, 2.87, 3.105, 3.20, and 3.980 
Mev corresponding to states in N™* at 10.092, 10.21, 
10.428, 10.52, and 11.240 Mev were observed in the 
elastic scattering data. A resonance due to the narrow 
11.504-Mev state at E,=4.265 Mev® was not observed 
in the elastic scattering data although it showed up 
strongly in C"(p,p’)C"™* (0=—3.09 Mev). Theoretical 
fits to the elastic scattering data were attempted, using 
dispersion theory in the single-level approximation. A 
preliminary report of this work has been given.® 

Elastic scattering experiments with protons on C™® 
in the range 0.4 to 1.6 Mev have been reported by 
Milne,’ and in the range 1.6 to 3.3 Mev by Zipoy, Freier, 
and Famularo.* We have included in this paper a theo- 
retical fit to the data of Milne, confirming his assign- 
ments. Extensive information on the states of N™* has 
been accumulated through experiments on reactions.’ 
Specific references will be given with the discussions of 
individual states where pertinent. 

The ground state of C has J/*=}- and the character 
*P,. The elastic channel spin S can thus be 0 or 1 for 
protons on C, As compared with C(d,d)C™ channel- 
spin-one scattering,’ there is the added problem of the 


5 The mass-equivalent energies given in reference 3 are used 
throughout. 
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channel-spin dependence of the scattering matrix. 
States with 1,=J+1, i.e., states with J™=0t, 1-, 2t, 
3-, etc., can be formed only from S=1. For all these 
states except 0* two /, values are allowed, and transi- 
tions between the /, values can occur in the scattering 
process. A 0~ state can be formed only from S=0 with 
l,=0. The remaining states, 1+, 2-, 3*, etc., can be 
formed with only one value of /,(=J) from both S=0 
and S=1. 

At the lower end of the 2.6- to 5.0-Mev energy inter- 
val the elastic channel is the only particle channel open. 
A number of thresholds occur in the interval. The 
C(p,d)C" threshold occurs at 2.93 Mev and the 
C8(p,n)N™ threshold at 3.24 Mev in addition to the 
C¥(p,p’)C™* at 3.33 Mev. Below these thresholds the 
relative proton widths I',/I are unity, effectively, 
since T,<<I,. Well above them, the I',/I' would be 
expected to be considerably less than one. The experi- 
mental results are consistent with this expectation. In 
the 4-Mev region, it would probably have been im- 
possible from the elastic scattering data alone to have 
deduced the positions of the resonances and the J* of 
the corresponding states. Above 4.3 Mev, although a 
number of states appear to be contributing to the cross 
section, no resonances are clearly enough indicated in 
the elastic scattering data to allow conclusions as to 
position or assignment. 


EXPERIMENTAL PROCEDURE 


The experiments were performed using the scattering 
chamber described previously.! The chamber was de- 
signed to use thin self-supporting foils® as targets. The 
protons were accelerated as atomic hydrogen ions in 
the Rice University 5.5-Mev Van de Graaff accelerator. 
The energy of the incident beam was determined using 
the 90° analyzing magnet which was calibrated in 
terms of a proton-moment magnetometer. 

The chamber was fitted with two counters spaced at 
90° in ¢, the angle about the chamber axis of rotation.' 
This in part explains the choice of angles in taking data. 
The elastic scattering data were taken at two sets of 
angles: (1) The backward counter was set at 125.3° 
c.m., the forward counter then being at 38.3° c.m.; 
(2) the forward counter was set at 90.0° c.m., the 
backward counter then being at 165.5° c.m. A single- 
channel pulse-height analyzer was used to take the 
data. The elastically scattered proton group was posi- 
tioned in the wide channel of the single-channel ana- 
lyzer with the aid of a 20-channel analyzer, which was 
kept connected in parallel with the single-channel ana- 
lyzer. The position and width of the group as well as 
the magnitude of the background were monitored at 
each point with the 20-channel analyzer. 

The principal difficulty lay in the subtraction of the 
C"(p,p)C™ background in the elastic data. The elas- 


°F. Kashy, R. R. Perry, and J. R. Risser, Nuclear Instr. and 
Methods 4, 167 (1959). 
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tically scattered protons from the carbon isotopes were, 
of course, unresolvable. In addition to correction for 
the C” content of the target, a correction had to be 
made for the buildup of a C” deposit on the front face 
of the target by the proton beam. To establish a buildup 
correction, the first point of a run was repeated until 
N-*<0.005, where N was the total number of counts, 
and then taken again with equally large N at the end 
of the run. Total buildup for the run was calculated 
from the difference between these readings. The mass 
increment of C” per point was then calculated on the 
assumption that the buildup took place at a uniform 
rate per point. Background subtractions proportional 
both to the C” mass built up and to the C” cross 
sections were then made. 

For the purpose of C"(p,p)C™ background subtrac- 
tion, the C"(p,p)C” c.m. differential cross sections 
were calculated from the phase shifts" between 2.6 
and 5.0 Mev at c.m. angles corresponding to the 
laboratory angles used in the elastic scattering experi- 
ments." These in turn were converted to laboratory 
differential cross sections. Fortunately, these cross sec- 
tions varied slowly with energy except in the immediate 
neighborhood of 4.8 Mev, where the resonant variation 
is so extreme that it was deemed impractical to make 
a background subtraction. In this region a gap was 
left in the plotted experimental data. 

The experimental elastic scattering data were taken 
in essentially two parts. Thick targets enriched to 67% 
C™ were used first to establish the general level and 
gross structure of the cross section. Most of the experi- 
mental points outside the regions with narrow structure 
at 2.74, 2.86, and 3.98 Mev were obtained with these 
targets. A 180-microgram/cm? 67% target was used to 
obtain the data below 4.4 Mev in one series of runs, 
and another 416-microgram/cm? target of the same 
enrichment was used from 4.13 to 5.00 Mev in another 
series. The energy loss in the 180-microgram/cm? 
target varied from about 21 kev at 2.6 Mev to about 
14 kev at 4.4 Mev; the energy loss in the 416-micro- 
gram/cm?* target varied from about 34 kev at 4.1 Mev 
to 30 kev at 5.0 Mev. Since an absolute determination 
of the target thickness can not be made by weighing in 
the case of thin self-supporting foils,* the quoted target 
thicknesses were determined by counting scattered 
protons at energies and angles where both C” and C® 
elastic cross sections were known. For the 180-micro- 
gram/cm? target, counts were taken at 2.6 Mev over a 
range of forward angles, where the cross sections would 
be expected to be within a percent of the Rutherford 
cross sections. The target thickness was obtained from 
a fit to the angular distribution by taking the C™ cross 
sections equal to the Rutherford cross sections and 


1 C, W. Reich, G. C. Phillips, and J. L. Russell, Jr., Phys. Rev. 
104, 143 (1956). 

11 All calculations were carried out with phase shifts obtained 
from a large-scale graph in C. W. Reich’s Ph.D. thesis, Rice 
Institute, 1956 (unpublished). 





886 RASH Y, PERRY, 
using C"™ cross sections calculated from the phase 
shifts. The thickness of the 416-microgram/cm* target 
was determined by counting at 3.00 Mev and a labora- 
tory angle of 165.0°, using a laboratory differential 
cross section of 73.6 mb/steradian for C” obtained from 
the phase shifts and a laboratory cross section of 68.6 
mb/steradian for C™ obtained from the reduced ex- 
perimental data taken with the 180-microgram/cm? 
target. While the number of incident protons was 
known in terms of the integrated charge to the Faraday 
cup, and the solid angle subtended by the counter 
aperture at the beam spot position was known, all 
cross sections were actually determined in terms of 
a standard cross section by this procedure. 

By the time the art of ‘making very thin targets 
had been acquired, only material enriched to 37% C™ 
was available. A 23.0-microgram/cm* target of this 
material was used to take the elastic scattering data 
with the closely spaced experimental points in the 
regions of narrow structure at 2.74, 2.86, and 3.98 Mev. 
The proton energy loss in this target varied from 2.6 
kev at 2.74 Mev to 2.0 kev at 3.98 Mev. The target 
thickness was determined by counting at 3.00 Mev 
and 165.0° laboratory angle, as described for the 416- 
microgram/cm? target. 

It is difficult to assess the error in the differential 
cross sections. The error in calculating the C"(p,p)C™ 
differential cross section from the phase shifts is esti- 
mated to be about 3%. The error in the experimental 
determination of target thickness and that due to the 
uncertainty in the C™ fractional content of the targets 
were probably also of this order. A reasonable estimate 
of the errors in the absolute elastic scattering cross 
sections appears to be +10%. Relative elastic scatter- 
ing cross sections should in most cases be considerably 
more accurate. For example, since the C"(p,p)C™ cross 
section varies slowly with energy except in the neigh- 
borhood of 4.8 Mev, the elastic scattering resonance 





PROTON ENERGY 


Fic. 1. Single-level curves for C'(p,p)C® calculated at 3.00 Mev 
with ¢9= —60°, o: = — 15°, d2= —5°, o:=0 for 1>2. 


STEELE, 


AND RISSER 

shapes should be quite accurately reproduced even 
though the absolute values of the cross-section differ- 
ences are + 10%. 

Energies were obtained using the Li’(~,)Be’ thresh- 
old, the C'*(p,n)N' threshold, the 4.265-Mev 
C8(p,p’)C* resonance, and the 4.808-Mev C”(p,p)C” 
resonance at 165° c.m. as calibration points of a scale 
proportional to /*, where f was the frequency of the 
magnetometer proton-moment The un- 
certainty in the proton energy in our final data is 
estimated as +5 kev from 2.6 to 4.26 Mev and to in- 
crease to +10 kev at 5 Mev. The data points were 
plotted at the proton energy midway through the target. 
All the energies are laboratory-coordinate-system 
energies. 


resonance. 


ANALYSIS 


Attempts to fit the elastic scattering data were made 
using dispersion theory in the single-level approxima- 
tion. The method was essentially that described in 
reference 1 for the elastic scattering of deuterons from 
C”, Equation (1) of that paper was the basis of the 
analysis. Using the notation of that paper, 7=i=} so 
that S=1 or 0. For S=0, m,=m, =0. There are thus 
three f,”* to be evaluated since f;*' and f;" are equal. 
In principle, Eq. (1) of reference 1 is inadequate for 
the more complicated problem of two values of the 
channel spin, since it contains no terms representing 
transitions between them. It was hoped, however, that 
the objective of obtaining J* values could be accom- 
plished without introducing these additional param- 
eters. It chanced that a number of states that showed 
clearly in the elastic scattering data below 4 Mev be- 
longed to the group 0*, 1-, 2*, etc., which could be 
formed only from S=1. Moreover, as a check on the 
analysis, we computed a fit to the data of Milne’ in 
the 0.4- to 1.6-Mev region where only the elastic scat- 
tering channel is open. The results can be taken to 
indicate that the method is adequate. 

We were unable to investigate completely the possi- 
bilities of the channel-spin dependence of the partial 
widths I';s7*, which replace the T';’* of the simpler 
problem. For the resonances at 3.78, 4.04, and 4.14 
Mev, the I), were taken equal to zero to be consistent 
with the C(d,p9)C™ analysis.’ Difficulties with the 
fits occurred in the 3-Mev region, where the assign- 
ments 1~ and 2+ restricted the channel spin to 1, and 
above 4.1 Mev. It therefore appears probable that the 
presence of unknown levels and low partial widths 
caused the difficulties rather than the shortcomings of 
the method of analysis. 

The fits were obtained using an IBM 650 and later 
an IBM 704 computer. In the programs of Eq. (1) of 
reference 1, the terms independent of J, i.e., those con- 
taining 5, with phases involving a; and ¢;, were inde- 
pendently summed, yielding the so-called “‘hard-sphere”’ 
part of the scattering amplitude. The “hard-sphere” 
phases ¢; were not allowed to deviate greatly from the 





EXCITED 


tabulated values of tan~'(F,/G,) on the assumption 
that anomalously large potential scattering would be 
expected to be J dependent and should be included by 
inserting resonant terms with large total widths. The 
values of ¢; used in the fits to the elastic scattering 
data between 2.6 and 5.0 Mev were those given by the 
following expressions linear in E, the energy of the 
incident protons in Mev: 


oo= —17.64E—10.0, 
o:= —5.88E+- 9.3, 
o2= —0.555E—2.05. 
In the fit to the Milne data: 
go= —11E-—3, 
oi= —E. 


The first step in the analysis was to compute the 
line shape for each allowed combination of /, J, and 7. 
The results are shown in Fig. 1. The shapes were com- 
puted at 3.00 Mev with ¢o= — 60°, d:= — 15°, d2= —5°, 
and @,=0 for />2. Since space did not allow the display 
of the effect of varying the proportions of I'yo and Ty, 
the T';s/! were all taken equal to unity. For states 
that can be made with both channel spins and for pure 
elastic scattering, the extreme cross-section differences 
of Fig. 1 would be, for example, multiplied by ¢ if 
I'n/l were 1, and by } if I'y/I were 1. We found it 


important to begin by computing single-level curves, 
since the line shapes sometimes allowed a decision to 
be made between J* assignments and in many cases 
were a clue to the relative magnitudes of the partial 
widths associated with two possible / values. 


RESULTS 
0.4- to 1.6-Mev Region 


The results of the analysis of the Milne’ data are 
shown in Fig. 2. The parameters used in the analysis 
are listed in Table I. The experimental points were 
taken from Figs. 3, 4, and 7 in Milne’s paper. The 
J* values confirm the assignments made by Milne, who 
reported a complete analysis only at the 0.55-Mev 
resonance. As a check on the method of analysis, the 
results are quite satisfactory since the computed cross 


TABLE I. Parameters used in the analysis of the C¥(p,p)C® 
data of Milne.* Eo’* and I in the table are on the laboratory 
energy scale. 


E(N™") 


(Mev) 


8.05 


8.98 


* See reference 7. 
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Fic. 2. Results of the analysis of the C*(p,p)C™ data of Milne.” 
The experimenta! data were taken from Figs. 3, 4, and 7 of 
Milne’s paper. The parameters used in the fit are listed in Table. I. 


sections are within the error range given by Milne: 
+8% for the forward to +5% for the backward angles. 


2.6- to 5.0-Mev Region 


The experimental differential elastic cross sections 
measured at c.m. angles 39°, 90°, 125°, and 165° from 
2.6 to 5.0 Mev are shown in Fig. 3. The cross sections 
are in the center-of-mass system while the energies are 
laboratory bombarding energies midway through the 
target. The curves are fits obtained by the IBM 704 
computer using Eq. (1) of reference 1 with the approxi- 
mations discussed in the preceding section. The pa- 
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PROTON ENERGY IN MEV 
Fic. 3. The experimental C'*(p,»)C™ differential scattering cross sections at c.m. angles 39°, 90°, 125°, and 165° at laboratory bom- 


barding energies from 2.6 to 5.0 Mev, together with single-level dispersion theory fits using the parameters of Table II and the values 
of ¢: given in the text. 
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TABLE II. Parameters used in the fit to the C3(p,p)C™ experimental differential elastic scattering cross sections from 
2.6 to 5.0 Mev shown in Fig. 3. Eo’* and I in the table are on the laboratory energy scale. 





E(N™"*) 
(Mev) 


Ey!* 


(Mev) J* 


r 
(kev) 


~ 


T1s 








10.092 
10.21 
10.428 
10.52 
11.05 
11.240 
11.30 
11.39 


1*+(2+) 


= 


See discussion under Results 
To =0.62T'; T'2 =0.38r 
l'y,=1.00°; Tl'n=0 
To =0.40r; Ta =0.60T 
T'y9=0.49T ; Tn =0 
Tn =0.86r; Ta =0 
Il'oo=0.37T ; Tn =0 
C19=0.27T; ry,=0 


nk) 








rameters of the resonances at 4.14 Mev and below as 
used in the fits of Fig. 3 are listed in Table II. Reso- 
nances were observed or must be postulated at 2.743, 
2.87, 3.105, 3.20, 3.78, 3.980, 4.04, and 4.14 Mev. No 
satisfactory assignments could be made above 4.14 
Mev, undoubtedly because of the density of states and 
the low proton elastic scattering partial widths. The 
assignments and widths will be discussed for the reso- 
nances individually in the paragraphs immediately 
following. 


2.743-Mev Resonance 


There is no doubt that the assignment must be J* 
= 1+ or 2+ as can be seen from the single-level shapes of 
Fig. 1. In the analysis of the assignment J*=1* was 
used with 'yo=I'ui=T’. If the experimental width and 
amplitude of the resonance are correctly given by Fig. 
3, then the 1+ assignment is correct, since I'\,; and I'yo 
can be chosen for a quantitative fit with 'ui+Ty=T, 
the proton channel being the only particle channel 
open. This is not true of the 2+ assignment for which 
C';0=0 and I'y,;=I’. However, the resonance must be 
investigated with extremely thin targets to rule out 
the 2+ assignment. There is an additional difficulty of 
interference with background that is not quite repro- 
duced in the fit. For example, the experimental points 
at 125° show a dispersion shape while the fit shows 
only a dip, a discrepancy that probably indicates the 
need of including in the analysis a broad state such as 
0+ made with the same /(=1). 


2.87-, 3.105-, and 3.20-Mev Resonances 


These three resonances interfere strongly. The as- 
signments 1-, 2+, and 1~ are unambiguous. Since /= J 
is parity-forbidden at all three resonances, the states 
cannot be formed from the S=0 channel and the prob- 
lem of the channel-spin dependence of the partial 
widths does not arise. However, all three states can be 
made with two / values, and a number of hours of 
computer time were devoted to fitting the data with the 
I',’* taken in varying proportions. The parameters 
given in Table II for the fit of Fig. 3 were found su- 
perior to any other combination tried. The greatest 
discrepancy with the experimental data lies between 





the 2.87- and 3.105-Mev resonances at about 3 Mev. 
No combination of parameters brought the calculated 
cross sections up nearer to the experimental at 90° and 
125° just below 3 Mev without introducing peaks or 
dips at the resonances which were quite far outside 
experimental error. As mentioned in the discussion of 
the 2.743-Mev resonance, it is tempting to postulate a 
broad resonance due to a state of low J, such as a 0+, 
which could be seen only in its effect on the magnitude 
of the cross sections. No states with J=0 are listed in 
Table II although it seems reasonable to suppose that 
an interval two million volts wide would contain one 
or more. Some of the difficulty with the fit may arise 
from the use of a constant I for the 3.20-Mev reso- 
nance. The neutron threshold occurs 40 kev (I'/4) 
above the resonance energy, so that it might possibly 
improve the fit to use a smaller T below 3.24 Mev than 
is used above. 

The 2+ state at 10.428 Mev in N'* corresponding 
to the 3.105-Mev resonance is undoubtedly the 10.43- 
Mev T=1 state corresponding to the capture reso- 
nance*” in C¥(p,y)N™ at this energy. According to 
Willard, Bair, Cohn, and Kington™ the y-ray data can 
only be explained with a 2+ assignment if the state is 
formed with /=3. In the elastic analysis a value of 
I's; larger than about 0.05 results in a misfit at 165° 
which appears significant: Instead of a rounded top 
which characterizes the resonance in the experimental 
data in all runs, the fit exhibits a steep rise to a sharp 
break somewhat like the data at 39°. Perhaps a I's,/T 
approximately equal to 0.05 is sufficient to explain the 
C8(p,y)N™ cross section and angular distribution at 
this resonance. However, according to Warburton," 
various relative values of I); and I's; could account for 
the y-ray data. 


3.78-, 4.04-, and 4.14~-Mev Resonances 


These resonances correspond to the states at 11.05, 
11.30, and 11.39 Mev in N™* which are seen as reso- 
nances at Eg=0.92, 1.19, and 1.31 Mev in C(d,d)C” 
and C(d,p )C™. There is no doubt that the fit to the 
C(p,p)C™ cross sections in Fig. 3 confirms the 1*, 2-, 

2H. B. Willard, J. K. Bair, H. O. Cohn, and J. D. Kington, 
Phys. Rev. 105, 202 (1957). 

18 E. K. Warburton, Phys. Rev. 113, 595 (1959), p. 601. 
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and 1* assignment from the C(d,d)C™ analysis.’ It 
would have been difficult or perhaps impossible to 
make the assignment from the elastic C"(p,p)C™ data 
alone. The use of I',,=0 in the fit of Fig. 3 likewise is 
confirmation of the conclusion from the C"(d,po)C™ 
analysis that these states decay and therefore should 
be formed only by channel spin zero in the proton 
channel. In view of the shell model of the C™ ground 
state, channel-spin-zero states appear to be np triplet 
spin states. The conclusion that there are three such 
states close together is interesting. It would be inter- 
esting to determine the upper limits to the magnitudes 
of the I’, consistent with the elastic scattering data. 
The solid and dashed curves of Fig. 3 differ in the 
parameters of resonances included between 4.2 and 5 
Mev. It is clear from comparison of the two curves 
that the fit over the 3.78-, 4.04-, and 4.14-Mev reso- 
nances is sensitive to the parameters of the resonances 
above 4.2 Mev, and that a quantitative fit over the 
whole energy interval is needed to determine the upper 
limits of the I');. Nevertheless, because of the relative 
statistical weights (2S+1) of the two channel spins, 
magnitudes of the I’, approximately the same as those 
of the I’ are ruled out, as can be seen by comparison 
with the cross sections of Fig. 1. 


3.980-Mev Resonance 


The state with J*=3- corresponding to this narrow 
resonance can be formed only by channel spin 1. There 
can be no interference with the broad 2- state corre- 
sponding to the 4.04-Mev resonance if the latter can 
be formed only by channel spin zero. The experimental 
cross sections appear to be additive. The fact that this 
state does not show up as a resonance in C(d,9)C™ 
could possibly mean that 7=1, but the argument is 
weak since the deuteron partial width would be ex- 
pected to be small because of the barrier for a 1-Mev 
deuteron with /=3. 
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4.265-Mev Resonance 


Attempts to detect a resonance in the elastic scatter- 
ing cross section at this energy failed, although the 
resonance was found with a peak cross section of some 
20 mb in the inelastic scattering reaction C(p,p’)C™* 
(O=—3.09 Mev). 


4.2- to 5.0-Mev Region 


The dashed curve of Fig. 3 represents a fit calculated 
on the assumption that there are no resonances above 
4.14 Mev, and the solid curve on the assumption that 
there are three resonances at 4.40, 4.53, and 4.70 Mev, 
due, respectively, to states with J*=1- (= 240 kev, 
T'n=0.2, Py=0.6), J7=0- (C=160 kev, Too=0.64), 
and J™=1-— (f=160 kev, o:=0.20, I'o:=0.64). The 
assignments are clearly wrong. The difficulty lies partly 
in the fact that the experimental evidence’ on the num- 
ber, positions, and widths of the resonances is some- 
what conflicting and partly in the absence of quantita- 
tive estimates of reaction partial widths, which can 
only be obtained from fairly complete knowledge of 
the energy dependence of total reaction cross 
Information on the detailed energy dependence of the 
C¥(p,n)N™ total cross section would be 
desirable. 


sections. 


especially 


Reduced Widths 


The reduced widths for proton emission of the states 
in Table II were calculated and all found to be of the 
order of a percent of the Wigner limit. 
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The atomic-beam magnetic-resonance technique has been used to examine the hyperfine structure of 2.6-hr 
Mn", The results obtained are J =3, | a| =56.3924+0.0023 Mc/sec, |b| < 0.050 Mc/sec, gy =2.0012+0.0001, 
and wp=+3.2402+0.0002 nm. The value given for the nuclear magnetic dipole moment is deduced from 
the Fermi-Segré relation and is therefore subject to correction for a possible hyperfine anomaly. 


INTRODUCTION 


HE ground-state nuclear spins and magnetic 

moments of the manganese isotopes of mass 53, 
54, and 55 were known'® prior to the present investiga- 
tion, and the magnetic hyperfine interaction constant 
a had been measured’ for Mn**. The near equality of the 
measured moments of Mn* and Mn* indicates that the 
addition of a neutron to Mn*® contributes little to the 
dipole moment. The purpose of the present work was 
to extend these results through the odd-odd isotope 
Mn*, 


PRINCIPLE OF THE METHOD 


The atomic-beam magnetic-resonance technique, 
which was used for the measurements, has been fully 
described by a number of authors.*> Briefly, an atom 
of the beam is deflected away from a centrally located 
detector by two strong, inhomogeneous magnetic fields 
unless a suitable change of state occurs in a homo- 
geneous field between the deflecting fields. With the 
present arrangement, this change of state must be such 
that the effective magnetic moment of the atom, at 
strong field, changes sign but retains its magnitude. 
The transition is induced by an appropriately oriented 
rf magnetic field, of the proper resonant frequency, 
located in the homogeneous field. The frequency »v for 
resonance, in addition to depending on the homogeneous 
field H, also depends on the nuclear spin J, the hyperfine 
interaction constants a and 8, the nuclear magnetic 
moment uy, and several electronic parameters. The 
quantities of interest (in this experiment a, 6, J, ur, and 
gy, the electronic g factor) are deduced from measure- 
ments of the resonance frequencies for a number of 
known intensities of the homogeneous magnetic field. 


+ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

* Currently on leave as a Guggenheim Fellow at the University 
of Heidelberg, Heidelberg, Germany. 
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3G. K. Woodgate and J. S. Martin, Proc. Phys. Soc. (London) 
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5 L. S. Goodman and S. Wexler, Phys. Rev. 99, 192 (1955). 


SOURCE PREPARATION 


The sources for the atomic beam were prepared by 
irradiating stable manganese metal, which consists 
entirely of Mn®, in a flux of 2X 10" neutrons cm sec~ 
for 1-3 hr in the Argonne research reactor CP-5. The 
large cross section (13.3b) and high abundance (100%) 
of Mn*, and the short half-life of Mn** (2.6 hr) led 
easily to a source of adequate activity. To eliminate 
unnecessary transfers of the sample after removal from 
the pile, the irradiation was carried out in the graphite 
oven subsequently used to produce the atomic beam. 


EXPERIMENTAL DETAILS 
Ovens, and Alignment of the Beam 


Because of the relatively low temperature (about 
1000°C) required to produce a suitable manganese 
beam, graphite was found to be a satisfactory material 
for the oven. In addition, a material which (like 
graphite) has a small capture cross section for thermal 
neutrons was needed because of the desirability of ir- 
radiating the manganese in the oven. 

Since the hot tungsten surface-ionization detector 
will not detect manganese atoms, some other means of 
alignment of the beam was necessary. The addition of 
small amounts of KF or Ga to the oven load prior to 
irradiation provided atoms in the beam which could be 
detected and used for alignment. The beam of radio- 
active Mn** was found to decrease with time when either 
of these materials was added, but the decrease was 
found to be less objectionable when Ga was used. The 
activities induced in the Ga (21-min and 14-hr) were 
not troublesome if the length of the irradiation was 
limited to 2-3 hours, 


Calibration of the Homogeneous 
Magnetic Field 


The great improvement in the homogeneity of the 
central field, conventionally referred to as the C field, 
has been described® previously. This change was effected 
during the course of the present work, and it may be 
seen in the tables that the uncertainties quoted for 
resonance frequencies are generally smaller for the later 
phases of the work. 


5 L. S. Goodman, Rev. Sci. Instr. 31, 1351 (1960). 
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MAGNETIC FIELD INTENSITY 


Fic. 1. Schematic hfs diagram for Mn**. Of the 42 levels, only 
21 are shown. The three AF=0 transitions a, 8, and y are 
indicated. 


The method used for calibration of the field was also 
improved during the course of collecting the data. 
Initially, the field was set by observing resonances in 
either Ga or K, with the hot-wire detector on the center 
line. With this arrangement, the field could not be 
measured during Mn* collections, and field drifts 
between measurements were often troublesome. The 
use of a separate alkali oven, a separate rf loop, and an 
off-center hot-wire detector for the calibration beam 
made it possible to monitor the field continuously while 
making measurements on the manganese.’ The mag- 
netic fields at the two loop positions were measured by 
inducing the same alkali resonance, in turn, in the two 
loops and noting the resonance frequencies. At no time 
were field differences greater than 3 milligauss observed. 


Detection of the Radioactive Mn*® 


The radioactive Mn** was detected by allowing the 
beam to condense on metal collectors which were sub- 
sequently removed from the vacuum and counted in a 
bank of identical, gas-flow Geiger counters. Of a number 
of collection surfaces tried, the most satisfactory was a 
clean copper surface at room temperature. The surface 
was prepared (on steel collectors) by first etching the 
steel surface, and then momentarily dipping the collec- 
tor into a dilute solution of CuSO. The collectors were 
then kept in alcohol until immediately before insertion 
into the vacuum system. The present arrangement for 


7™W. J. Childs, J. A. Dalman, and L. S. Goodman, Argonne 
National Laboratory Report ANL-6130, March, 1960 (unpub- 
lished), p. 32. 
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removing the collectors from the vacuum for counting 
is briefly described in a previous publication.® 


THEORY 


The Hamiltonian for description of the energy levels 
of an atom in an external magnetic field is given’ by 


R= hal -J+hbO.p+ gsu0H (J.+yI1.), 


where a and 6 are the magnetic-dipole and electric- 
quadrupole hyperfine-interaction constants, J and J 
are the nuclear spin and the total electronic angular 
momentum, respectively, and (Q,, is the electric-quad- 
rupole operator. The external magnetic field is H, the 
quantities 4 and wo are Planck’s constant and the Bohr 
magneton, and g, is the electronic g factor. The parame- 
ter y denotes the ratio of the nuclear to the electronic 
g factor, and we adopt the convention g;= —y;/J and 
gs=—ps/J. All symbols are defined as in reference 9. 
Terms of order higher than the electric-quadrupole 
interaction have been neglected. 

The atomic ground state of manganese, ®S5,2, arises 
from five 3d electrons coupled to zero orbital angular 
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MAGNETIC FIELD INTENSITY 


. 2. Schematic hfs diagram for Mn** at weak external field. 
All observable transitions are indicated. 
8 W. J. Childs, L. S. Goodman, and L. J. Kieffer, Phys. Rev. 
120, 2138 (1960). 
9N. F. Ramsey, Molecular Beams (Oxford University Press, 
New York, 1956), p. 272. 
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TasLe I. Observations of the AF =0 transitions in Mn**. All frequencies are in Mc/sec except that in columns 6 and 7 the frequency 
differences are in kc/sec. The transitions used for field calibration are the' (2, —1+«+ 2, —2) transition in K® and in Ga™™(P;), and the 


(4, —3 «+ 4, —4) transition in Cs'**, The theoretical frequencies were calculated by use of the value |a| =56.3924 Mc/sec 


etermined 


from observations of the AF = +1 transitions. The values used for gy were chosen to give the closest agreement with the observed 
frequency at the strongest field (g;= 2.0012 for 3 2087 and gy= 2.0014 for uw; negative). The electronic g factors used for K®, Ga®™ 


(P;), and Cs'* were 2.002309, 0.665825, and 2.00 
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Calibration 
frequency 


1.009 


Calibration 
isotope 


K# 


H (gauss) 
1.429 





Ga®7 (Py) 


10.219 Ga™.7!(P,) 


30.656 


91.968 32.986 


Mn** 
transition 


a 


B 
¥ 


a 


Observed 
Mn* 
frequency 


v(obs) — v(calc) 
pi>O0 pr<0 


1.858+0.025 31 30 
1.762+0.030 12 11 
1.612+0.020 8 7 





7.957+0.020 
7.648+0.020 
7.100+-0.040 


12 5 
—30 —36 
—3 


13.403+0.040 4 
12.125+0.025 —28 


42.580+0.025 —10 
42.987 +0.007 4 
42.2522-0.007 4 


224.428+0.015 3 





ay. ‘Sass s, in Recent Research in Molecular Beams, edited by I. Estermann (Academic Press, wy New York, 1959), pp. 87-90. 


momentum and to the maximum possible spin. The 
electronic g factor for manganese was known to be very 
nearly 2 (the Russell-Saunders value for a pure °S5,2 
state) prior to the present research. For pure L-S 
coupling with no admixing, the nonrelativistic value of 
both a and 6 should be 0. In Mn®5, however, a0, but 
b is 0 to within experimental error.’ Since one would 
expect a=0 from the nature of the atomic state, it is 
difficult to make a theoretical prediction of the relative 
signs of uw; and the observed nonzero a. 

The nuclear spin J=3, found in the present work, 
couples to J=5/2 to yield six zero-field hyperfine levels 
characterized by F= 11/2, 9/2, 7/2, 5/2, 3/2, and 1/2. 
For a small value of |6/a|, AF=0 transitions should be 
observable in the levels F=11/2, 9/2, and 7/2. There 
should also be 13 observable transitions of the type 
AF=-+1, of which 6 correspond to Ampr=0 and 7 to 
Amr=-+1. To induce the former, the rf magnetic field 
must be parallel to the homogeneous field, while for the 
latter, it must be perpendicular to it. The observable 
AF=0 transitions are indicated on the schematic hfs 
diagram (Fig. 1). For simplicity, 21 of the 42 levels have 
been omitted. Figure 2 shows the situation at weak field 
in more detail. 

All transition frequencies required were calculated 
by the digital computer GEORGE. The calculated fre- 
quencies, which are effectively differences between ap- 
propriate pairs of eigenvalues of the Hamiltonian, are 
independent of the sign of a, for a given sign of gr, if 
b=0. Since } is found to be 0 to within experimental 
error, no determination of the sign of a was made.” It 
was possible, however, to confirm that the sign of the 


10 The sign of a could be measured, however, in a more elaborate 
experiment. See J. G. King and V. Jaccarino, Phys. Rev. 94, 1610 
(1954), or reference 8. 





magnetic dipole moment is positive, as reported 
previously,” 


MEASUREMENTS 
Measurements on AF=0 Transitions 


Table I summarizes the results of measurements on 
the three observable AF=0 transitions. The measure- 
ments at the lowest field are sufficient to establish that 
the nuclear spin of Mn** is J=3, as reported 
previously.!?:3 

For convenience, the AF = 0 transitions corresponding 
to F=11/2, 9/2, and 7/2 are labelled a, 8, and y, re- 
spectively. The internal consistency of their resonance 
frequencies establishes that )~0. If 6 is assumed to be 
negligibly small, values for |a| and gy can be extracted 
from the data presented. If, for the moment, the data 
at 91.968 gauss are disregarded, the results |a| =56.3 
+0.2 Mc/sec and g,;=2.001-+-0,002 are obtained. These 
values are relatively insensitive to the sign assumed for 
MI. 

The dependence of the three frequencies a, 8, and y 
on magnetic field intensity is shown in Fig. 3. 

The half-life of the radioactive decay of atoms col- 
lected on resonance was measured several times to be 
2.7+0.2 hours, a result in good agreement with the 
reported! half-life of 2.6 hr for the ground state of Mn*, 


Sign of the Magnetic Moment 


As discussed below, observation of the AF=+1 
transitions led to a more precise value for |a|, namely 


1 R, W. Bauer and M. Deutsch, Phys. Rev. 117, 519 (1960). 

2 W. J. Childs and L. S. Goodman, ‘Bull. Am. Phys. Soc. 1, 21 
(1958). 

#8 W. J. Childs, L. S. Goodman, and L. J. Kieffer, Phys. Rev. 
Letters 1, 296 (1958). 
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Fic. 3. The magnetic field dependence of the three observable 
AF=0 transitions through 40 gauss. At stronger fields, the reso- 
nances are well separated. It should be noted that the order of the 
resonance frequencies is reversed as the field is increased from 0 
to 40 gauss. 





a| = 56.3924+ 0.0023 Mc/sec. To establish the sign of 
ur, the precise magnitude of a was used, together with 
the rough value quoted above for g,, to predict the 
resonance frequency of transition y at 91.968 gauss. 
The transition was observed at this field three times 
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Fic. 4. Appearance of the observable transitions connecting the 
?¥=7/2 and F=5/2 hyperfine levels at 0.15 gauss. The resonance 
frequency and change in m, for each of the 11 resonances involved 
are indicated below the data. It can be seen that the applied dc 
field shifts some frequencies up from the hyperfine separation and 
some down. The rf loop used was relatively less efficient in inducing 
Amp=0 transitions. The beam intensity, with the rf off, was 
monitored several times during the run as indicated by the 
sloping, dashed line. The full width at half maximum I of the 
highest frequencygcomponent, when observed individually at 1 
gauss at reduced rf power, is shown (I'=39 kc/sec). 
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with the result v,= 224.4284-0.015 Mc/sec as noted in 
Table I. In order to account for this result, with the 
precise value of |a|, gy must have the value 2.0012 
+0,.0001 for yu; positive or 2.0014+0.0001 for wu; nega- 
tive, regardless of the sign of a. Columns 6 and 7 of 
Table I list the differences between the observed reso- 
nance frequencies and those calculated for all the ob- 
served transitions by use of the precise value for ja}, 
the correct sign for g7, and the gy value required to give 
the best fit at the strongest field. Consideration of the 
results at the two highest fields (where the greatest 
sensitivity is found) shows that consistency is possible 
only if wy is positive. This result confirms that the mag- 
netic dipole moment of Mn* is positive as previously 
reported." 

As mentioned above no determination of the sign 
of a was made. 


Observation of the AF==+ 1, 
Am,;==+ 1 Transitions 


As has already been mentioned, the search for 
AF=-+1 transitions was carried out before the meas- 
urements at 91.968 gauss confirmed the reported sign 
of the magnetic moment. The hyperfine intervals 
between which observable transitions can be induced 
were calculated from the value deduced for |@| from 
measurements on the AF 
30.656 gauss. The results were 


0 transitions at fields up to 


Av(11/2 <> 9/2) 
Av(9 


Av(7 


309.7+1.1 Mc 
253.4+0.9 Mc 


=197.1+0.7 Me 


Even for the smallest interval listed, the region to be 
searched (1.4 Mc/sec) is large compared to the expected 
resonance width (20-50 kc/sec). 
11 transitions which the 
F=7/2 and F=5/2 levels (see Fig. 2). The C field was 
set at 0.15 gauss where these transitions should be 


There are, however, 


can be observed between 


spaced only 35 kc/sec apart so that the span of fre- 
quency for which some transition could be induced 
stretched continuously over about 400 kc/sec. A search 
under these conditions quickly revealed such a block 
of transitions (Fig. 4) positioned in such a way as 
to yield the result Av(7/2<> 5/2)=197.368+0.040 
Mc/sec. From this number, it can be shown that if 
b=0 then |a| =56.391+0,011 Mc/sec, regardless of the 
sign of either @ or y;. This result makes possible a more 
precise estimate of the two larger hyperfine separations. 
The field was next set at 1 gauss, where the spacing 
between adjacent F=7/2<> 5/2 transitions is calcu- 
lated to be 230 kc/sec, and the (7/2, 7/2<> 5/2, 5/2) 
transition frequency measured. The result, for } as- 
sumed to be 0, is | a) = 56.3929+0,0023 Mc/sec. 
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Fic. 5. The appearance of AF=+1, Ampr=0 transitions. The 
dashed curve through the experimental points shows the 
(9/2, —3/2+«+7/2, —3/2) transition in Mn**, while the solid 
curve shows the appearance of the (2,0 ++ 1,0) transition in K* 
observed at the same dec field (0.15 gauss) with the same rf loop. 
The rf power and frequency were very nearly the same for the two 
curves. For the Mn**, yg=253.742 Mc/sec; and for the K*, 
vo= 254.014 Mc/sec. 


Observation of the AF==+ 1, 
Am, =0 Transitions 


To establish more rigorously that )~0, it is necessary 
to measure at least two independent hyperfine spacings. 
Two of these, (11/2++ 9/2) and (9/2<«+7/2), can be 
observed only through Amr=O transitions. Both of 
these intervals have been measured, although in each 
case the observed line shape exhibited a minimum 
(rather than the customary maximum) at the central 
frequency. The symmetry of the line shape on either 
side of a sharp central minimum was observed for three 
different shapes of rf loops and was independent of rf 
power level or the strength of the dc magnetic field. 
(The detailed shape of the resonance curve is, however, 
dependent on the level of the rf power and on the geo- 
metrical properties of the loop.) 

Figure 5 shows a typical line shape obtained with the 
rf loop of Fig. 6. The dashed curve through the experi- 
mental points in Fig. 5 shows the line shape for the 
(9/2, —3/2<+7/2, —3/2) transition in Mn* as ob- 
served at 0.15 gauss. For comparison, the solid line 
indicates the observed line shape for the Amr=0 
transition (2,0<+ 1,0) in K* at the same dc field and at 
very nearly the same rf power level. The resonance 
frequencies were, by coincidence, also very nearly the 
same. The central minimum in the K“ curve falls at the 
reported frequency':!® for Ay. In the case of the man- 
ganese transition, however, calculations indicate that 
the frequency is shifted downward 24 kc/sec by the 
small de field. 

Other investigators'® have observed central minima 

4 P. Kusch, S. Millman, and I. I. Rabi, Phys. Rev. 57, 765 
hen. f S. A. Ochs, R. A. Logan, and P. Kusch, ibid. 78, 184 

18 A. L. Bloom and J. B. Carr, Phys. Rev. 119, 1946 (1960). 

16 For example, G. K. Woodgate and R. W. Hellwarth, Proc. 
Phys. Soc. (London) A69, 588 (1956). 
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Fic. 6. Schematic 
views of the rf loop used 
to induce the transitions 
shown in Fig. 5. The 
rectangular atomic beam 
is shown passing through 
the loop in the upper 
half of the figure. In the 
lower half, the same 
situation is viewed from 
above. The dashed line 
indicates the path of an 
atom with velocity » as 
it passes through the 
loop a little below the 
symmetry axis. The 
arrows indicating the uv 
directions of rf currents 
and fields are for a par- 
ticular instant of time; 
both oscillate with the 
rf frequency applied. 
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in o transitions induced by a single rf loop. The observed 
line shape may be tentatively accounted for in the fol- 
lowing way. All of the rf loops used could be expected, 
from their shapes, to introduce the required component 
of the rf magnetic field parallel to the dc field. (No other 
component can contribute to the transition probability 
of Amr=0 transitions.) The loop shown in Fig. 6 is of 
the type normally used to induce 7 transitions, Except 
for atoms that pass through the loop exactly on the 
center line, a plot of the component of H,+ parallel to 
H4. as a function of distance along the loop axis will 
show first a component in phase with Hag-, and then a 
component 180° out of phase. It has been shown” that 
such a perturbation should yield a central minimum 
(as observed), even when averaged over the velocity 
distribution, if the dc field is sufficiently homogeneous, 
That this minimum coincides with the resonance fre- 
quency, within the precision quoted, is established by 
the comparison between the frequency of the observed 
dip and the previously reported'*:® value of Av for K". 
This result is also expected theoretically.'” 

All of the measurements on AF= +1 transitions are 
summarized in Table II. 


RESULTS 
The observed resonance frequencies can be reconciled 
only with a nuclear spin J=3. Evaluation of the eigen- 
values of the Hamiltonian, with no external field, 
together with the measured hyperfine intervals listed 
in Table II, yields 
Av(11/2 < 9/2)= (11/2)a+ (11/20)b 
= 310,173+0,015 Mc/sec, 


Av(9/2 <> 7/2)= (9/2)a 

= 253.766+0.010 Mc/sec, 
Av(7/2 < 5/2)=7/2a—(7/25)b 

= 197.375+0,.008 Mc/sec. 


17 N. F. Ramsey, reference 9, Chap. V. 
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TABLE II. Observations of the 
of the magnetic field. 


— 2) transition in K® was used for calibration 


4F=+1 transitions in Mn**. The (2, —1 < 2, 
2.002309." All frequencies are in Mc/sec 


The electronic g factor for K was taken to be 





Observed 
Mn* 
frequency 


Mn** hyperfine 
interval corrected 
to zero field 


Mn** 
transition 


7/2, m< 5/2, =’) 
ai transitions) 
0.704 (7/2, 7/2 «+ 5/2, 5/2) 
0.105 (9 2, - «> 7/2, —3/2) 


Calibration 
frequency 


H (gauss) 


0.150 0.105 (See Fig. 4) 197.368+0.040 
1.000 
0.150 


199.088+0.008 197.375+0.008 
253.742+9.010 253.766+0.010 


0.150 0.105 


*® V. Hughes, in Recent Research in 


The second equation, which is independent of 8, yields 
the result 
a\ = 56.3924+0,.0023 Mc/sec. 


Comparison of this with the other two equations gives 
b| <50 kc/sec 


As mentioned above, the confirmation of the conclusion 
that 

pr>O0 
leads to the result 


gz = 2.0012+0,0001, 


The Fermi-Segré relation'® may be conveniently used 
to evaluate the nuclear magnetic dipole moment from 
the measured value for |a@|. Thus we have 

a(Mn*"*) 7(Mn**) 


1(Mn**) = 
a(Mn*) 


(Mn‘), 
I(Mn*) 


where denotes any other manganese isotope. The 
only other isotope for which the magnetic hyperfine 
interaction constant @ has been measured’ is Mn®, 
On using the v value uw; (Mn*) = +3.46766+0.00014 nm,” 
|a(Mn*®)| =72.422+0.002 Mc/sec,? and I(Mn**) 
= 5/2," it is found that 


ur (Mn**)=+3,2402+0,0002 nm, 
subject to correction for any hyperfine anomaly.” 


18 FE. Fermi and E. Segré, Z. Physik 82, 729 (1933). 

19N. F. Ramsey, reference 9, p. 173 

* The discrepancy between the present value and the pre- 
liminary result published previously (reference 13) is attributed 
primarily to the assignment of the wrong F to an observed reso- 
nance at 30.656 gauss where the three AF=0 transitions have 
very nearly the same frequency (see Fig. 3). Erratic collection 
efficiencies and field drifts were also sources of confusion prior to 
the adoption of clean copper collection surfaces and continuous 
field calibration. 


3/2 
(11/2, —5/2 ++ 9/2, —5/2) 


Volecular Beams, edited by I. Estermann (Academic Press, Inc., 


310.152+0.015 310.173+0.015 


New York, 


1959), p. 87- 


DISCUSSION 


The Mn* nucleus contains 25 protons and 31 
neutrons, and might be represented as the folding 
together of the wave functions for two odd-A nuclei, 
one with Z=25 and one with A—Z=31. The spins and 
dipole moments have been measured! for Mn®* and 
Mn®, for both of which Z= 25, and the corresponding 
quantities have recently been determined*'” for Fe*? 
and Fe®’(14 kev), for which A —Z= 31. Since the spins 
of Mn* and Mn* are different, it is reasonable to choose 
Mn®* which has more nearly the same number of 
neutrons as Mn**. If one folds the (/72)5/2° proton con- 
figuration of Mn®*(J=5/2, u;=+3.47 nm) with the 
neutron configuration of Fe’(J=1/2, w;=+0,0903 
nm) or Fe™(J=3/2, w;=—0.153 nm) to form 
Mn**(J=3), one obtains for u;(Mn**) the values 
+3.56 nm or +2.86 nm, respectively. These results are 
reasonably close to the measured moment of Mn**, 
+3.24 nm, and are both in error by about the same 
amount, The difference between the two estimates of 
uz is small because, in the folding process, the neutron 
configuration contributes very little compared to the 
proton configuration. 
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The known angular distribution of the C(p,p’7)C™ 3.68-Mev gamma rays is not sufficient to determine 
uniquely the spin and parity of the 11.74-Mev N™ level for the case of arbitrary channel-spin mixing. To 
resolve this ambiguity the angular distribution of the inelasticity scattered protons has been measured. 
Of the previous possibilities, J*=1*, 2+, and 3-, the assignment 1* is selected. A new level is found at 
11.82 Mev in N“ having a width of about 100 kev, and decaying through the 3.09-Mev level in C™. An 
angular distribution of the inelasticity scattered protons from this new level shows strong interference effects. 


I. INTRODUCTION 


HE level structure of N™ has recently’ been in- 
vestigated by measurements of the yield and 
angular distribution of the gamma rays from the 3.68- 
and 3.09-Mev levels in C™ following excitation by 
inelastic proton scattering. Angular distributions of the 
150-kev wide level occurring at an energy of excitation 
in the N“ compound nucleus of 11.74 Mev (bombarding 
proton energy of 4.52 Mev) were not sufficient to 
uniquely determine the spin and parity of the level. The 
angular distributions could be fit in the case of arbitrary 
channel-spin mixing ratios by the assignments 1*, 2+, 
or 3-. In an attempt to resolve this ambiguity, the 
angular distribution of the protons inelasticity scattered 
from this level has been measured using the ORNL 60° 
deflection, double focusing, uniform field, reaction 
product magnet.’ 


Il. EXPERIMENTAL PROCEDURE 


C® targets were prepared* by converting barium 
carbonate to acetylene and then depositing the carbon 
in an electrical discharge between two 5-micro-inch 
nickel foils placed in a low-pressure acetylene atmos- 
phere.® As is usual with targets made by this technique, 
the actual composition of the layer and its thickness 
were uncertain. The targets were, however, quite thin 
compared to the natural level width and sufficiently 
thin that, with the magnet exit slits set for the minimum 
resolution, flat top peaks were obtained for the inelastic 
proton groups. 

Protons from the 5.5-Mev Van de Graaff were colli- 
mated by an adjustable slit system. The collimated 
beam produced a spot about 1 by 2 mm at the 
target located in the scattering chamber. The analyzer 
magnet was set at a solid angle of approximately 0.005 

1J. K. Bair, H. O. Cohn, and H. B. Willard, Phys. Rev. 119, 
2026 (1960). 

2H. B. Willard and J. K. Bair, Bull. Am. Phys. Soc. 4, 385 
(1959); also H. B. Willard and J. K. Bair, Oak Ridge National 
Laboratory Physics Division Progress Report for Period ending 
March 10, 1959 (unpublished). 

8 We are greatly indebted to B. J. Massey and J. C. Smith of 
the Oak Ridge National Laboratory Isotopes Division for the 
preparation of the targets. 

4S. Monat, C. Robbins, and A. R. Ronzio, U. S. Atomic Energy 
Commission Report AECU-672 (unpublished). 


5R. A. Douglas, B. R. Gaston, and A. Mukarji, Can. J. Phys. 
34, 1097 (1956). 


steradian. The magnet is located so as to deflect particles 
vertically upward after being emitted from the target 
at an angle of 15°+5° above the horizontal plane. A 
sliding vacuum seal in the target chamber permits 
continuous rotation of the magnet for laboratory angles 
of 15° to 149°. The protons were detected by a CsI(T]) 
crystal and photomultiplier at the exit focus of the 
magnet. Pulses from the crystal were displayed on a 
20-channel analyzer. Figure 1 shows the differential 
count rate for an incident proton energy of 4.52 Mev 
due to the low-energy (approximately 300 kev) inelastic 
protons going to the 3.68-Mev level in C™, as measured 
at a laboratory angle of 146°. The open circles were 
taken with the magnet set at the peak; the solid circles 
were obtained with the magnet set just off the peak, 
and they constitute a measure of the background. 
Figure 2 shows a magnetic field traversal for this same 
group taken with the exit slits widened sufficiently that 
they controlled the over-all resolution, as indicated by 
the flat top. The angular distribution data were taken 
with this slit adjustment. The datum plotted at a given 
angle in the distributions is the height of the flat top 
corrected for background ‘by subtracting the average 
count rate off the peak. These data are corrected for 
laboratory to center-of-mass conversion. 


Ill. EXPERIMENTAL RESULTS AND CONCLUSIONS 


Figure 3 shows the angular distribution of the in- 
elastic protons going from the 11.74-Mev (4.52-Mev 
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Fic. 1. Differential count rate due to the low-energy (approxi- 
mately 300 kev) inelastic protons going to the 3.68-Mev level in 
C8, The incident proton energy was 4.52 Mev and the magnetic 
spectrometer was set at a laboratory angle of 146°. The open circles 
were taken with the magnet set at the peak and the solid circles 
were obtained with the magnet set just off the peak. 
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Fic. 2. Magnetic field traversal for the group in Fig. 1. The 
exit slits were sufficiently wide that they controlled the over-all 
resolution, as indicated by the flat top. 
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Fic. 3. Angular distribution of the inelastic protons going from 
the 11.74-Mev (4.52-Mev bombarding proton energy) level in 
N" to the 3.68-Mev excited state in C¥. The points plotted are 
the relative center-of-mass yields, as a function of the cosine of 
the center-of-mass scattering angle. Errors shown are statistical 
standard deviations only. 


bombarding proton energy) level in N™ to the 3.68-Mev 
excited state in C'. The points plotted are the relative 
center-of-mass yields, as a function of the cosine of the 
center-of-mass scattering angle. Errors shown are 
statistical only. Also shown as solid curves in Fig. 3 are 
the theoretical ,p’ distributions for the spin, parity, 
and channel-spin mixing ratios which gave satisfactory 
fits to the inelastic scattering gamma-ray angular 
distribution data.' The p,p’ data thus exclude the J*= 
2+ and 3- possibilities. 

The curve labeled J=1* is a least-mean-square fit of 
the data to a Legendre expansion, W= P)+B2P.. The 
value of Bz so obtained is 0.13, with an estimated error 
of +0.03. From the gamma-ray distributions two 
possible J =1* fits could be obtained. The first of these 
requires 85 to 100% entrance s=0 with greater than 
99% exit s’=2 and a positive (where a is the ratio of 
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Fic. 4. Yield of inelastic protons going to the 3.09-Mev level in 
C® as a function of incident proton energy. The laboratory 
scattering angle was 146°. No anomaly is observed at 4.52 Mev 
but at 4.60 Mev a maximum with a width of [+100 kev is 
resolved. 
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Fic. 5. Angular distribution of the inelastic protons going to 
the 3.09-Mev state in C’. The bombarding proton energy was 4.60 


Mev. The data plotted are the intensities corrected to center of 
mass as a function of the cosine of the center-of-mass angle 


the amplitude of exit channel spin 2 to that for exit 
channel spin 1). This condition gives a p,p’ fit of 
W = Po + B2P2 with 0.14< B.<0.19 not in disagreement 
with the experimental By» of 0.13+0.03 obtained above. 
The value of B,=0.14 corresponds to 85% entrance 
channel spin 0 and 99% exit channel spin 2, @ positive. 
The second set of conditions for J=1*, as obtained from 
the gamma-ray data, required greater than69%s=Oand 
greater than 34% s’= 2 with a negative. The correspond- 
ing inelastic proton distribution is given by W= 
Pot BoP, with —0.60< B.<0.20 in agreement with 
experiment. Our value of B.=0.13 furnishes a second 
set of parameters for /*=1* in agreement with both the 
gamma-ray and the inelastic proton data. For this 
second case Bz=0.13 corresponds to over 77% entrance 
channel spin 0 and over 94% exit channel spin 2. 

In reference 1 it was concluded that the 3.09-Mev 
gamma rays resonated very little at 4.52-Mev proton 
energy, but that there was some indication of a broad 
maximum at about 4.6-Mev bombarding energy. To 
verify these points a yield curve at a laboratory scatter- 
ing angle of 146° was obtained for the inelastic protons 
going to the 3.09-Mev level in C™. This is shown in 





LEVELS IN N?#* AT 
Fig. 4. No anomaly is observed at 4.52 Mev, but at 
4.60 Mev a maximum with a width ['~100 kev is 
resolved. 

An angular distribution of these inelastic protons to 
the first excited state is shown in Fig. 5, where the 
bombarding proton energy was 4.60 Mev. The data are 
the intensities corrected to center of mass plotted as a 
function of the cosine of the center-of-mass angle. The 
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distribution shows strong interference effects with a 
level of opposite parity. No analysis of level parameters 
has been attempted. 
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Delayed Neutrons from N’’} 


G. J. PERLow, W. J. RAMLER, A. F. STEHNEy, AND J. L. YNTEMA 
Argonne National Laboratory, Argonne, Illinois 
(Received December 19, 1960) 


The energies of the delayed neutrons which follow the decay of N'” have been measured by means of a 
triple proportional-counter recoil spectrometer. The N!’ was obtained from the C“(a,p)N" reaction at a 
mean a-particle energy of 25-Mev. Two neutron groups were observed, with energies of 1.22+-0.06 Mev 


and 0.426+0.018 Mev. These correspond to neutron emission from the }~ 
respectively. This result is consistent with the expected J* of 4 


$~ states of O"’ at 5.38 and 4.55 Mev, 
for the ground state of N"’ and with the 


small stripping widths for these levels in O'*(d,p)O". The ratio of the intensity of the high-energy group 
to the low-energy one is 1.6, which corresponds to a ratio of 4 for the squares of the 8-decay matrix elements. 


INTRODUCTION 


HE nucleus N" decays by 6 decay to excited states 

of O" with a half-life of 4.1 sec.’ At least some of 

these lie above the neutron separation energy and there- 

fore decay predominantly and promptly by neutron 
emission. 

Alvarez? measured the neutron energy by examining 
the energy of the O'* ions which recoiled from the 
neutron emission in a proportional counter. He deduced 
a neutron spectrum centered at 0.9 Mev and having a 
width at half-maximum of less than 0.5 Mev. He also 
measured the 6 rays in coincidence with the neutrons 
and obtained an end point of 3.7+0.2 Mev. Hayward’® 
made use of proton recoils in a hydrogen-filled cloud 
chamber. She found the neutron energy to be peaked 
at about 1 Mev with a width at half-maximum of 
approximately 0.2. Mev. There was, in addition, some 
evidence for a weak emission of higher energy neutrons. 
The mass excess (M-A) of N" has been determined 
from the B"(Li’,p)N"” reaction* as 12.93+0.06 Mev.*® 
From this value of the mass excess and the observed 
neutron and # spectra, one would conclude that the 8 
decay proceeds primarily to the $+ level of O' at 5.08 
Mev. It seemed of interest to attempt a more accurate 


+t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1N. Knable, E. O. Lawrence, C. E. Leith, B. J. Mayer, and 
R. L. Thornton, Phys. Rev. 74, 1217 (1948). 

2L. W. Alvarez, Phys. Rev. 75, 1127 (1949). 

3 E. Hayward, Phys. Rev. 75, 917 (1949). 

4 Carol Littlejohn, Phys. Rev. 114, 250 (1959). 

5 F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 221 
(1959). 


identification of the levels of O'" to which the 8 decay 
from N"’ proceeds, especially since decay to the $* state 
requires an unlikely ground-state configuration of N!. 
This has been done by measuring the spectrum of 
neutron energies. 


EXPERIMENTAL PROCEDURE 


The N" was produced by the reaction C(a,p)N" at 
the Argonne 60-in. cyclotron. The 43-Mev beam was 
degraded by absorbers to about 28 Mev where the cross 
section is known® to be maximal. The target contained 
41% elemental C™. It was prepared by generating CO» 
from active BaCO; obtained from Oak Ridge, and 
reducing it in a quartz tube with hot magnesium. The 
fused mass resulting from the reaction was treated with 
HCl and then with HF and HNO;. Only carbon re- 
mained after filtering and washing. This was compressed 
into a pellet of 1-cm diameter containing 14 mg of the 
isotopic mixture and was sealed between Al foils 0.001 
in. thick. The external a beam of the cyclotron was 
focused by means of 3 sets of quadrupole magnets to 
produce a beam of approximately 2 wa over a 0.25-in. 
diameter region at the target. The target was placed at 
45° to the beam inside a tube separated from the 
cyclotron beam tube and was cooled by an air jet which 
then passed through a filter and into the air exhaust 
system. The filter was checked periodically for activity 
to avoid contamination in the event the target container 
ruptured. The cyclotron shutter was controlled by a 


6 K.-H. Sun, B. Jennings, W. E. Shoupp, and A. J. Allen, Phys. 
Rev. 82, 267 (1951). 
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timer which likewise controlled the counting apparatus. 
The cycle used had a duration of 24 sec, of which 7.5 sec 
was occupied with the bombardment, 2 sec with waiting, 
and the remainder with counting. 

The neutron energies were measured by means of a 
neutron spectrometer which has been described’ else- 
where in detail. A schematic drawing of the spectrom- 
eter is given in Fig. 1. It consists of proportional 
counters A, B, and C containing a methane filling 
common to all three. Neutrons incident on A may 
produce proton recoils in the gas which, if directed 
within 26° of the neutron direction, can pass through 
a collimator plate into counter B. An anticoincidence 
ABC indicates that the recoil track is entirely contained 
in A and B, the point of origin in A being immaterial, 
and causes a gating pulse to be supplied to a 20-channel 
analyzer which measures the sum of the pulse heights, 
P4+ Px. This is proportional to the ionization of the 
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Fic. 2. Higher energy group of delayed neutrons (lower left) 
along with neutron and alpha-particle calibrations. 


7G. J. Perlow, Rev. Sci. Instr. 27, 460 (1956). 
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Fic. 1. The neutron spec- 
trometer. Omitted from the 
drawing is a collimated Cm 
alpha-particle source on a 
bellows arrangement fastened 
to the cylindrical surface of C. 
It can be used to send par 
ticles through C, B, and A, 
respectively. 





proton, and hence to the energy of the neutron. A 
certain range of energies may be accommodated at one 
counter pressure, then the pressure must be changed. 
The efficiency is nearly independent of pressure, how- 
ever, and may be expressed, aside from a geometrical 
factor, as the product oR», where Ro is the STP range 
of the maximum energy recoil in the CH,, and a is the 
(n,p) scattering cross section. This product varies 
nearly linearly with energy in the region of interest. 
The counter used in this investigation differed from 
that of reference 7 in having an a-particle calibrator 
consisting of a thin Cm source on a nickel rod which 
could be moved by means of a bellows to direct a weak 
beam of alphas through counters C, B, and A. The 
calibrator was used for comparison of runs taken at 
different times, and was not considered absolute. 


RESULTS 


In Fig. 2 we show results obtained at a counter 
pressure of 25.2 cm Hg. The lower left curve in the 
figure is a pulse-height spectrum of the delayed neutrons 
of interest. Directly above are two of a group of cali- 
bration curves taken some months previously with 
neutrons from the reaction Li’(~,2)Be’ produced in a 
thin target at the Van de Graaff generator. The upper 
and lower plots on the right side of the figure represent 
a-particle calibrations taken at the two times. Using 
the calibration data, and averaging four runs, we 
obtain a neutron energy of 1.22+0.06 Mev, which 
would correspond to a transition from a level at 5.45 
Mev in O""”. The energy-level diagram for O' is shown 
in Fig. 3. The level at 5.38 Mev is known from 
O'*(d,p)O" to be a $ level, and the next higher level 
known is at 5.70 Mev. Thus, despite the 70-kev dis- 
crepancy, which is just outside the estimated experi- 
mental error, we are undoubtedly observing transitions 
involving the 3~ state. 

The runs taken with a pressure of 25 cm in the counter 
indicated the presence of a group of lower energy 
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neutrons. In order to investigate this in more detail, 
the counter pressure was reduced to 4.77 cm Hg. The 
results are shown in Fig. 4, together with 2 calibration 
peaks obtained at neutron energies of 410 kev and 450 
kev from the Li’(p,2)Be’ reactions with the Van de 
Graaff and the a-particle calibrations used in the 
correction of the energy scale. The peak energy is found 
to be 426+ 18 kev. The width of the neutron line again 
is observed to be considerably greater than the one 
obtained with the Li’(p,)Be’ reaction. We believe that 
the greater width is primarily due to instrumental 
fluctuations during the long running times and possibly 
also to the high background present in the experimental 
area. Our measurement would correspond to a level in 
O" at 4.60+-0.02 Mev. This must be identified with the 
}- level at 4.56 Mev. The existence of these two groups 
had been conjectured by Jones and Mandl.* 

Calculating counter efficiency as in reference 7, we 
get for the ratio of the intensities of the two neutron 
groups, /(1.22)/7(0.426)=1.6. From the ratio of ft 
values calculated from this result we get for the ratio of 
the 8-decay matrix elements for the transition leading 
to these groups, | M|?(1.22)/|M|?(0.426)=4. 

An attempt was made to observe neutrons from 
higher excited states in O'’. However, the spectrometer 
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_ Fic. 3. Energy level diagram for 0". 
8 G. A. Jones and F. Mandl, Nuclear Phys. 4, 690 (1957). 
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Fic. 4. Lower energy group of delayed neutrons. 


is not suitable for neutrons with energies of more than 
1.6 Mev and no positive result was obtained. 

The principal ground-state configuration of N” is 

probably [(xp)*]:[ (vp)® lol (vds)* Jo. In 8B decay, the 
neutron cannot decay into a proton with a different 
value of /. The decay of either a p or a d neutron must 
then lead to a state of O" which contains at least one 
vacancy in the (p)"O'* core. Such core-excited states 
are characterized by small stripping widths in 
O'*(d,p)O"". Conversely, any state having a large 
stripping width cannot be associated with a strong 
branch in the 8 decay of N'’. Analysis? of the (d,p) data 
indicates that the 4.56- and 5.38-Mev 3- states of O!” 
have stripping widths considerably smaller than the 
single-particle value. This is then consistent with our 
observation of two strong groups of delayed neutrons 
from these states. 
§ The }~ state at 3.06 Mev in O" lies below the neutron 
separation energy. Its very small stripping width in 
O'*(d,p)O" suggests that it may be populated by an 
observable branch of the 8 decay of N"’. 
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Methods are developed for analytic treatment of problems in nuclear evaporation theory using the level 
density formula exp{2[a(£*—e)}*}. Several useful expansions are given, with their ranges of validity 
Comparisons made with existing calculations indicate the validity of this approach. 


I. INTRODUCTION 


HEN a nucleus is excited by means of a nuclear 
reaction or through energy made available in 
the process of fission, it may de-excite by ejecting one or 
several nucleons. If the nuclear excitation is less than 
50 Mev, one treats the probability of ejecting various 
numbers of nucleons by means of evaporation theory.' 
In the most commonly used version of the theory, the 
energy spectrum of the emitted nucleons depends ex- 
ponentially on the square root of the excitation energy 
of the parent nucleus. Because there are difficulties in 
treating the consecutive emission of several nucleons 
analytically, people have resorted to the use of Monte 
Carlo calculations.” It is the purpose of this paper to 
show that such calculations may be done with much 
greater convenience through the use of suitable approxi- 
mations in an analytic treatment of the problem, rather 
than through the use of Monte Carlo techniques. 
Through the use of these techniques, one may examine 
the parameters involved in the theory with considerably 
more ease. 

The analysis presented here may be conveniently 
divided into two parts: (1) the relative probabilities of 
various numbers of particles being emitted, when only 
one type of particle is emitted, e.g., neutrons in the 
heavy element region ; and (2) the competition between 
different modes of evaporation when more than one 
mode is energetically possible, e.g., protons and neu- 
trons. The analysis described here is used to calcu- 
late the probability of finding various final products 
from the evaporation process rather than for cal- 
culating spectra of emitted particles. Some compari- 
have been Monte Carlo 
calculations. 


sons made with available 


E 


Ey 


when three neutrons at most may be emitted. 


* Based on work performed under the auspices of the U. 
1]. M. Blatt and V. F 
21. Dostrovsky, Z. 


Il. TECHNIQUES OF CALCULATION FOR 
ONE EVAPORATION MODE 

Before proceeding with the details of the calculation, 
we define the symbols to be used. a is the nuclear level 
density parameter; ¢; is the kinetic energy of the ith 
emitted nucleon. £* is the initial excitation of the first 
nucleus in the evaporation chain and Q is the binding 
energy of the ith emitted particle. Vo is the effective 
Coulombic barrier for charged particle emission. We 
also define 


and 


to complete the listing. 

In the form of evaporation theory to be treated here, 
the probability of emitting a neutron with kinetic 
energy €, is 


E I 


e exp{2[ a(E—e) }!}de. 


f P(ejde f 


For protons, the situation is analogous, we obtain 


BE 


¥ E’ 
f P(e)de= e exp{2[ a(E’—e) }!}de, (4) 


where 
E'= E*¥—O-V); (5) 


i.e., the proton may be treated as a neutron if we add 
Vo to Q in order to obtain an effective binding energy. 
With all of the definitions in hand, we analyze the 
case in which only one type of particle is emitted. The 
competition between two- and three-neutron evapora- 
tion illustrates the methods involved in the calculations 
and there are no fundamental difficulties in extending 
this approach to the evaporation of more particles. 
The probability of emitting three neutrons is given as 


3 E3~—€1 E2—€1 
e, exp{2[.a(£:— 1) of f €: exp(2[a(E:—a—«) Pode / €2 exp{ 2[ a(E2— €1:— €2) }!}dee Ide, 


f e, exp{2[a(Ei—:) }!}de 


P S. Atomic Energy Commission. 
Weisskopf, Theoretical Nuclear Physics (John Wiley & Sons, Inc 
Fraenkel, and G. Friedlander, Phys. Rev. 116, 683 (1959). This article is an excéllent introduction to the 


, New York, 1952), pp 365-374. 


notions of evaporation theory and the Monte Carlo methods applicable to evaporation problems 
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CALCULATIONS 


IN NUCLEAR 


EVAPORATION THEORY 


We may do the integrations over ¢€: in closed form, and obtain 


E3-¢1 


J 


where 





fl(a)=— as 


This expression may be simplified to give 


fle) 


; wre E2){1+3 [4(aF2)![2E»—3(Es/a)'-+3 2a]) 
(9) 


In obtaining Eq. (9) we assume that the lower inte- 
gral in Eq. (7) can be neglected when it is evaluated at 
its upper limit. We also assume that the radical (E2—,)! 
may be expanded to give 


(E.— €)'= (£2) (1—e, 2E2), (10) 


when this radical does not appear in an exponential. 
The first approximation introduces no appreciable in- 
accuracy (<1%) and the second approximation will 
cause errors of at most 3%, remembering that ¢,<£; 
and the term for which we make the expansion is not 
the largest term in the denominator. We should also 
note that if we had been considering an evaporation 
process involving more than three neutrons the effect 
would be to replace €; by e:+€2+¢; etc. 

Next, we must integrate the upper integral in Eq. (6) 
over ¢;. The difficulties appear in the evaluation of 

E3 


l= f e, exp{2[a(E:1—,) |'} exp{—2[a(E.—«) |} 
Xexp{2[a(E2— E;) }4} f(e)de. (11) 





E2 
e, exp{2[a(Ei1—«,) }4}de, 


a3 


Ei 
f e, exp{2[a(E,—,) }4}de, 


3—€1 


= 1—exp{—2[a(E:— e:) }¥} exp{2[a(E2— Es) f(a), 
[2E,—3E3;+2E;[a(E2.— Es) }'\—3[(E2— E;)/a}!+-3/2a)— e1{ 2[a(E2— E;) }'—1} 
[2E.—3(E2/a)#+3/2a]—[2—3/2(aE:)*] 


E2—e1 
9 exp(2La(E- aa) de / f €2 exp{2[a(E2— €:— 2) }4} dee 
0 


(7) 


(8) 


At this point we make further approximation in order 
to continue with the problem. We must be very exact 
in the expansion of the radicals which occur in the ex- 
ponentials, as these will be our biggest source of error. 
For the exponential terms, we use 


(1—x)§=1—42—f2°— fx. 


(12) 


This expansion is very accurate for 0<x<0.7. In the 
evaluation of Jo, we will be taking the difference of two 
such expansions so the magnitude of the exponential 
dependence will be cut down. We obtain 


exp{ —2[a(E2— 1) }*} exp{2[a(£i—«:) }}} 
= exp[2a!(\/E,:—+/ Ez) ] exp{[(a/E2)!— (a/E1)* Je} 
X exp{[(a/E*)*— (a/E;*)* JeP/4} 


Xexp{[(a/E2*)!— (a/E,°)*]}é/4}. (13) 


The exponentials in «, €°, and ¢,* may then be ex- 
panded in Taylor sums, as the coefficients of the powers 
of ¢ in the exponentials are in general small. In most 
cases three terms will suffice for each of these expansions. 
Before doing this expansion, it is convenient to expand 
the denominator of Eq. (9) using the relation 


1/(1—x) =exp(x+-32°+ 2%), 
then combine all of the exponentials and finally expand 
the exponentials in Taylor sums. The approximation 
made in Eq. (14) is good for 0<*<0.75. We also note 
that the probability for two-neutron emission is given by 


(14) 


E3 Ee) E2—e1 
f €1 exp(2Ca(E:-«) | f €2 exp(2La(E-e-e) de / f €9 exp(2La(E:—e—e) de |e 
0 E 0 


+—____—_— 








0 


This calculation involves no new difficulties. 

When all of the expansions involved in solving Eq. 
(6) or Eq. (15) are done, one has 7 to 10 terms of poly- 
nomial series in ¢,, and the problem may be done quite 





Ei 
f e, exp{2[a(E:— 1) }}de, 


(15) 





feasibly by hand. The various expansions may be made 
more exact by the inclusion of more terms, and the 
problem will still be far easier to do than the equivalent 
Monte Carlo calculation. 





904 


RICHARD CHASMAN 


Finally, we would like to point out a few things about the extension of this method to more than three neu- 
trons being evaporated. We may use the evaporation of four neutrons to point out the applicability of this 


technique. 


0 


R4 


f e, exp{2[a(E,—«,) }'} 


0 





P(4)=—_ 


0 


The point to note is that the integration over ¢€ will 
be comparable in difficulty with the integration over « 
in Eq. (6), but the integration over « will not re- 
quire too many terms in the expansion because 
exp{2[a(E:—«) }yexp{— 2[.a(E2— ;) }*} will have very 
little «, dependence, remembering that ¢:< E,. Also the 
denominator equivalent to Eq. (9) will be easier to 
expand as ¢,/E» will be quite small i (~O4: 4 at most). 


En 
re e exp{2[a(E—e) }'}de 


em) eee 


E E 


‘ Eq 
f €. exp{2[a(E.1— e:— €2) }}} 


/ 


Eq—e1— 2 
| f €3 exp{2[a(Es— :—e2—€) ¥} des / 


j 


E3—¢1— 2 
f €3 exp{2[a(E;— €:— €2— €s) des fe } 


— | des 


€2 exp{2[a(E.— €1— €2) }¥des 


f . e exp{2[a(E:—«:) |*}de 





Ill. EXTENSION TO COMPETITION BETWEEN 
TWO EVAPORATION MODES 


When we consider the evaporation process from 
lighter nuclei, we observe competition between proton 
and neutron emission. In the formalism of evaporation 
theory, the effect of this competition is to cause us to 


make the following change: 


En 


f e exp{2[a(E—e) |*}de 


ile E’ 
J cepertace-o nnd ff cet2a(e-o Maer f é’ exp{2[a(L’— 


0 0 


where ¢ may be a neutron kinetic energy and ¢’, a proton kinetic energy. A useful technique for dealing with this new 


complication is to divide numerator and denominator of the right-hand side of (17) | 


We then obtain: 
En 


f e exp{2[a(E—e) }!}de 


Right-hand side of (17)= 
E 


f e exp{2[a(E—e) }}de 


0 


x|{— 
| 


The first term on the right-hand side of Eq. (18) 
gives us the probability of a nucleon being in some 
range of interest and the bracketed term gives the 
probability of that type of nucleon being emitted. 
Quantities of the type of the first term have been calcu- 
lated in the consideration of competition between two 
and three neutron emission in Sec. II, and we see that 
they may be calculated quite accurately for widely 


vy Jo®%e exp{2[a(E—e) }'}de. 


. |. 


+f" e’ exp{2[a(E’—e’) |*}de’ /f e exp{2[ a(E—e) }! Nde| 


Sedie 2 ratios of final products, from Table I. For the 
second term, we must develop a slightly different 
approach, but from Eq. (18) it should be clear that the 
calculation of a given product will be accurate, when we 
can treat the bracketed term accurately. The approach 
of Sec. II was that the >> ;e; must be less than E,_, by 
at least 30%, and usually the sum will be only 60% 
of E,-1, and this justified the expansions. In the 
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Taste I. Evaporation of neutrons from U™. 





E* Monte Carlo 
(Mev) P(2n) P (3n) 


21 0.19+0.01 0.81 +0.02 
19 0.56+0.01 0.44 +0.01 
18 0.81+0.02 0.19 +0.01 
17 0.97+0.02 0.027+0.003 


Analytic 
P(2n) P(3n) 


0.178 0.822 
0.577 0.423 
0.826 0.174 
0.980 0.020 








bracketed term of Eq. (18) we have ratios of integrals 
over entire spectra, so the approach of Sec. IT will not 
be valid. 

We treat the problem of the branching ratio by de- 
veloping an easily integrated function, which depends 
on the difference in energy available for the two branches 
and the amount of energy available at the time that 
the branching occurs. The branching ratios are calcu- 
lated for a particular value of the nuclear level density 
parameter, but should not be too sensitive to small 
changes in this parameter. We define 


S=|0-@'| (19) 


and 


M,= (E*-> (O:+6)—-Q,), 


=! 


(20) 


using as the final Q value the larger of the two possi- 
bilities, at the branch of interest. 

In Fig. 1, we give plots of the branching ratio 
(B.R.) different values of S, as a function of M. The 
ratios given here are for an a value of 2.85 (Mev)~. 
From Fig. 1, we note that the branching ratios are 
straight lines, with a slight M dependence for M>10 
Mev; this means that at all stages but the last, the 
effect of competition will be to put in a term of the form 


B.R.=A—B >: €i, (21) 


as the Q values are ~10 Mev when there is competition. 
At the last stage of the evaporation, we will have to 
use some other approximation. We have found that the 
branching ratios are weil represented over the entire 
interval of Fig. 1 by analytic expressions of the form 


1 M-—a 
B.R.=1-— (. aiepanibtaed 


+ ’ (22) 
2\(1+8)M+y 


i@ 4 16 16 20 @2 @4 
M (Mev) 
where B.R. is the branching ratio to the favored mode 
of evaporation and a, 8, and y depend only on S. 
For a=2.85 (Mev)-, we have 

y=1.7S+1.95S? 

a=0.4(S—1), S>1 

a=0, S<i1 

B=0.08S, S<1 

B=0, S>1. 

The existence of nonzero values for a in this approxi- 
mation means that the branching ratio to the unfavored 
product is negligible (<0.3%) for M<a, and is con- 
sidered to be zero for convenience in making the ap- 
proximations. For values of S larger than one, the value 
of y will be sufficiently large so that the denominator 


in Eq. (22) can be expanded using the methods of 
Eq. (14), ie., 


(23) 
(24) 


(25) 





1/(M+y7)=1/(E+y—0)= 26) 


i 
(E+y)[1—«/(E+v7)] 


and we identify 


x=e/(E+7), 


for making the expansion of Eq. (14). 

This procedure will be necessary at the last stage of 
the evaporation process; at the earlier stages, the 
branching ratio will be a linear function of M. We may 
use this expansion for E/(E+)<0.75. The only diffi- 
culty which now remains is when S<1 at the last stage 
of the evaporation process. Interestingly, this is the 
situation for which one would expect to obtain the best 
results from the Monte Carlo techniques. Here we use a 
different expansion, 


M/(M+7)=A+Be-©"+ De-F™, (28) 


and obtain the coefficients B, C, D, and F by analyzing 
the function M/(M++) as a decay curve with two 
components. A will be the value of the function at the 
largest M value under consideration. For S=0, the 
problem is quite amenable to treatment. Because the 
experimental data are often in violent disagreement with 
calculations, one often redefines the Q value for a 
particular step, i.e., 


(27) 


V=Qotd, (29) 
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in order to obtain better agreement with experiment. 
This can be readily handied and leads to a new value 
of S to be used in calculating the branching ratio curve. 

The main point of this section is that simple analytic 
functions (simple from the point of view of integration) 
for the branching ratios make it possible to treat com- 
petition between. two modes of evaporation with relative 
ease. 


IV. COMPARISON WITH MONTE CARLO 
CALCULATIONS 


The treatment described in Secs. IT and III has been 
applied to the calculation of neutron evaporation from 
U** and compared with the Monte Carlo calculations 
of Miller, Huizenga, and Vandenbosch.’ Calculations 
have also been done for proton neutron competition 
in the evaporation from Ni** and compared with the 
calculations of Dostrovsky, Fraenkel, and Friedlander.” 

In the Monte Carlo calculations on U*, the pa- 
rameters of interest are a= 10.5, 0, = 4.76, 02=6.11, and 
Q;=5.27. In Table I, we compare the relative proba- 
bilities for emitting two and three neutrons as calculated 
using both methods. 


Co?” 


cots 


x Wa 


Co°5 


Fic. 2. Evaporation of 
nucleons from Ni®8. 


The agreement between the two sets of results is 
quite good. The results of the analytic treatment may 
be improved by taking a few more terms in the various 
expansions. 

The comparison with the Ni®* data of Dostrovsky, 
Fraenkel, and Friedlander? is used as a test of the 
methods for comparing competition between two modes. 
The data which were used in the calculation are given 
in Fig. 2. The numbers beside each arrow are the Q 
values; the Q values for proton emission contain an 
effective Coulombic barrier. 

For comparison with the Monte Carlo values, we 
use a=2.85. Also neutron spectra are multiplied by a 
factor of 1.34 and proton spectra by 1.23. These factors 
lead to slight changes in the branching ratio formula. 


3W. Miller, J. R. 
communication). 


Huizenga, and R. Vandenbosch (private 


CHASMAN 


The effect is that 


1 (M—a) 


—— —— ——)> 


2[(1+8)M+y] 


(1+A) [M—a] 
. (30) 
2(1+8+4A) [M+y/(1+8+44) ] 


When neutron emission is favored, A= —0.082; for 
the case of proton emission being favored, A= +0.089. 
The branching ratio functions may then 
modified for comparison with Dostrovsky, 
and Friedlander. 


be easily 
Fraenkel, 
The comparison is given in Table IT. 


ase II. from Ni 


Evaporation 


Ratio 


calculated Analytic 


Co? /Ni 
Cot /Ni* 
Fe 5 /Co® 


0.75 
0.52 
0.62 


® See Reference 2. 


The analytic results obtained after discovering 
many numerical errors. 

The ratio of Fe®®/Co® was calculated by making 
several approximations in order to simplify the calcula- 
tion. The major difficulty is in calculating the branching 
from Co** to Fe®® and Co®**. This calculation was done 
exactly for a case which was an average of the two ways 
to get to Co®® from Ni®*. The branching ratios for all 
steps before the last were made energy independent by 
assuming 3-Mev kinetic energy carried off per nucleon. 
As these branching ratios have little energy dependence, 
this assumption will introduce little error. Finally, the 
assumption was made that the integrals over particle 
kinetic energies would be about 
remove the branching ratios, the rest of the integrals 
will be a common factor. The justification for this step 
is that we are only considering particles emitted with a 
small fraction of the available kinetic energy. This final 
assumption will be useable only when the products 
being compared cannot evaporate another nucleon and 
when a is only a function of nuclear mass. This 
procedure allows one to make quick, fairly accurate 
estimates of ratios, when the 2Q; are about the s 


\3 


were 


the same, i.e., if we can 


the 


Same, 


There is no real need for this final approximation. 

For the purpose of clarifying the techniques used 
here, it is instructive up a sample calculation. 
We shall consider the probability of forming Ni*® as 
the evaporation product of the compound nucleus Ni®**, 
having 35-Mev excitation energy. 


to set 





CALCULATIONS IN 


From a consideration of Fig. 2, we see that 


NUCLEAR 


EVAPORATION THEORY 


10.9 23.2 
P(Ni®*) = B.R.(Ni®8 > nie) f e, exp{2[a(23.2— 1) }}}B.R.(Ni*” > Nit*hdes / f e, exp{2[a(23.2—€:) de 
0 0 


1 
+B.R.(Ni®’ > Ni®”) 


10.9 


In order to make the calculation, we need the values 
of the two B.R. functions. 
From Eq. (30), we have 


B.R.(Ni®’ — Ni?) 


1 (1—0.082) (M—a) 
i fisn— eeneent i 
2 (1+6—0.041) [M+y/(1+8—0.041) ] 


Next we use Eq. (19) and Eq. (20) to obtain 


M=35—12.39=22.61, (33) 


5S=0.59. (34) 


We then use Eqs. (23), (24), and (25) to obtain a, 8, 
and y: 
a=0, B=0.048, 


y= 1.68. (35) 


We then obtain 
B.R.(Ni®§ — Ni®”) =0.574. (36) 
To calculate B.R.(Ni*” — Ni®*), we follow the same 
procedure and have 


M=10.9—e,, S=1.12. (37) 


In this case M depends on €;, because €; determines the 
excitation of Ni®’, 


2 23.2 
a exp(2a(23.2—«) Wide / f €, exp{2[a(23.2—e:) }*}de;. (31) 





Substituting the values of a, 8, and y, we obtain 
from Eq. (30) 
0.478(10.9—;) 
B.R.(Ni®? — Ni®*) = 1—--———————-,_ (38) 
(15.41—e;) 


Since ¢; max/15.4<0.75 we may use the expansion of 
Eq. (14) for the denominator of Eq. (38). Using Eq. 
(12) to expand exp{2[a(23.2—e,) }4}, we may then 
proceed to evaluate the integrals in Eq. (31). 


Vv. CONCLUSION 


With the methods described here, it becomes possible 
to treat problems in evaporation theory analytically. 
There are special advantages in using these techniques 
for calculating the probability of forming unlikely 
products, as Monte Carlo methods must treat many 
events in order to obtain good statistics. The analytic 
techniques described here make it possible to treat the 
parameters of evaporation theory with variations over 
wide ranges of values. 
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The reaction O'*(He',p) F'* has been employed to study the de-excitation gamma-ray branching 
in F'* up to about 3 Mev using py coincidence techniques. These measurements have been shown 
reasonable agreement with tentative level identifications, 0 Mev (1+), 0.94 Mev (3+), 1.04 Mev 


of levels 
to be in 
(0+, 


T=1), 1.12 Mev (5+), 1.70 Mev (1+), 2.10 Mev (2+), 2.53 Mev (3+), and 3.06 or 3.13 Mev unresolved 
(2+, T=1), based on the intermediate-coupling shell-model predictions of Elliott and Flowers and of 
Redlich. An additional level at 1.08 Mev, which may arise from core excitation, is shown likely to have spin 
zero. It is suggested that the predicted energies need to be reduced by a factor of 0.6 and that the T=1 
levels require shifting with respect to the T=0 levels to bring them into agreement with experiment. It has 
not been found possible to obtain an adequate fit to the F"* level spectrum presented in terms of a rotational 
collective model. The data may, however, be qualitatively in accord with an alpha-N™ cluster model inter 
pretation. An example of the isotopic spin selection rule inhibiting AT =0 M1 transitions in self-conjugate 


nuclei has been found. 





A. INTRODUCTION 

NTIL recently, very little was known regarding 

the level structure of F'’. However, interest has 
increased in the last few years, in part at least, as a 
result of theoretical studies of the mass-18 system.'~® 
Several experimental investigations®* have established 
the excitations of the levels for the first few Mev exci- 
tation in F"*, but, as yet, very little has been reported 
regarding the characteristics of these levels. 

Measurements on the angular distributions of deu- 
terons” and of tritons''-” from the inverse stripping 
reactions F(p,d)F"* and F"(d,t)F"’, which might have 
been expected to yield level parities in the residual 
nucleus, and on the Ne*(d,a)F'® reaction,” which 
should identify the T=0 levels in F"’, have been 
hindered either by low intensity or inadequate energy 
resolution, with the result that these measurements 
have yielded little unambiguous information concern- 
ing assignments. This is particularly true of the recently 
recognized® quartet of levels near one-Mev excitation 
in F8, 
1M. G. Redlich, Phys. Rev. 95, 448 (1954). 
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More recently, measurements on the gamma radia- 
tion™!> following the beta decay of Ne'® and on the 
relative feeding? of the residual F'* states in Ne®(d,a) F'® 
have established the level at 1.04 Mev as the 0+ T=1 
analog of the ground state of O'. 

Measurements of the lifetime'® and of the internal 
conversion coefficient’? of the gamma-ray transition 
between the F"* levels at 1.12 and 0.94 Mev strongly 
suggest an £2 transition and are consistent with these 
two levels being the 5+ and 3+ 
dicted triad including the 1+ ground state. 

These assignments are consistent with a 
stripping interpretation of some proton angular dis- 
tributions in the O'*(He*,p)F'® reaction'® and in the 
O'*(¢,p)O"8 reaction” and are also consistent with meas- 
urements described below. 

An experimental investigation of the low levels of F'%, 
via a study of the reaction O'*(He*,p)F"’, is reported 
herein. Preliminary reports on these measurements 
have been reported previously.”” These measurements 
include py coincidence studies leading to gamma- 
ray de-excitation branching ratios for the levels up to 
and including that at 3.13 Mev. Some selected py 
angular correlation measurements have been made in 


members of a pre- 


double 
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addition to yy coincidence measurements. Excitation 
curves for protons detected at 90° have been measured 
for incident energies from 2.1 to 3.2 Mev. 

The reactions competing with O'*(He’,p)F'* (Q 
= 2.034 Mev) are O'*(He’,a)O" (Q=4.976 Mev) and 
O'*(He® y)Ne® (Q=8.416 Mev). The yield of gamma 
radiation from the latter of these is so small" as to be 
undetectable with the apparatus used. In general, no 
difficulty was encountered in separating the alpha- 
particle groups from the proton groups. 


B. EXPERIMENTAL EQUIPMENT 


The experimental equipment used in this work was 
conventional and in large part has been described pre- 
viously. Three types of spectrometer were used to 
detect and to measure the energies of protons from the 
reaction. These consisted of a CsI(TI) crystal spec- 
trometer with low resolution and high efficiency,” a 
Frisch-gridded ionization chamber,” and a high-resolu- 
tion but low-efficiency Kellogg-type magnetic ana- 
lyzer.% In general, the CsI crystal spectrometer. was 
used in py coincidence measurements while the ioniza- 
tion chamber and magnet were used for direct measure- 
ments. Two gamma-ray spectrometers comprising 5-in. 
diameter by 4-in. long NaI(T1) crystals“ were mounted 
on an angular distribution table, allowing their rota- 
tion in a horizontal plane containing the beam and the 
target. The target and CsI crystal mounts used in the 
coincidence measurements have been described pre- 
viously. The CsI detector was mounted at 90° to the 
incident beam axis either vertically above the target 
or in the horizontal plane containing the target. In 
addition, it could be mounted above the beam at 145° 
to its axis. 

For the measurements using the Kellogg magnet or 
the ionization chamber, a continuously variable angular 
distribution chamber*> was employed allowing detection 
at angles of —30° through 0° to +144° with respect to 
the beam axis. 

The CsI crystals were covered by 0.0004-inch Al to 
stop scattered beam and the ionization chamber used 
a window of 1.3 mg/cm? mica. 

The counters were used in conjunction with com- 
bined ‘‘fast-slow” coincidence and pulse amplitude 
analysis circuits. The coincidence resolving time, 2r, 
was 4X10~* sec. Pulse-height spectra of gamma rays 
coincident with gamma-ray or proton pulses of a 
selected amplitude range were displayed on a 100- 
channel pulse-height analyzer. 

The preparation of the targets used in these meas- 
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urements has been described previously.” Thick targets 
of molybdenum trioxide (MoO;) on molybdenum back- 
ings and thin targets of aluminum oxide (Al,O3) either 
on aluminum backings or self-supporting were used. 
The thicknesses of these Al,O; films were in the range 
250 A to 4000 A. The thinnest of these represents 10 


kev energy loss for a 2.5-Mev He’ ion. 


C. RESULTS 
1. Proton Spectra 


Figure i(a) is the pulse-height spectrum obtained 
using a CsI crystal to detect charged particles emerging 
from the target at 90° to a 2.95-Mev He* beam. The 
system gain was such that the high-energy tail of the 
ground-state proton group, Po, fell above the upper 
limit of the pulse-height analyzer. The counts at the 
low pulse-height end of the scale were mainly due to 
low-energy radiations such’as 8 rays and bremsstrahlung 
from the target. This corltribution disappears when a 
requirement of coincidence with gamma radiation is 
imposed [see Fig. 1(b)]. However, in Fig. 1(b) the 
shape of the spectrum in the region of Ps,9 is consider- 
ably distorted due to the small pulse-height cutoff of 
the coincidence circuit. 

Figure 2 shows the results of a measurement on the 
proton groups using the magnetic analyzer set for a 
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Fic. 1. Proton energy spectra from O'*(He%,p)F!® obtained 
using a CsI crystal to detect protons emerging at 90° to the direc- 
tion of a 2.95-Mev He? beam. (a) is a direct spectrum while (b) 
is measured in coincidence with all gamma rays with energy 
greater than 700 kev (@,=270°). The label P; refers to the proton 
group feeding the ith excited level of F"*. 
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Fic. 2. Proton energy spectrum from O!*(He',»)F!* obtained 
in a Kellogg-type 180° magnetic spectrometer set for a resolution 
of ~1% in momentum. The detection angle and incident energy 
used are indicated. The inset spectrum shows the region from 
Ps-P\o with greater expansion. 


resolution of ~ 1% in momentum. The detection angle 
and incident beam energy are the same as above. The 
inset spectrum shows the low-energy region with greater 
expansion. There are two proton groups from the con- 
taminant reactions C”(He’*,p)N“* (5.69 Mev) and 
(5.83 Mev) which tend to obscure the region near Ps 
and Py; however, repeated measurements using first 
an Al,O; target and second a carbon target have 
allowed the contaminant identification to be made. 
Although in this measurement there is no evidence for 
more than a single group, a doublet, corresponding to 
Ps; and Ps, has been reported in this energy region.’ 
The fact that the excitation energy in F'® obtained 
from this measurement for the unresolved doublet, 
3.14 Mev, corresponds well with one member of the 
pair of levels reported and not with the other (Fig. 12 
contains the most recent energy values) suggests that 
Py is fed more strongly than Ps at this angle and 
energy. 

The spectra in Fig. 3 were obtained using the mag- 
netic analyzer set for a resolution of ~0.25% in mo- 
mentum and using an Al.O; target of 250 A. These 
spectra show peaks corresponding to four levels in F'S 
in the region of 1 Mev. The marked dependence of the 
intensities of these groups on the angle of detection 
and on the incident energy made it possible to choose 
conditions such that a selected group was enhanced 
relative to its neighbors. This feature permitted the 
selection of particular groups for coincidence studies 
using high-efficiency scintillation detectors which other- 
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wise could not resolve closely spaced groups. These 
measurements will be reported later in this paper. 


2. Yield Curves 


Figure 4 shows the 90° excitation functions for the 
various proton groups as well as for the alpha-particle 
group to the ground state of O'*. In these measurements 
the Frisch-gridded ionization chamber was used. A 
typical spectrum obtained with this instrument is 
shown in Fig. 5. Marked resonance structure is ob- 
served corresponding to excitations of the compound 
nucleus, Ne"’, of ~11 Mev. Figure 6 shows the proton 
angular distributions for the groups Po, Ps, and the 
unresolved groups P;,2,3,4 for an incident energy of 
2.425 Mev, corresponding to the first peak in the ex- 
citation curve. 

It is possible, using compound nucleus formalism, to 
make a detailed fit to the alpha-particle differential 
cross sections over the region near 2.4 Mev assuming 
two interfering resonances with spins of 4 and 3, re- 
spectively, and like parity.” Unfortunately, any similar 
attempt at fitting the proton excitation curves or 
angular distributions for the case of nonzero spin final 
state is rendered impractical due to the introduction 
of new parameters in addition to those involved in the 
case of alpha particles. It is to be noted, as well, that 
the presence of odd terms in the proton.angular dis- 
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Fic. 3. Proton energy spectra from O'*(He*,p)F!* obtained in 
a Kellogg-type 180° magnetic spectrometer. The spectrometer 
was set for a resolution of ~0.25% in momentum. An AI.O; 
target of thickness 250 A was used. The abscissa gives the corre- 
sponding excitation in F'*. The angle of observation with respect 
to the He® beam and the incident He® energy are inset for each 
spectrum, 
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tributions demonstrates the presence in these cases of 
interference between compound nucleus states of op- 
posite parity. Similarly, attempts at analysis of He’, py 
angular correlations are frustrated by the large number 
of unknowns. 


3. De-Excitation Branching Ratios 


In order to study the gamma-ray de-excitation of 
each of the F'® levels, py coincidence measurements 
were made using high-efficiency CsI counters with 
pulse-height selection to identify particular states. In 
some cases, such as for the group of levels near 1-Mev 
excitation which could not be resolved by these de- 
tectors, it was possible to choose a bombarding energy 
and angle that favored a selected state as discussed in 
Sec. C1. 

The states for which detailed de-excitation studies 
have been made are shown in Fig. 7. In the discussion 
that follows, the levels are identified by the excitation 
energies shown here. 

Figure 8 shows spectra of gamma radiation which is 
coincident with protons leading to the F"* level at 1.70 
Mev. The de-excitation branching ratio for this level 
is obtained directly from the relative intensities of the 
various radiations. The three geometrical arrangements 
shown in the figure were used to average over angular 
correlation effects. In the analysis, after correcting the 
observed intensity of the different lines for the relative 
counter efficiencies, the angular correlations in both 
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Fic. 4. Excitation curves for alpha particles and protons from the 
O'*+ He’ reactions measured at 90° to the incident beam. 
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Fic. 5. Typical particle spectrum obtained using a Frisch- 
gridded ionization chamber to detect particles at 90° to the in- 
cident 3.1-Mev He*® beam. The chamber gas pressure used was 
30 psi. At this particular pressure the range of the ground-state 
proton group exceeds the effective length of the chamber and the 
corresponding peak is folded back under the P,,» 3,4 peak. 


6 and @ planes were fitted to a two-term expansion in 
even Legendre polynomials. This procedure, while 
sampling only three points in the angular correlation, 
is not expected to introduce a large error because the 
correlation coefficients were deliberately attenuated by 
use of large detector solid angles. This solid angle was 
~0.25 steradian. 

A peak at 1.70 Mev corresponding to a ground-state 
transition is seen, as well as peaks corresponding to a 
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Fic. 6. Angular distributions of proton groups from the 
O'*(He?,»)F!8 reaction for an incident He*® energy of 2.425 Mev. 
These have been converted to center-of-mass angles and 
intensities. 
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Fic. 7. Gamma-ray de-excitation branching ratio measure- 
ments are summarized on the level diagram. The relative de- 
excitation probabilities are expressed as percentages of the total 
number of de-excitations. 


cascade through the level at 1.04 Mev. The relative 
de-excitation probabilities are expressed on the inset 
level diagram as percentages of the total number of 
de-excitations. 

Figures 9 and 10 show spectra of radiation coincident 
with protons leading to the next higher level in F'’, at 
2.10 Mev. The spectrum in Fig. 9 contains a peak 
corresponding to a ground-state transition as well as a 
wide peak corresponding to several gamma-ray transi- 
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tions of about one-Mev energy. The spectrum in Fig. 
10 shows the region of one Mev with more expansion. 
The data are those from several coincidence runs 
measured using different counter angles. It is obvious 
from the width of the peak and from the energies of 
the transitions involved that the cascade 2.10 — 0.94 > 
g.s. is present. The data were subjected to a computer 
curve fitting program*® in which both the energies and 
the intensities of four gamma-ray components were 
adjusted for best fit. The results of this analysis are 
included in tabular form in Fig. 10. The curve corre- 
sponding to this fit is shown in the figure. The analysis 
confirms the presence of a cascade through the 0.94- 
Mev state and suggests one and perhaps two addi- 
tional cascades involving either or both of the levels 
at 1.04 and 1.08 Mev. Unfortunately, the resolution 
available was not sufficient to distinguish between these 
alternatives. 

Figure 11 shows gamma rays in coincidence with the 
proton group leading to the excited level at 2.53 Mev. 
There is a strong ground-state de-excitation branch 
and a weaker branch to the 0.94-Mev level. A possible 
transition to the level at 1.70 Mev of <3% is suggested 
by indications of peaks at 0.66, 0.83, and 1.04 Mev. 

The measurement of the gamma-ray de-excitation 
branching ratio of the unresolved levels near 3.1 Mev 
was made considerably more difficult as a result of the 
presence of proton groups from the contaminant re- 
actions C”(He*,p)N™* (5.69 Mev) and (5.83 Mev). As 
a result of the carbon target contamination, careful 
measurements were necessary, using both Al,O; and 
C targets, in order to remove the contribution due to 
the contaminant. 

It cannot be stated with certainty that the level at 
3.06 Mev is not contributing to the coincidence counting 
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Fic. 8. Spectra of gamma radia- 
x2 tion coincident with protons lead- 
° ing to the F'8 level at 1.70 Mev; 
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to the same number of protons. 
The geometries used are indicated 
for each spectrum. The relative 
de-excitation probabilities are ex- 
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Fic. 9. Spectrum of radiations coincident with protons leading 
to the F'8 level at 2.10 Mev. The relative de-excitation proba- 
bilities are given on the inset level diagram. 


rate. The magnetic analyzer runs (measured for the 
same energy and angle as was employed for the co- 
incidence runs described here) show that the level at 
3.13 Mev is being fed and are consistent with a some- 
what weaker feeding of the level at 3.06 Mev. 

Figure 12(a) shows the coincidence spectra obtained 
with the above two targets and Fig. 12(b) shows the 
difference spectrum. A strong de-excitation to the level 
at 0.94 Mev is observed as well as a weaker transition 
to the ground state. 

Measurements also were made to elucidate the modes 
of de-excitation of the four levels near 1 Mev. Since 
the CsI spectrometer could not resolve the correspond- 
ing proton groups, bombarding energies and observa- 
tion angles for the protons were chosen (by referring 
to Fig. 3) such that only the 0.94- and 1.04- or the 
0.94- and 1.08-Mev levels were being fed with appreci- 
able probability. Coincident gamma radiation spectra 
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Fic. 10 Spectrum of radiation coincident with protons leading 
to the F!8 level at 2.10 Mev, showing the pulse-height region near 
1 Mev with large expansion. The inset table lists the energies 
and relative intensities obtained in a computer curve fitting 
analysis of the spectrum into four components. 
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Fic. 11. Spectrum of radiation coincident with protons leading 
to the F"8 level at 2.53 Mev. The relative de-excitation proba- 
bilities are given on the inset level diagram. 


measured under these conditions (see Figs. 13 and 14) 
indicate that the levels at 0.94, 1.04, and 1.08 Mev 
have ground-state transitions but that the level at 1.12 
Mev does not. 
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Fic. 12. Spectra of radiation coincident with the unresolved 
group of protons leading to the F"* levels at 3.06 and 3.13 Mev. 
The protons were detected at 90° to a 2.95-Mev He® beam. (a) 
shows coincidence spectra obtained using AlsO; and carbon 
targets while (b) shows the difference between the two spectra 
of (a). The relative de-excitation probabilities are given on the 
inset level diagram. 
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The results of the gamma-ray de-excitation branching 
ratio measurements are summarized in the level dia- 
gram of Fig. 7. 


4. Angular Correlations 


As mentioned above, the large number of parameters 
which enter the correlation formalism preclude de- 
tailed analysis of angular correlations in this reaction. 
However, it is possible to use the results of angular 
correlation measurements, in the cases where anisot- 
ropies occur, to preclude zero spin for the F'* levels 
involved. 

An inspection of Fig. 8, which shows spectra of 
radiation in coincidence with P; for three different 
geometrical arrangements, reveals that both the 1.70- 
and 0.66-Mev gamma radiations are markedly aniso- 
tropic. Thus, the F'* level at 1.70 Mev cannot have 
zero spin. On the other hand, the radiation of 1.04 Mev 
appears to be isotropic (to within 5%) in agreement 
with its assignment as the 0+, T=1 analog of the 
O'* ground state. 

Similarly, the gamma radiation of 2.10 Mev in co- 
incidence with the proton group Ps is anisotropic, as 
are the gamma radiations of 2.53 Mev coincident with 
P; and ~2.1 Mev coincident with one or both of Ps 
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and Py». Thus, both of the F!* states at 2.10, 2.53 and 
at least one of the doublet at ~3.1 Mev have J>0. 
In attempting to gain more information regarding 
the F'8 states at 0.94, 1.04, and 1.08 Mev, the angular 
correlations shown in Figs. 13 and 14 were measured. 
In order to use the CsI detector, which cannot resolve 
the proton groups to these states, detection angles and 
He® energies were again chosen such that either the 
0.94- and 1.04-Mev levels or the 0.94- and 1.08-Mev 
levels were being fed most strongly. The conditions 
used in the measurements are those used in the magnetic 
analyzer runs of Figs. 3(a) and 3(d), respectively. In 
both cases the 0.94-Mev radiation is strongly aniso- 
tropic, ruling out spin zero for the F'* level of that 
energy; a possible P, (cos#) term in the correlation 
shown in Fig. 14 suggests J>1 and the presence of 
E2 in the gamma radiation. Furthermore, in each case 
the other radiation (1.04 and 1.08 Mev, respectively) 
is isotropic within the accuracy of the experiment. 
Direct angular distributions were measured for the 
radiation from the states near 1 Mev. Again, within 
the accuracy of the measurements, the composite peak 
corresponding to the sum of the 1.04- and 1.08-Mev 
radiations showed isotropy while that of the 0.94-Mev 
radiation did not. 
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Fic. 13. Angular correlations in the reaction O'*(He*,p)F'*. (a) shows a typical spectrum of radiation coincident with the unresolved 
proton group Pi234 for Ea=2.43 Mev and @,=90°. (b) and (c) are the angular correlations of the 1.04-Mev and 0.94-Mev radiations, 
respectively, measured in the geometry shown inset in (a). The least-squares angular correlation functions are included. 
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Fic. 14. Angular correlations in the reaction O'*(He*, py) F'*. (a) shows a typical spectrum of radiation coincident with the unresolved 
proton group P),2,3,4 for Eg=2.83 Mev and @,=145°. (b) and (c) are the angular correlations of the 1.08-Mev and 0.94-Mev radia- 
tions, respectively, measured in the geometry shown inset in (a). The least-squares angular correlation functions are included. 


These data suggest, but do not prove, that the F'* 
levels at 1.04 and 1.08 Mev each have zero spin. 

Since the gamma-ray transitions reported herein have 
all been observed in coincidence with protons feeding 
the levels and with the expected coincidence efficiency, 
it can be concluded that they all have lifetimes of 
magnitude less than roughly the coincidence resolving 
time. The coincidence resolving time used was 7=2 
10-§ second. A more careful examination of the life- 
time of the state at 0.94 Mev, using a delayed-coinci- 
dence technique, has led to a limit of less than 5X 10~° 
second for this state. 


D. DISCUSSION 
1. Level Assignments 


As yet, firm spin and parity assignments cannot be 
made to all of the low-lying F'* levels. However, the 
assignments to certain of the levels are fixed and to 
others are suggested. 

The systematics of odd-odd nuclei together with the 
allowed nature of the F!* beta decay”? suggest an assign- 
ment of 1+ for the F'* ground state. fea 

Observation™:'® of a 1.04-Mev gamma ray and none 
of energy 1.08 Mev following the beta decay of Ne'’, 


27 F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 


makes it almost certain that the level at 1.04-Mev 
excitation in F'® is the 0+ T=1 analog of the O'% 
ground state. This level would be expected to be fed 
by the beta decay considerably more strongly than 
that at 1.08 Mev since it would involve a superallowed 
0 — 0 transition. This identification is corroborated by 
studies'*® which show identical angular distributions 
for O''(He*,p)F'* (1.04 Mev) and O'*(t,6)0"8 (ground 
state) but quite different results for O'*(He*,p)F'* 
(1.08 Mev) which is fed only extremely weakly. The 
identification of the 1.04-Mev state as the 0+ T=1 
analog of the 0'* ground state is, of course, consistent 
with the observed isotropy of the de-excitation radia- 
tion from this level in the present investigation. The 
T=1 assignment to the 1.04-Mev level also leads 
to the expectation that its formation should be in- 
hibited in the reaction Ne (d,a)F'* if isotopic spin is 
conserved. Measurements made by Freeman® suggest 
on this basis T=1 assignments to levels at 1.04 Mev 
and 4.74 Mev, and also possibly to levels at 3.06 Mev 
and 4.63 Mev. 

The levels at 0.94 Mev and 1.12 Mev, together with 
the ground state, very likely form the 1+, 34+, 5+ 
sequence predicted by both Elliott and Flowers* and 
by Redlich.* The lifetime of the 0.94-Mev state against 
decay to the ground state has been shown by the co- 
incidence measurements reported herein and by similar 
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Taste I. Comparison of the experimental relative widths 
(expressed in all cases as a percentage of the total de-excitation) 
with those obtained from the Weisskopf extreme single-particle 
model modified to include isotopic spin inhibition of M1 and £1 
transitions and collective enhancement of £2 transitions. For 
levels where the spin and parity have not been uniquely deter- 
mined, the values suggested by the intermediate-coupling shell- 
model calculations have been used (see Fig. 16 for the level 
identifications). 


Relative de-excitation 
branching 
Calculated Experiment 
g.s. M1* 14 31 
0.94 E2» 0.1 Not observed 
1.04 M1 83 69 
1.08 Ee 2.5 Not observed 
2.10 g.s. V1" 84 30 
(2+)T=0 0.94 M1" 14 ~35 
1.04 E2» 
1.08 M2 
E2> 79 
M1* 18 
1.12 E2> Not observed 
1.70 E2> < 
3.06—3.13 g.s. M1 7 2 
(2+, T=1) 0.94 V1 7 
1.70 M1 


Final 
state Multipole 
(Mev) character 


Initial 
state 
(Mev) 


1.70 
i+, T=0 


~35 


2.53 


g.s. 
(3+)T=0 0.94 


5 
5 


Not observed 


* Inhibited AT =0 M1 transition (factor of 120 inhibition included). 
> Enhanced £2 transition (factor of 5 enhancement included). 
¢ Inhibited AT =O Z1 transition (factor of 10* inhibition included). 


measurements of Allen ef al.'® to be less than 5X10 
sec, while the absence of a Doppler shift in 
H*(O'*,)O"* places a lower limit of 4X10-" sec on 
the lifetime.?* The linear polarization of the 0.94-Mev 
transition™ requires that the 0.94-Mev state has posi- 
tive parity. This limitation and the limits set on the 
lifetime require the transition to be either M1 or £2, 
both of which give r~10-™ sec because of the M1 
selection rule operative in AT=0 transitions” and the 
collective enhancement* of £2 transitions. Measure- 
ments of Allen ef al.,’° using the O'*(He*,py)F'® reac- 
tion, show that the 1.12-Mev level decays by a cascade 
transition through the 0.94-Mev level. The measured 
lifetime of ~2X10~’ sec is in excellent accord with 
that calculated by Elliott for an £2 transition between 
these two states if they are identified with the 3+ and 
5+ levels of the sequence. Additional evidence, suggest- 
ing an £2 nature for this transition, is obtained from 
a measurement of the internal conversion coefficient!” 
for this radiation. 

The observed anisotropies in the angular correlation 
of the radiation from the state at 1.70 Mev in F'8 
reported herein, together with the /=0 angular mo- 
mentum transfer observed in forming this state in 


*8 A. E. Litherland, B. M. Adams, D. Eccleshall, and M. J. L. 
Yates, Proceedings of the Kingston Conference on Nuclear Structure, 
edited by D. A. Bromley and E. W. Vogt (University of Toronto 
Press, Toronto, 1960). 

* A. E. Litherland and H. E. Gove, Bull. Am. Phys. Soc. 3, 200 
(1958). 

* G. Morpurgo, Phys. Rev. 110, 721 (1958); E. K. Warburton, 
Phys. Rev. 113, 595 (1959). 

#1 F, C. Barker, Phil. Mag. 1, 329 (1956). 
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either the F"(p,d)F'* reaction” or the F"(d,/)F"* re- 
action,” fix the assignment to the state in F'* at 1.70 
Mev as 1+. 

No specific assignments are as yet possible for the 
levels at 2.10, 2.53, and the doublet at ~3.1 Mev. 
J=0 can be ruled out for all of these states because of 
the anisotropic angular correlations observed in the 
O'*(He*, py) F'* measurements reported herein. As well, 
rough upper limits on the spins can be set by noting 
that all of these states show transitions to the 1+ 
ground state with lifetimes shorter than the coincidence 
resolving time, r~2X10-* sec, used in the py co- 
incidence measurements. These considerations lead to 
the limit of /<3 for each of these states. The absence 
of transitions from the 2.53- and ~3.1-Mev states to 
the J=0 states at 1.04 and 1.08 Mev (discussed below) 
is in accord with J>0 and suggests J>1 for these cases. 

This completes a consideration of all of the levels 
studied in this investigation except that at 1.08 Mev. 
This level appears to represent an anomalous situation, 
there being no counterpart in the theoretical predic- 
tions. Early measurements with the N“(ay)F'® reac- 
tion® first showed the strong gamma-ray transitions 
which suggested the existence of a level in F'® at this 
energy. More recent measurements® carried out in this 
laboratory, using this same reaction, established that 
the strong transitions were between a resonance level 
at 5.60-Mev excitation and the levels at 3.06 and 1.08 
Mev. Since the measured angular correlations are in 
complete accord with a J=1 assignment to the level 
at 5.60 Mev and /=0 to that at 1.08 Mev, an attractive 
explanation of the two strong transitions observed was 
that they were uninhibited AJ=1 transitions to T=1 
states. However, in the face of overwhelming evidence 
from other sources discussed above, it appears that it 
is not the 1.08-Mev level but rather the level at 1.04 
Mev which has J7=1. Thus, neither the level at 1.08 
nor possibly the level at 3.06 Mev have T=1, as was 
earlier believed. 

It is possible that the level at 1.08 Mev may have 
negative parity, and thus would not be considered in 
the theoretical treatments®* made to date. 

The values or limits thereto of the spins and parities 
of the levels of F'* discussed in this section are sum- 
marized in column A of Fig. 15. 


2. Branching Ratios 


The experimentally determined de-excitation branch- 
ing of the F'* levels is summarized in Fig. 7. This section 
compares these values with modified single-particle 
estimates, based on the identifications with the theo- 
retical predictions shown in Fig. 16. These identifica- 
tions are not all definite but appear to be the most 
reasonable choices. Table I contains the experimental 


2 P. C. Price, Proc. Phys. Soc. (London) A68, 553 (1955). 
3% FE. Almqvist, D. A. Bromley, and J. A. Kuehner, Bull. Am. 
Phys. Soc. 3, 27 (1958). 
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Fic. 15. The observed excitations of levels in F!* are compared with the intermediate-coupling shell-model predictions of Elliott and 
Flowers and of Redlich. In both sets of predictions the T=1 band (dashed) has arbitrarily been adjusted relative to the T=0 band 
(solid) to fit the 1.04-Mev separation observed in F!*. Column A contains experimentally determined values or limits thereto of the 


spins and parities of the levels of F'8. 


widths (expressed in all cases as a percentage of the 
total de-excitation width) and those obtained from the 
Weisskopf extreme single-particle model* modified to 
include isotopic-spin inhibition of M1 and £1 transi- 
tions as given by Morpurgo” and Gell-Mann and 
Telegdi,®® respectively, and collective enhancement of 
E2 transitions, as given by Barker® for this mass 
region. This comparison shows reasonably good agree- 
ment and although it should not be taken too seriously, 
it does add credence to the assignments used. 

It should be pointed out that the ground-state transi- 
tion from the level at 1.70 Mev is an example of the 
selection rule inhibiting AT=0 M1 transitions in self- 
conjugate nuclei.” A direct comparison of the strength 
of this transition with that for the M1 transition to the 
level at 1.04 Mev (AT=1) yields an inhibition factor 
of 40. This is to be compared with the predicted value 
of 30-120 and with the average of several cases reported 
previously™:** of ~ 100. The magnitude of the inhibition 
obtained from the branching ratio considerations is 
consistent with the relatively large limit on its lifetime 
obtained from the Doppler-shift measurements.”* 


% V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

35 M. Gell-Mann and V. L. Telegdi, Phys. Rev. 91, 169 (1953). 

36 J. A. Kuehner, A. E. Litherland, E. Almqvist, D. A. Bromley, 
and H. E. Gove, Phys. Rev. 114, 775 (1959). 


The absence of a transition from the 1+, 1.70-Mev 
state to the /=0 state at 1.08 Mev, may also reflect 
a AT=0 selection rule. In this case, if a limit of <5% 
is placed on the nonobservation of the transition and 
if the transition is assumed to be £1, the measured 
inhibition is >500, to be compared with the predicted 
value** of ~ 1000. 

As yet, no detailed calculations of gamma-ray widths 
using the shell-model wave functions of Elliott and 
Flowers or of Redlich, have been made. 


3. Comparison With Theory 


Detailed intermediate-coupling independent-particle 
shell-model calculations for the mass-18 system have 
been carried out by Elliott and Flowers? including 
mixing of two-particle configurations of the form 
>-d*-*s*. Similar calculations have been made by 
Redlich,' who has also investigated a deformed-nucleus 
model which allows identification of the levels with 
members of rotational bands. The excitation energies 
and level spins predicted by these calculations are com- 
pared with those obtained from experiment in Fig. 15. 
For this comparison the isotopic spin T=0 and T=1 
levels are treated as separate bands, each with its 
lowest predicted member aligned with the correspond- 
ing experimentally determined lowest level ; the relative 
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Fic. 16. The observed excitations of levels in F'* are compared 
with the intermediate-shell-model predictions of Redlich, modi- 
fied by a scale factor of 0.6 and with the T=1 band (dotted) 
adjusted relative to the T=0 band (solid) to fit the 1.04-Mev 
separations observed in F'*. The dashed lines indicate the level 
identifications used in the comparisons of Table I. 


excitations of these bands depends strongly upon the 
exchange character of the nuclear potential assumed? 
and is not expected to be accurately given by the 
model. 

Elliott and Flowers used a Rosenfeld exchange po- 
tential of Yukawa shape for the interaction between 
pairs of particles outside the O'* core. The separation 
of single-nucleon s and d levels, as well as the spin- 
orbit force, was determined from the level structure of 
O'’, Intermediate values of coupling between 77 and 
LS limits were obtained by varying the depth V,.. of 
the central potential. The range 40<V.<50 Mev is 
displayed here since this gives a reasonable value for 
the deuteron binding energy and gives satisfactory 
agreement for mass-16*"** and mass-19 nuclei. 

Redlich used a Serber exchange potential of Gaussian 
shape for the internucleon interaction and chose pa- 
rameters to fit -p triplet scattering and the deuteron 
binding energy. Again the spin-orbit force and s-d 
splitting was determined from the level structure of 0". 

Ii should be noted that both the Elliott and Flowers 
calculations and the Redlich calculations give the same 
level sequence for the T=0 and T=1 levels considered 


7 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 

38D. A. Bromley, H. E. Gove, J. A. Kuehner, A. E. Litherland, 
and E. Almqvist, Phys. Rev. 114, 758 (1959) 

® E. B. Paul, Phil. Mag. 2, 311 (1957). 
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separately. In either case the predicted T7=0 spectra 
are characterized by the low-lying 1, 3, 5 positive-parity 
sequence followed by a relatively large gap in which 
no T=0 states are predicted. This same sequence 
followed by a gap can be recognized in the experimental 
spectrum. 

For the case of the Redlich predictions it is found 
that if a scale factor of 0.6 is arbitrarily applied to 
bring the first predicted /=3, T=0 level to 0.94 Mev, 
the resultant spectrum provides a not unreasonable 
description of the states observed. The level excitations 
obtained in this way are compared in Fig. 16 with the 
experimentally observed excitations. The levei identi- 
fications used in Table I are indicated by the dashed 
lines. It is of interest to note that also in the O'* calcu- 
lations of Elliott and Flowers* a similar multiplicative 
factor, 0.85, is required to obtain agreement with the 
observed spectrum.** It remains to be seen whether the 
detailed theory can be altered in such a way as to fit 
the observed energy spacings. It has been pointed out 
by Elliott® in this connection that the effect of surface 
particle coupling similar to that required to explain the 
lifetime® of the 197-kev £2 transition in F" has a large 
effect on level spacings in the mass-18 nuclei although 
the corresponding effect on the mass-19 system is 
small. It should be noted that the intermediate-coupling 
shell-model predictions were made before any accurate 
experimental data for mass-18 nuclei were available to 
guide the choice of parameters, and it may well be that 
details of the calculations can to obtain 
better agreement with observed level spacings. As yet 
there are not available any calculated transition widths 
to compare with the measured y-ray branching ratios. 


be altered 


It is apparent from Fig. 15 that if one omits the 
1.08-Mev state, then the sequence of spins predicted 
by the model is in accord with the measured values or 
limits. One would normally argue that additional states 
beyond those predicted by these calculations are the 
result of core excitation. It would be expected a priori 
that one or more of such states with negative parity, 
corresponding to single-particle core excitation, should 
appear at relatively low excitations and that positive- 
parity states characteristic of two-nucleon core excita- 
tion should not appear below about 6 Mev. These 
considerations suggest a negative-parity assignment to 
the state at 1.08 Mev. It is noted that similar low- 
lying negative-parity states are known to exist®’ in F™. 

In view of the recent attempts to use the nuclear 
cluster model*' to correlate spectroscopic information 
in light nuclei, it may be of interest to note that the 
1.08-Mev state and that at 3.06 Mev are both fed very 
strongly®-* in the N“(a,y)F'** reaction. The very large 
widths of these transitions suggest some connection 


J. P. Elliott (private communication) 

“1K. Wildermuth and T. Kanellopoulos, Nuclear Phys. 7, 150 
(1958); 9, 449 (1958/59). R. K. Sheline and K. Wildermuth, 
(to be published)); G. C. Phillips and T. A. Tombrello, Nuclear 
Phys. (to be published). 
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between these states and the capturing states at 5.60 
and 5.67 Mev. This would be in accord with these 
states involving a binary clustering of an alpha particle 
and N™ in an excited state. Similarly in O"* there is a 
state at 7.13 Mev® which is known to have a very large 
alpha-particle width and which shows a higher than 
average width for emission of £2 radiation to the first 
excited state; in this case, of course, the associated 
cluster is C, On such an interpretation the F"* levels 
at 0, 0.94, and 1.12 Mev may be based on the N™ 
ground state as a parent; the 0+, T=1 level at 1.04 
Mev on the T= 1 state at 2.31 Mev in N™ and the level 
at 1.08 Mev on the O—, T=0 level in N™ at 4.91 Mev. 
In this picture the states at 6.24 and 6.65 Mev in F'* 
and those at 7.63 and 8.05 Mev in O#, studied by 
Phillips* using the N“(a,y)F'* and C*(a,y7)O"* reactions, 
respectively, would not correspond to such cluster 
states. 

The strong-coupling collective model has been ap- 
plied with considerable success to a number of d-shell 
nuclei. It has permitted a simple interpretation of many 
of the properties of these nuclei including those of F™. 
However, for the mass-18 system the evidence® from 
O' argues against a strong-coupling collective-model 
interpretation and no detailed application of this model 
to F'8 has been attempted. 

F'8 probably has prolate distortion as has been 


suggested for O'* by Gove and Litherland® and which 
has been found to give agreement with experiment for 
F” by Paul.® According to the Nilsson* calculations 
the two nucleons outside the O"* core on this assumption 
each have 2=4 and can combine to give K=0 and K= 

bands. From general symmetry arguments*® the low- 
lying rotational bands are: (a) T=1, K=0, J=0, 2, 


4--+-+ ,(b) T=0, K=1, J=1, 2, 3,4 - , and (c) 
T=0, K=0, J=1, 3, 5 -.47 Although the K=0 


42H. E. Gove and A. E. Litherland, Phys. Rev. 113, 1078 
(1959). 

43 W. R. Phillips, Phys. Rev. 110, 1408 (1958). 

“A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

4°S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

48 A. K. Kerman, Nuclear Reactions, edited by P. M. Endt and 
M. Demeur (North-Holland Publishing Company, Amsterdam, 
1959), p. 471. 

47 The corresponding statement given by Kerman,“ in which 
the isotopic spins in bands (a) and (c) are interchanged, is in 
error. 


OF LOW LEVELS OF F!8 919 
band (c) has the 1, 3, 5 - - level sequence observed 
for the lowest T=0 levels, the calculations of Redlich* 
suggest that the lowest T7=0 levels are actually from 
the K=1 band. The observed level sequence, however, 
is not that expected for band (b). These facts argue 
against a simple collective interpretation of the T=0 
levels of F'8, 
E. CONCLUSIONS 


The de-excitation branching of the levels in F'* up 
to ~3 Mev has been studied using py coincidence 
techniques. These measurements have been shown to 
be in reasonable agreement with tentative level identi- 
fications based on the shell-model predictions of Elliott 
and Flowers and of Redlich. These tentative level as- 
signments are consistent with direct and coincidence 
angular correlation measurements made on the de- 
excitation radiation. 

Acceptable agreement is found between the observed 
level positions and those predicted by the shell-model 
calculations provided (i) the T=1 band of ievels is 
arbitrarily shifted with respect to the T=O band, and 
(ii) a scale factor of 0.6 is arbitrarily applied to the 
predicted energies. The first of these is reasonable be- 
cause of the extreme sensitivity of this relative shift on 
the exchange nature of the potential.* It remains to be 
seen whether detailed predictions of the energy separa- 
tions can be made by reasonable changes of the poten- 
tials used. 

It has not been found possible to obtain an adequate 
fit to the F'® level spectrum presented in terms of a 
rotational collective model. The data may, however, be 
qualitatively in accord with an alpha-N™ cluster-model 
interpretation. 

An example of the isotopic-spin selection rule in- 
hibiting AT=0 M1 transitions in self-conjugate nuclei 
has been observed. The measured inhibition of 40 is in 
good agreement with the expectation of ~ 100. 
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Excited states in P® have been observed by measuring the differential elastic scattering cross section of 
Si**(p,p)Si** for proton energies from 2.0 to 5.0 Mev and the differential inelastic scattering cross section of 
Si**(p,p’)Si*** (O= — 1.78 Mev) for proton energies from 3.0 to 5.2 Mev. Resonances were observed at 2.080, 
2.88, 3.095, 3.334, 3.571, 3.710, 3.98, 4.235, 4.36, 4.43, and 4.884 Mev, corresponding to excited states in 
P® at 4.732, 5.50, 5.711, 5.942, 6.171, 6.305, 6.57, 6.812, 6.93, 7.00, and 7.438 Mev, respectively. Single-level 
dispersion theory analysis indicates assignments J*=4*, 4-, $-, }*, #-, 4-, 4*, 3*, 4°, 4°, and }-, respectively, 


for these states. 





LASTIC scattering of protons from Si** and 
inelastic scattering to the first excited state of 

Si?* (O=—1.78 Mev'; threshold=1.84 Mev) were 
investigated experimentally. The proton energy range 
extended from 2.0 to 5.0 Mev for the elastic scattering, 
and from 3.0 to 5.2 Mev for the inelastic. The range 
2.0 to 5.2 Mev corresponds to excitation energies from 
4.65 to 7.74 Mev in the compound nucleus P?*. To fit 
the elastic data and make /J* assignments to the states 
in P®** corresponding to the observed resonances, an 
analysis was made using Wigner single-level dispersion 
theory. Angular distributions of the inelastically scat- 
tered protons were taken and analyzed as a check on 
the assignments from the elastic scattering analysis. 
Total inelastic scattering cross sections were also ob- 
tained from these angular distributions as a check on 
the partial widths used in the elastic scattering analysis. 

Below 4.78 Mev, the threshold for inelastic scattering 
to the second excited state of Si?® (Q=—4.61 Mev), 
the elastic scattering and the inelastic scattering to the 
first excited state are the only open particle channels. 
The partial widths for y-ray emission are of course 
negligible compared to the particle widths. Si?*, con- 
stituting 92.3% of natural silicon, has a 0* ground state 
and a 2* first excited state. The channel spin in the 
elastic channel was thus 3; the channel spins in the 
inelastic channel were $ and 3. 

Considerable work has been done on reactions leading 
to the same excited states in P®*. The Si**(p,y)P” 
reaction was first studied by Hole, Holtsmark, and 
Tangen’® with proton energies from 0.3 to 0.55 Mev. 
Cohn, Bair, Kington, and Willard‘ observed the y rays 
from Si?*(p,p’y)Si?*. They reported resonances at 3.11 
Mev (I'=12 kev), 3.55 Mev (11 kev), 3.58 Mev (70 


¢ Supported in part by the U. S. Atomic Energy Commission. 

*Present address: Department of Physics, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 

! The properties of the ground and first excited state of Si? 
and the binding energy of a proton added to form P® were taken 
from the review article of P. M. Endt and C. M. Braams, Revs. 
Modern Phys. 29, 683 (1957). 

2T. A. Belote, E. Kashy, and J. R. Risser, Bull. Am. Phys. 
Soc. 5, 108 (1960). 

3N. Hole, J. Holtsmark, and R. Tangen, Z. Physik 118, 48 
(1941). 

*H. O. Cohn, J. K. Bair, J. D. Kington, and H. B. Willard, 
Phys. Rev. 99, 644(A) (1955). 


kev), 3.71 Mev (40 kev), 4.25 Mev (22 kev), and 4.44 
Mev (100 kev). Willard, Bair, Cohn, and Kington® 
reported low intensity resonances in the y-ray yield at 
2.64, 3.88, 3.93, 3.97, and 4.93 Mev, although later 
measurements® showed that the 3.88-Mev resonance 
was due to Si*. 

Val’ter, Malakhov, Sorokin, and Taranov’ measured 
and gave an analysis of the elastic scattering for proton 
energies from 1.5 to 2.2 Mev. They observed resonances 
at 1.65 Mev ('=50 kev) and 2.08 Mev (14 kev). Their 
analysis gave }~ and }*, respectively, for these states. 
Sorokin, Val’ter, Malakhov, and Taranov® made use 
of these results for their polarization measurements. 
Vorona, Olness, Haeberli, and Lewis’ measured and 
analyzed the elastic scattering cross section in the 
energy range from 1.5 to 3.8 Mev. Much of the present 
work was done before the paper of Vorona ef al. ap- 
peared. Differences in detail between their results and 
ours in the 2.0- to 3.8-Mev region will be discussed in 
connection with*the assignments at the individual 
resonances. 

Information has recently been obtained on the 
excited states of P?® at higher energies. Okada, Miura, 
Wakatsuki, and Hirao!® have reported resonances in 
Si?*(p,p’y)Si?® between 4.5 and 5.5 Mev which were not 
resolved in their experiments. Scattering experiments 
in the energy range 8 to 9.5 Mev have been reported 
by Greenlees, Kuo, Lowe, and Petravic" and in the 
range 4.8 to 5.5 Mev by Oda, Takeda, Hu, and Kato.” 
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SCATTERING OF 
EXPERIMENTAL PROCEDURE 


The scattering chamber, which was designed for the 
use of thin self-supporting foils as targets,!* has been 
previously described.“ The chamber consisted of two 
shallow cylinders. The fixed lower cylinder contained 
the beam defining slits, Faraday cup, and target holder; 
the movable upper cylinder contained the detectors 
and associated slit systems. The detectors were 0.025- 
inch thick CsI(Th) crystals on Dumont-6291 photo- 
multiplier tubes. The over-all accuracy of the angle of 
scattering was estimated to be +0.5° from a calibration 
check on the chamber using Rutherford scattering from 
Au. 

The chamber was fitted with two counters spaced at 
90° in @, the angle about the chamber axis of rotation." 
This in part explains the choice of angles in taking data. 
The elastic data were taken at two sets of angles: (1) 
the backward counter was set at 125.3° c.m:, the 
forward counter then being at 38.9° c.m.; (2) the 
forward counter was set at 90.0° c.m., the backward 
counter then being at 165.1° c.m. Considerable ad- 
vantage is experienced in taking elastic data simul- 
taneously at two angles because the relative positioning 
of the anomalies due to a resonance can be determined 
with greater precision than in repeat runs with one 
counter. Relative calibration of the counters was to 
better than 1%. The inelastic data were taken at 88.0° 
and 164.8° (laboratory) with a 256-channel analyzer. 
With a complete pulse-height distribution in the 
neighborhood of the inealstic peak, it was possible to 
estimate background and subtract it. There was never 
any appreciable background in the elastic channel. The 
elastic data were taken with a single-channel analyzer. 
A 20-channel analyzer was operated continuously in 
parallel with the single channel to check the positioning 
of the elastic group in the latter. 

The Rice University 5.5-Mev Van de Graaff acceler- 
ator was used to accelerate the protons. The proton 
energy was selected by the slit system of the 90° 
analyzing magnet. The magnetic field was set to the 
frequency of the proton-moment magnetometer. The 
Li’(p,n)Be’ neutron threshold was used as the cali- 
bration point. The uncertainty in proton energy is 
believed to be less than +5 kev below 4 Mev and to 
be less than +10 kev at 5 Mev. 

The targets were of natural silicon (92.3% Si**). 
Both Si metal and SiO foils were used. The method of 
preparation was the same as previously described for 
carbon foils.'* Si and SiO were both deposited by 
evaporation onto 0.00025-inch nickel foil. Carbon was 
the only filament material found to survive contact 
with Si metal at the high evaporation temperatures. 
Si was therefore evaporated from heavy boat-shaped 
carbon filaments. Tantalum was used for the SiO. SiO 

18 E. Kashy, R. R. Perry, and J. R. Risser, Nuclear Instr. and 
Methods 4, 167 (1959). 


4 E. Kashy, R. R. Perry, and J. R. Risser, Phys. Rev. 117, 
1289 (1960). 
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targets proved considerably less fragile under proton 
bombardment than Si and were used when possible. A 
single Si target 32 ug/cm? thick (3.7 kev at 3 Mev) was 
used in taking most of the elastic scattering data. A 
60.3-ug/cm? (7.0 kev at 3 Mev) Si target was used to 
take the elastic scattering data in the region of the 
2.08-Mev resonance at 90° and 165°. The excitation 
curves of the inelastically scattered protons were taken 
with a 39.2-ug/cm? (4.5 kev at 3 Mev) Si target from 
3.0 to 3.8 Mev and with a 25.6-yg/cm? (2.95 kev at 3 
Mev) Si target from 3.8 Mev to 5.2 Mev. A SiO target 
178 ug/cm? thick (21.8 kev at 3 Mev) was used in 
taking the angular distributions of the inelastically 
scattered protons. 

The absolute cross-section scale was determined in 
the following way. It was not possible to make an 
absolute determination of target thickness by weighing. 
Therefore the thickness of a standard target was deter- 
mined from the Rutherford cross section of Si for 
protons between 1 and 2 Mev by measuring the elastic © 
scattering in that range at a number of angles and 
energies at which the total cross section could legiti- 
mately be assumed to be equal to the Rutherford cross 
section. The elastic scattering cross section at 3.2 Mev 
and 165° c.m. was then determined to be 90.0 milli- 
barns/steradian using this standard target. This cross- 
section value is believed determined to within +3% 
by this procedure. All target thicknesses were deter- 
mined by counting elastically scattered protons at 3.2 
Mev and 165° c.m. using 90.0 mb/steradian as the cross 
section. 3.2 Mev and 165° c.m. were picked because the 
elastic scattering counting rate there was known to be 
insensitive to fluctuations in energy and small errors 
in setting the angle. 

The cross sections given throughout the paper are 
referred to Si** by multiplying the number of atoms in 
the standard target as determined from the Rutherford 
cross section by a factor 0.923 before calculating the 
cross section to be 90.0 mb/steradian at 3.2 Mev and 
165° c.m. The standard cross section is thus based on 
the number of Si** atoms in the target as though the 
others did not exist. This convention has the effect of 
giving correctly the heights of the resonances due to 
Si? but introduces errors of the order of 8% in the 
background cross sections. There is, however, no way 
of correcting the background for the contributions of 
Si?® and Si**. In the following paragraph the errors will 
be discussed as if this systematic error due to the 
presence of Si?® and Si* did not exist. 

Taking into account statistical errors in counting, 
errors due to imperfect chamber geometry, errors in 
charge integration, and the like, errors in the relative 
elastic scattering cross sections are estimated less than 
+5%. Because background had to be subtracted from 
the inelastic scattering data the errors are somewhat 
higher, but the relative cross sections over the reso- 
nances are estimated to be within +8%. Where the 
inelastic scattering cross section is of the order of a 
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millibarn/steradian, as for example at 4 Mev, the 
uncertainty is of the order of +20%, due to statistical 
and background subtraction errors. Excluding the 
errors due to isotopic impurity, absolute cross sections 
are believed accurate to +10% in the elastic scattering 
and +12% in the inelastic scattering. 


ANALYSIS 


Elastic Scattering 


The form of the scattering matrix'® was taken from 
single-level dispersion theory. While the data indicated 
a number of broad interfering resonances with narrow 
ones superimposed, it was nevertheless hoped that the 
single-level approximation would be valid enough to 
yield reasonably precise parameters for the corre- 
sponding states. The following form of the differential 
elastic scattering cross section for channel spin 4 was 
used : 


da(0)/dQ= | A \?+| B)?, (1) 
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In this expression, a;=0;—oo and 


cara, V2), 


and 


oi= £1—o.= — tan 1(F, G)) 


in the notation of Blatt and Weisskopf,'* & is the wave 
number, 7 is the Coulomb field parameter 14e?/hv for 
protons on Si, I'/* is the total width (laboratory) of a 
resonance due to the state J* at resonance energy 
E,’*, and [,’* is the partial elastic scattering proton 
width. In fitting the elastic scattering data, the “hard- 
sphere phases” ¢, were allowed to deviate somewhat 
from the tabulated values of —tan(F,/G,). The 
values of the ¢; actually used in the elastic scattering 
fit between 2.0 and 5.0 Mev are plotted in Fig. 1. While 


16 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 

16 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), pp. 330-333. 
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it is necessary to use the complete designation I';’* for 
the elastic scattering proton partial widths in Eq. (1), 
the simpler designation I, will be used generally 
instead of I',”*, both in tables that list parameters of 
individual resonances, where the indices J, x, and / 
can be dropped without creating ambiguity, and in 
most of the discussions of individual resonances which 
follow. 

Equation (1) was programmed for the IBM-704 
computer. Provision was made in the program for the 
parameters of 20 possible resonances corresponding to 
each J* value up to 9/2+(/<4). A resonance was 
included by specifying its ['¥*, [';’*, and Eo’*. After 
inserting these parameters, the behavior of the reso- 
nance was obtained from the variation of 8". In order 
to reduce the number of starting /* possibilities to be 
used in computing fits to the experimental data, 
isolated single-level resonance curves for the differential 
cross section were computed at 2.3 Mev for all J made 
with /=0 to 3. The ¢, were all taken equal to zero. 
These single-level curves are shown in Fig. 2. By com- 
paring these calculated resonance shapes with those 
observed in the experimental data, the assignments to 
the experimental data at each resonance could be 
resitricted to at most two or three J* possibilities. 
Computations were then carried out starting with 
these possibilities. For promising J* assignments, the 
relative elastic scattering widths [',“*/I'¥* were varied 
until best agreement was obtained between data and 
theory. 


Inelastic Scattering 


The analysis consisted in making least-squares fits 
to the experimental inelastic scattering angular dis- 
tributions and then obtaining theoretical angular 
distributions to match the least-squares fits using Eq. 
(3.16), (4.5), and (4.6) of Blatt and Biedenharn.'® 
Since the first excited state of Si?* is a 2+ state, the 
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inelastic protons have channel spins $ and $. The 
theoretical angular distributions are sensitive to the 
channel spin mixture, so that fits to the experimental 
distributions can have significance in connection with 
the elastic scattering analysis but are not capable of 
removing all ambiguities. As an interesting example, 
the 4+, }*, and $* states can yield the same angular 
distributions, namely isotropic, because /’ can be zero 
when S’=J in the latter two cases. In the case of an 
isolated resonance the procedure esse oy in computing 
theoretical angular distributions for S’= $ and $ sepa- 
rately using only the lowest allowed /’ value with each 
S’. The theoretical distributions were then mixed in 
the correct proportions to match the least-squares 
distribution. In the case of interference, combinations 
of channel spins were tried each with the lowest allowed 
I’ value. Restriction to the lowest /’ appears to be a 
valid approximation in the energy range of these experi- 
ments since the penetrability factors A,? are quite large 
for /’>1 even at 5-Mev incident energy. The inelastic 
scattering analysis was in fact successful in resolving 
several ambiguities left in the assignments by the 
elastic scattering analysis, as will be brought out in the 
discussions of the individual resonances. It is also 
interesting that no resonance requiring /’S 2 was found 
in the inelastic scattering data in the energy range of 
these experiments. Two 4* states (smallest /’= 2) which 
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produced streng resonances at 3.98 and 4.36 Mev in the 
elastic scattering cross section could not be detected in 
the inelastic. 

The experimental angular distributions were taken 
on resonance. On resonance the theoretical angular 
distribution due to an isolated state in the above 
approximation simplifies to 


do(6) _ 1 Dr, ply’ 


dQ 


EE (es 


ly 


XZ (III ,SL)Z(U IU I ,S'L)P 1 (cosé), (2) 


where only one /’ is associated with each S’. T,[=I;"* 
of Eq. (1) ] is the elastic scattering proton partial width. 
I’, is the inelastic scattering proton partial width for 
decay via both S’ channels. I’; is the inelastic scat- 
tering partial width for decay via the channel S’ with 
orbital angular momentum /’. As previously used, J, k, 
and S§ refer to the orbital angular momentum, wave 
number, and channel spin in the incident proton 
channel. For the expression used in the case of inter- 
ference between resonances, reference is made to a 
previous paper“ by two of us. 


RESULTS 


The experimental differential elastic scattering cross 
sections measured at c.m. angles 39°, 90°, 125°, and 
165° from 2.0 to 5.0 Mev are shown in Fig. 3. The 
cross sections are in the center-of-mass system, while 
the energies are laboratory bombarding energies at the 
center of the target. The solid lines are fits obtained 
from the IBM-704 computer using Eq. (1). Figure 4 
shows the differential inelastic scattering cross sections 
at laboratory angles 88° and 165° from 3.0 to 5.2 Mev. 
In Fig. 4 the curves are drawn through the experimental 
points. The scales specify c.m. cross sections and 
laboratory bombarding energies at the center of the 
target. The parameters of the resonances as obtained 
from the elastic and inelastic scattering data and as 
used in the final fit of Fig. 3 to the elastic scattering 
data are listed in Table I. Resonances were observed 
at 2.080, 2.88, 3.095, 3.334, 3.571, 3.710, 3.98, 4.235, 
4.36, 4.43, and 4.884 Mev. As shown in the table, the 
parameters of two resonances outside the 2.0- to 5.0- 
Mev interval were included in the input data to the 
IBM 704 in order to improve the fit at the ends of the 
interval : 3~ at 1.660 Mev’? and a broad resonance with 
J*=}* at 5.4 Mev suggested by the work!” above 5 
Mev. The fit of Fig. 3 is slightly improved above 2 Mev 
and significantly improved between 4.5 and 5.0 Mev 
by the inclusion of these states. The assignments and 
widths will be discussed for the resonances individually 
in the paragraphs immediately following. 

Limits of error are explicitly stated in Table I for 
only a few entries. Unless explicitly stated or implied 
by the number of significant figures, the resonance 
energies are believed correct to within +5 kev, except 
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Fic. 3. 


The differential elastic c.m. scattering cross section at c.m. angles 39°, 90°, 125°, and 165 


from 2.0 to 5.0 Mev. The 


curves are computed from Eq. (1) with the parameters listed in Table I and with the ¢; plotted in Fig. 1. The limits of error in the 


cross sections are discussed in the text. 


at the end of the energy scale above 4.5 Mev where the 
errors may be somewhat greater but certainly do not 
exceed +10 kev at 5 Mev. The total widths are believed 
correct to within +8% except where explicitly stated. 
The values of l',I’,,/T? are estimated correct to within 
+30%. Estimating the error in [,/T is a matter of 
judgment with regard to possible improvement of the 
elastic scattering fit. What are judged to be the most 
probable values of I, and I’, separately in view of 
uncertainties in [,/f and I,I',-/T?, subject to the 
requirement ',+I,-=T, are listed in columns 8 and 10. 
Resonance energies and widths are on the laboratory 
scale. 


2.080-Mev Resonance 


The assignment J*=}* is unambiguous. This can be 
seen from the elastic fit and by comparison with the 
single-level curves of Fig. 2. The values of the parame- 
ters of the state must of course be obtained entirely 
from the elastic scattering data. The parameters of 
Table I are in essential agreement with those given by 
Val’ter ef al.’ and by Vorona et al.® 


2.88-Mev Resonance 


This broad shallow resonance is visible only at 90° 
and 165° in the elastic scattering cross section. As can 
be seen from the single-level curves of Fig. 2, only 
J*=}- shows a dispersion shape at 165° and a peak at 
90° with small effects at 39° and 125°. Results are in 
essential agreement with Vorona ef al. 


3.095-Mev Resonance 


This resonance is strong in the inelastic as well as 
the elastic scattering data. Without knowledge of the 
inelastic scattering partial width, the assignment from 
the elastic scattering data would be ambiguous. The 
peak at 165° and the absence of effect at 39° in the 
elastic scattering data suggest $~ or $~ with small T,/T. 
Odd parity is also suggested by the 90° shape, which is 
unlike any single-level curve and must therefore show 
the effect of interference from the broad odd- 
parity 2.88-Mev resonance. The dip at 125°, where 
P;(cos@)=0, rules out /= 2, and the shapes at all angles 
rule out /=0. A relative elastic scattering partial width 
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ential inelastic c.m. scattering 
cross section for Si**(p,p’)Si?** 
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(laboratory) from 3.0 to 5.2 Mev. 
The curves are drawn through the 
points. The limits of error in the 
cross sections are discussed in the 
text. 
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T',/T!=0.2 was used in the elastic fit with /*= }-. The 
inelastic scattering angular distribution is shown in 
Fig. 5. The curve is a theoretical distribution using 
J*=¥ and an outgoing channel spin mixture given by 
DP) 9/2/T p =0.87, and 1) 5/2/'»,=0.13. The channel spin 
mixture was chosen to make the theoretical fit equal 
the least-squares fit. The values 0.2 for ',/T and 0.24 
for I',I',/T? from the elastic and inelastic scattering 
fits are inconsistent with the requirement that 
l,+I,=Y. The possibility that [',/f could be raised 
to about 0.3 is indicated by comparison of the fit with 
the experimental points at 165°, especially in view of 
the fact that a 3.7-kev target was used in taking the 
elastic scattering data. The values 0.3 for ',/f and 
0.21 for ,I',/T? were used to compute I, and I,, in 
columns 8 and 10 of Table I. Results are in agreement 
with Vorona et al.® 
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3.334-Mev Resonance 


Comparison of the elastic scattering data with the 
theoretical shapes of Fig. 2 rules out all assignments 
but J*=}* and $+. Quantitative fit within the experi- 
mental error at all angles could only be achieved with 
$+, J*=}* with ',/f'=0.70 was used in the final elastic 
scattering fit of Fig. 3. In the inelastic angular distri- 
bution, shown in Fig. 6, the large experimental errors 
for Oc.m.<60° were due to the necessity of subtracting 
a low-intensity background proton group from a target 
contaminent at this energy. In spite of these errors 
symmetry about 90° as previously assumed’ is definitely 
ruled out. The curve of Fig. 6 is a theoretical fit to the 
angular distribution with J™=}*, To32=I,, and 
I’. 52=0, taking into account interference from the 3- 
state corresponding to the 3.095-Mev resonance with 


Taste I. Results of the analysis of the resonances in Si?*(p,p)Si®* and Si*(p,p’)Si***. The columns Eo(=£o’*), J*, 1, '(=14*) and 
r,/!' (=I ,’*/T*) contain the parameters used in the elastic scattering fit of Fig. 3. The next column contains the [',I’,,/T? obtained 
from the fits to the inelastic scattering angular distributions. The last four columns contain the values of I’, and Ip, considered most 
probable and the corresponding reduced widths expressed as a fraction of 3h?/2Ma. 
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Fic. 5. Angular distribution of the inelastically scattered 
protons on resonance at 3.09 Mev. The curve (Po+0.58 Pz) is 
the theoretical fit with J*=$-, /’=1 and the channel spin 
mixture given in the text. 


the parameters given in the preceding paragraph and 
from the }- state corresponding to the 3.571-Mev 
resonance with the parameters given in the next 
paragraph. The assumption I, 5,.=0 appears reasonable 
at this energy because of the barrier for protons with 
l’=2. If J* were taken 3+ with 2 32=0 and Ip 52=T p, 
a smaller term in P; would result. The least-squares 
fit is given by Po—0.29 P,—0.05 Po. 


3.571- and 3.710-Mev Resonances 


From the elastic scattering data alone it would have 
been difficult or impossible to determine the locations, 
widths, and J* of these two broad overlapping reso- 
nances, which were found to have a larger partial width 
for decay into the inelastic than into the elastic scat- 
tering channel. The total widths and resonance energies 
were determined from the inelastic scattering data with 
confirmation from the elastic scattering fit. The inelastic 
scattering angular distributions taken on the resonances 
and midway between them, shown in Fig. 7, are sym- 
metrical about 90°, so that the interference terms must 
be even and the resonances must be due to states of the 
same parity. That the 3.571-Mev resonance can not 
be due to a state of even parity can be seen from the 
following: comparison of the elastic scattering shapes 
with the elastic scattering shapes of Fig. 2; the angular 
distribution at 3.57 Mev contains a large term in P2 as 
expected of a $ state, while the angular distributions 
from even-parity states with J < $ would be expected 
to be isotropic using the lowest /’(=0) for the $+ and 
$+ states; interference between this state and the even- 
parity state producing the 3.334-Mev resonance con- 
tributes a term in P, to the inelastic scattering angular 
distribution at 3.33 Mev. It then follows that the 
3.710-Mev resonance can not be due to a $+ state as 
previously postulated.® The elastic scattering shapes 
suggest J*=$- or }-. The inelastic scattering angular 


ASHY, 


AND RISSER 

distributions suggest $- at 3.571 Mev and 4 at 3.710 
Mev. With this combination successful elastic and 
inelastic scattering fits were achieved. At both reso- 
nances best elastic scattering fit was obtained with 
I',/T=0.2. The curve at 3.57 Mev in Fig. 7 is the 
theoretical fit to the inelastic scattering angular dis- 
tribution obtained with /’=1, IT; s.=0.88T,, and 
Tr; 52=0.12T,; that at 3.71 Mev was obtained with 
V’=1, Ty 32=T'y and I’; 5,2=0. With this channel spin 
mixture and with interference included, the theoretical 
fit equaled the least-squares fit. 


3.98-Mev Resonance 


This broad resonance shows strongly in the elastic 
scattering data and is not apparent in the inelastic. 
J*=}°* is the only assignment that gives a reasonably 
good elastic scattering fit. ',/[=1 in the fit of Fig. 3. 


4.235-Mev Resonance 


From Fig. 3 the elastic scattering shapes at 4.235 
Mev are seen to be similar to those at 3.334 Mev. The 
only assignment giving a fit within experimental error 
at all angles was J*=}*. To explain the inelastic scat- 
tering angular distribution, shown in Fig. 8, there must 
be strong interference from a state of unlike parity. 
The only nearby resonance at which I’, /T is appreciably 
greater than zero is the broad resonance at 4.43 Mev 
most probably due to a state with /*=4-. The least- 
squares fit to the angular distribution at 4.23 Mev is 
given by 

P o—0.61 P,—0.28 Po. 


The value of l',I',-/T? in Table I was calculated from 
the total cross section obtained by integrating the 
angular distribution. It is consistent within experi- 
mental error with !,=0.6F and l',-=0.41. 
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Fic. 6. Angular distribution of the inelastically scattered 
protons on resonance at 3.33 Mev. The curve (Po—0.25 P, 
—0.03 P2) is the theoretical fit with J*=3*, l’=0, the channel 
spin mixture given in the text and including interference from the 
negative-parity states corresponding to the 3.095- and 3.571-Mev 
resonances. 
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Fic. 7. Angular distributions of the inelastically scattered 
protons on resonance at 3.57 and 3.71 Mev and approximately 
midway between the resonances. The curves (P9—0.60 P2) at 
3.57 Mev, (Po—0.42 P2) at 3.66 Mev and (Po—0.18 P2) at 3.71 
Mev are the theoretical fits using J*=}- and 4~ at 3.571 and 
3.710 Mev, respectively, /’=1 at both resonances, the channel 
spin mixture given in the text and including mutual interference. 


4.36-Mev Resonance 


Like the resonance at 3.98 Mev, the 4.36-Mev 
resonance is apparent only in the elastic scattering 
cross section. The assignment J*=}* is unambiguous. 


4.43-Mev Resonance 


The degree of isolation of this broad resonance in 
the inelastic scattering data is interesting in view of its 
proximity to the broad 4.36-Mev resonance in the 
elastic. As can be seen from the single-level shapes of 
Fig. 2, the effect of this resonance on the elastic scat- 


PROTONS BY Si?8 927 
tering cross section restricts the possible assignments 
to $- and 3-. Even with [,/T as small as 0.15 the 3- 
assignment gave a fit clearly not in agreement with the 
elastic scattering data. The magnitude of the P; term 
in the inelastic scattering angular distribution at 4.23 
Mev is additional evidence for the }~ assignment. The 
maximum value of [',I’,-/T? for a two-channel reaction 
is entered for this resonance in Table I; a value some- 
what exceeding this maximum was calculated from the 
total cross section obtained by integrating the angular 
distribution at 4.43 shown in Fig. 9. The elastic scat- 
tering data appear to allow a larger value of [',/T than 
the 0.15 used in the fit of Fig. 3, so that the combination 
r,=0.3r, T,,=0.71 is probably inside experimental 
error. The least-squares fit to the inelastic scattering 
angular distribution of Fig. 9 is given by 


Po—O0.18 P). 


There is no difficulty in explaining the small term in 
P, since the inelastic scattering data show a broad 
resonance at or above 5 Mev which could be due to a 
state of even parity. Above 5 Mev there are known to 
be several broad resonances, at one of which even 
parity has been assigned.':"* The term in P, could also 
indicate that the 4* state corresponding to the 4.36- 
Mev resonance has a small inelastic scattering partial 
width. 


4.884-Mev Resonance 


The assignment at this resonance like that at 3.095 
Mev is }-. This is immediately recognizable from the 
similarities between the 4.884-Mev and 3.905-Mev 
resonances in both the elastic and inelastic scattering 
cross sections. The slope in the inelastic scattering 
angular distribution, shown in Fig. 10, can be ade- 
quately explained by interference from a broad reso- 
nance at 5 Mev or above. 


Additional Resonances at About 5 Mev 


Two other narrow resonances were observed just 
below 5 Mev: one at 4.78 in both the elastic and 
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. 8. Angular distribution of the inelastically scattered 
protons on resonance at 4.23 Mev. 
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. 9. Angular distribution of the inelastically scattered 
protons on resonance at 4.43 Mev. 


inelastic scattering data and one at 4.936 in the inelastic 
scattering data. Although the cross sections were small, 
these resonances were always seen in data taken in this 
region. It is impossible from the data to make assign- 
ments for the corresponding states. Significant improve- 
ment of the elastic scattering fit between 4.5 and 5 Mev 
was obtained by including a resonance at 5.4 Mev due 
to a 4+ state with the parameters given in Table I. 
This must probably be considered as additional evidence 
for a broad resonance above 5 Mev due to an even- 
parity state. 


Partial and Reduced Widths 


In columns 8 and 10 of Table I are listed values of 
the elastic and inelastic scattering partial widths which 
appear most nearly consistent with all three of the 
following: the value of [',/T for the best elastic scat- 
tering fit; the value of [',I',-/I? obtained from the 
inelastic scattering cross sections; the requirement that 
rp+Ir,=Il. Columns 9 and 11 list the reduced elastic 
and inelastic scattering proton widths expressed as 
fractions of the Wigner limit 3%?/2Ma, with a=5.86 
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Fic. 10. Angular distribution of the inelastically scattered 
protons on resonance at 4.88 Mev 


<10-" cm. The tables of Bloch et al.” were used to 
calculate the penetrability factors A? for the elastically 
scattered protons and the tables of Schiffer’ for the 
inelastically scattered ones. The implications of the 
large inelastic scattered reduced widths are somewhat 
in question since the values listed as one at 3.095 and 
3.57 Mev were actually calculated to be greater than 
one using the A;* from Schiffer’s tables. This is perhaps 
not surprising in view of the uncertainties in the large 
magnitudes of the A,? introduced by uncertainties in 
the nuclear radius. 
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The reaction sequence, M, +N, — Y*+M2; Y* — ¥Y+7; ¥ — N2+7- is considered, where M; and M; 
are spin-zero mesons, NV, and N; are nucleons, Y is a A or * particle, and Y* is a pion-hyperon resonance of 
spin 4 or }. The general form of the angular distribution of the particles x; and N2 is written down under the 
assumption that final state interactions between the meson M, and the ¥* decay particles may be neglected. 
If any polarization of the hyperon Y exists, the spin and parity of the resonance Y* may be determined from 
this angular distribution. The structure of the spin density matrix of the ¥* is discussed. 


HERE is now strong experimental evidence for 

the existence of a pion-lambda particle resonance 
at a center-of-mass kinetic energy of about 130 Mev.' 
Since this energy is below the K+N rest mass, the 
resonance can be produced in the laboratory only in 
conjunction with other particles; the simplest pro- 
ducible final state including the resonance is of the type 
involved in the experiment of Alston ef al.,!i.e., M+Y*, 
where Y* is the resonance and M is a spin-zero meson. 
It is likely that one or more other pion-hyperon reso- 
nances will be found in the low-energy region; it may 
be necessary to investigate these resonances also from 
a reaction sequence of the type, 


Mi+Ni— Y*+M2, 
Y*— Y+m, 
Y — Nitm:, 


(1a) 
(1b) 
(1c) 


where M, and M, are spin-zero mesons, N; and N; are 
nucleons, and Y is a 2 or A particle, assumed to have 
spin 3. 

The experimental determination of the spin and 
parity of a resonance Y* from the interaction sequence 
of Eqs. (1) is a difficult problem because the orbital 
and total angular momenta of the state Y*+M, are 
unknown. Several types of measurements that might 
reveal the spin or parity have been suggested.?* The 
method of Adair can be used to determine the spin (but 
not the parity) if enough data are available.? Several 
spin measurements have already been attempted for 
the Y* of Alston e¢ al., but no definite results have been 
obtained yet.' 

The purpose of this note is to point out certain 
angular distribution and correlation measurements that 
might reveal the parity and spin of a pion-hyperon 
resonance from the interaction sequence of Eq. (1). 
We use the following set of unit vectors for describing 
the event: k; and ky denote the momentum directions 
of the mesons M, and M;j of Eq. (1a) in the center-of- 


1M. Alston, L. W. Alvarez, P. Eberhard, M. L. Good, W. 
Graziano, H. K. Ticho, and S. G. Wojcicki, Phys. Rev. Letters 
5, 521 (1960). 

2R. K. Adair, Phys. Rev. 100, 1540 (1955). 

3 Ph. Meyer, J. Prentki, and Y. Yamaguchi, Phys. Rev. Letters 
5, 442 (1955). 


mass system; x and y represent any orthonormal linear 
combinations of k; and k;, while z=x Xy is the normal 
to the plane of the production event, Eq. (1a). The 
momentum direction of the Y* decay pion m1, measured 
in the center-of-mass system of the Y*, is denoted by k, 
and the momentum direction of the proton from the 
Y decay, measured in the center-of-mass system of the Y, 
is denoted by p. 

For the time being, we neglect the possible effects of 
final state interactions between the meson M;, and the 
particles resulting from the “fast” Y* decay. We may 
then write down the most general form for the distri- 
bution & of the momentum unit vectors k and p corre- 
sponding to the four simplest possibilities for the spin 
and parity of the Y*, i.e., that it is an S;, Py, P3, or Dy 
combination of the Y and 7m particles. The formulas 
for X are written below in cylindrical coordinates 
defined with respect to the direction normal to the 
production plane, i.e., k-= (k.2+k,?)!, k-=k,t/r, tangs 
=k,/kz, kz=k,, etc. 


=x (S;)= @+@Bp., 


= (P\)= @'+ B'[2(p.k. +p, k,)k.— pz], 
=X (Py; Dy) = %1(Py; Dy) + %2(Py; Dy), 
¥1(P;)=A+Bk2+(§D—3C)pk2 
+ (3C—4D)p.—2Dp,-k-kz, 
Ek? cos(2¢%+a) 
+F(p.k,? cos(2oi+8) 
+2p,k-k, cos(ditbp+8) ], 


E1(D;)=A'+BR2 
+ (9D'—3C’)(p.k.+p,k,)k! 
+[(9/2)C’— (15/2)D’ ]p.k2 
+ ($D’/—3C’)p.+3(C’—D’)p,-k,k:, 


2.(D;) = E’k? cos(2o.+a’) 
+F’[p.(6k2—1)k,? cos(2¢r +8’) 
— prkk.(3k2—1) cos(oitoptf’) 
+3p kk, cos(3¢.—dp +8’) |, (3d) 
where the coefficients @ and @, or A, B, C, D, E, F, a, 
and @ are real functions of the production angle k;-k,, 
and are unknown for k;-k;#-+1 if the dynamics of 


(2a) 
(2b) 


(3a) 
2(P;)= 


(3b) 
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the process M,+'N,— Y*+M, are unknown.‘ When 
k;-k;=+1 the distribution must reduce to the form 
given by Adair.’ All terms linear in p are proportional 
to the asymmetry parameter of the Y decay. It is 
seen that there are many kinds of correlations that 
may be present for j(Y*)= but cannot be present for 
j=}. Terms proportional to (v/c)? have been neglected, 
where v is the velocity of the Y in the center-of-mass 
system of the Y*. 

The quantities @, ® or A, B, C, D, E cosa, E sina, 
F cos8, F sin8 are linear combinations of elements of 
the spin density matrix p of the Y* produced in reaction 
(la); we may make the general structure of & more 
transparent by discussing the general structure of p. 
The density matrix is Hermitean and so, in general, 
contains (27+ 1)? independent real numbers, but parity 
conservation together with the lack of any polarization 
in the initial state reduces this by a factor of two, as 
may be seen from the following argument. The matrix 
p may be written as a sum of products of J,, J,, and 
J., where J is the spin operator for the Y*. Invariance 
to rotations of the entire interaction scheme, together 
with the lack of any initial polarization, implies that 
the coefficients of this sum are functions only of k;-k,; 
and energy. Since x and y are normalized linear com- 
binations of the momenta k; and k,, they are odd under 
reflections, while z=xXy is even under reflections. 
Hence, reflection invariance implies that p is un- 
changed by the simultaneous substitutions J, — —J,, 
J,——J,. This is equivalent to invariance under 
rotations of 180 degrees around the z axis, implying 
that [p,e'7/*]=0. In the representation where J, is 
diagonal, this commutator condition implies that 
Pas=0 if |a—8) is odd, so that p has a ‘“‘checker-board” 
pattern. 

If j= 4 only the diagonal elements of the density 
matrix may be nonzero in the J, representation, so that 
the Y* may be regarded as a statistical mixture of 
particles with spins in the z and (—z) directions. It 
may be shown that for any Y* spin those correlation 
and angular distribution measurements that are in- 
variant to rotations about the z axis involve only 
diagonal elements of &. For j= 3 these terms are 
represented by %; in Eqs. (3). The %, terms vary 
harmonically, with period x, under rotations about the 
z axis. The Y* may be regarded as a statistical mixture 
of the four eigenstates of J, only for computing the ¢ 
invariant terms &.° 

We now limit our consideration to the possibilities, 
j=% or 3, and assume that the Y particle resulting 
from the ¥* decay is a A or 2+, and therefore can decay 

4These coefficients are not quite independent. They must 
satisfy certain inequalities and, for j=}, one complicated quad- 
ratic equality. This equality is not significant for the arguments 
of this paper. 

5 If the relative populations of the four states are denoted by 
p(jz), then the coefficients C and D (or C’ and D’) in Eqs. (3) 
are proportional to p(}) —p(—}) and p(}) —p(—4), respectively. 
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asymmetrically. Then if any Y polarization exists, so 
that some term linear in p of the distribution = exists, 
the parity and spin may be determined unambiguously. 
For illustration we will show how the P; and Dy, cases 
may be distinguished by means of the polarization 
angular distribution (defined as the distribution in k, 
of all events in which p, is positive, minus the corre- 
sponding distribution for p, negative) together with the 
“transverse correlation” represented by the p,-k,k, 
terms of &. The presence of &.4 terms in the polarization 
angular distribution would indicate a D; resonance. On 
the other hand, these &.* terms can vanish for the D, 
case only if C’=3D’, in which case the terms linear in 
p of Eq. (3c) become 2D'[_p.(3k.2—2)+-3p,-k,&. |. Such 
a distribution is impossible for the P; case, however, 
for the P; polarization angular distribution can be of 
the form 3%,2—2 only if C=—(7/3)D, in which case 
the terms linear in p of Eq. (3a) become 


Hence, if the polarization angular distribution happens 
to be of the form 3k,“—2, one of the possibilities P; or 
D, may be eliminated from the sign and magnitude of 
the transverse correlation relative to the polarization 
angular distribution. 

It may be shown easily, by extending the above 
analysis, that there is no nonzero form for the terms of 
the distribution linear in p that is possible for more than 
one of the four spin and parity cases under consider- 
ation. Hence, the spin and parity may be determined 
unless all Y polarization terms are small at all produc- 
tion angles, not a very likely occurrence if the energy 
of the incident meson is sufficiently high so that several 
¥*+M; orbital angular momenta are present. 

Even if all the polarization terms do vanish, the 
theorem of Eberhard and Good® can be used to show 
that one of the two Y* spin cases can be eliminated 
from data at any production angle. The theorem states 
that if the spin wave function of a particle is a statistical 
mixture of Q pure polarization states, the trace of the 
square of the spin density matrix satisfies the inequality 
Trp? 2(Trp)?/Q. In reaction (la), Q is equal to two 
(the number of polarization states of V1); hence, the 
Y* spin density matrix cannot be a multiple of the 
unit matrix if j(Y*) 23. This implies that at least one 
of the constants B, C, D, E, and F in Eqs. (3) must be 
nonzero, so that &(7=$) 
possible for j= }. 


cannot have a form that is 


The preceding results are based on the assumption 
that the final-state interactions between the meson M2 
and the Y* decay particles are negligible. Such inter- 
action effects should not be important if, when the 
distribution of all M,+-N — Y+M,.+7; events in the 
center-of-mass energy of the Y+7, is plotted, the 


6 Philippe Eberhard and M. L. Good, Phys. Rev. 120, 1442 
(1960). See also, Murray Peshkin 
tension of this theorem. 


to be published) for an ex- 
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resonance peak is many times higher than the average 
of the distribution outside the resonance. This is not 
always the case, however. One precautionary check 
that may easily be made is to plot the angular distri- 
bution of all the events under the resonance peak with 
respect to the direction k; of the M». This distribution 
must be symmetric in the absence of a final-state 
interaction, but is likely to be appreciably asymmetric 
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if the M2-Y or M,-m, interaction is sufficiently im- 
portant to alter the general distribution of Eq. (2) or 
(3). One should make sure that there is no large asym- 
metry in k-k, present in the data. 

It has come to the author’s attention that the results 
of this’ paper have been derived independently by R. 
Gatto and H. P. Stapp [see Phys. Rev. 121, 1555 
(1961) }. 
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High-Energy Potential Scattering with Short-Range Forces 
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An attempt is made to separate out long- and short-range effects for high-energy elastic scattering. 
Within the context of a high-energy approximation, expressions for the scattering amplitudes are obtained 
for the cases RR>ka>1 and kR>1>ka, where R and a denote the long and short ranges, respectively. 
For the latter case, the entire short-range effect is included in a phenomenological S-wave term while the 


long-range contributions are written explicitly. 


I. INTRODUCTION 


ITH the increase in energy of scattering experi- 

ments, we see more details of the interaction of 
particles at short ranges. Such experiments are compli- 
cated by the presence of the longer range interactions 
generally employed to interpret experimental results 
at lower energies. Thus, it is of interest to see to what 
extent we can separate these two effects, hopefully in 
such a manner that will enable us to utilize our previous 
knowledge about the long-range interactions in some 
relatively simple way.' As a first approach, it seems 
convenient to work within the context of a high-energy 
small-angle approximation for elastic scattering based 
on the work of Moliére? and developed in some detail 
by Glauber* and others.*-® 


Il. HIGH-ENERGY APPROXIMATION 


We are interested in the case where the scattering 
amplitude for a high-energy particle of reduced mass 
m with an incident momentum propagation vector k 


'B. J. Malenka and H. S. Valk, Bull. Am. Phys. Soc. 5, 269 
(1960). This abstract contains a preliminary report of some of 
the work in this paper and reference 7. 

2G. Moliére, Z. Naturforsch. 2A, 133 (1947). 

3R. J. Glauber, Lectures in Theoretical Physics (Interscience 
Publishers, Inc., New York, 1959), Vol. I, p. 315. 

4B. J. Malenka, Phys. Rev. 95, 522 (1956). 

5]. I. Shapiro, thesis, Harvard University, Cambridge, Massa- 
chusetts, 1955 (unpublished). 

6 L. I. Schiff, Phys. Rev. 103, 443 (1956). 


and a final propagation vector k’ is given by’ 


k 
f(k’,k)=— ff expCitk—K) 0) 
2ri 
X {expLix(b)]—1}d™B, 


where 
m os 


x(b)=— f V (b+xz)dz, 


— (2) 
Wk J_, 


with 
x= (k+k!)/ |b’. (3) 
Here V(r)=V (b+ xz) is assumed to be a potential 
which represents the interaction between the projectile 
and target particles. For simplicity, we will further 
assume the potential to be azimuthally symmetric, 
that is V(b+«z)=V(d,z). The extension to other 
interesting cases is fairly direct.** Equation (1) can 
then be written 


k © 
ju=— f To(2kb sin}0){eix ®+ix@)— 1¥bdb, (4) 


1 0 


where Jo(2kb sin3@) is the Bessel function of order zero. 
In writing the above expression, we have now explicitly 
assumed that the potential can be split into a long-range 
part characterized by a range R and a short-range part 
characterized by a range a, where V(b,2)=V (0,2; R) 
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+V(b,z; a), so that in Eq. (4), we define 


® 


f V (6,2; (R or a })dz. 


a 


m 


x(b; [R or a])=— 


9 


Ill. SPECIAL CASES OF INTEREST 


The extent to which the long- and short-range parts 
of Eq. (4) can be separated in a useful fashion will 
depend on the ranges and energies involved. For the 
case where kR>>ka>>1, the following rearrangement of 
Eq. (4) is convenient for further approximation, namely 


2 


f Jo(2kb sin}6) {e'* ® — 1} bdb 


0 


k 
fo()=- 
1 


k = 4) 
~~ f J (2kb sing0)ex% ® {exie)—1}bdb. (6) 
1 0 


In this form, the first term contains only the long-range 
effects and with a suitably chosen V(d,z; R) should 
approximately represent the same scattering amplitude 
as a function of energy and angle as observed at lower 
energies. In the second term, we note that the long- 
range phase factor x(d;R) will by definition vary 
slowly over the interval in which b<a. On the other 
hand, the expression in curly brackets essentially 
vanishes outside of this interval. These observations 
suggest that in the second integral, a reasonable simpli- 
fying approximation would be to replace exp[ix(b; R) | 
by exp[ix(6; R)] where 6 represents some value of } 
in the interval 0< b< a. Considering the delta-function- 
like behavior of the rest of the integrand, an appropriate 
value of 6 could correspond to the value where the rest 
of the integrand obtains its principal maximum. We 
could then write Eq. (6) in the approximate form: 


fo(0) = fr(0)+exp[ix(b; R) ]fa(0), 


where fr(@) and f,(@) are the respective long- and 
short-range scattering amplitudes. 

It is worth pointing out that even in its simplest 
form, Eq. (7) represents an improvement over the 
corresponding Born approximation scattering amplitude 
fo (0) = fr®-™ (0)+ f,2™ (0) by virtue of the 
explicit appearance of the phase factor exp[ix(6; R) ]. 
Possible applications of Eq. (7) will be postponed for 
future investigations. 

A particularly interesting special case occurs when 
kR>1> ka. Here the usual incident angular momentum 
and range arguments lead us to expect that the short- 
range interaction would be felt predominantly in the 
S wave and could be neglected in partial waves of higher 
orbital momentum. Such consideration suggests that a 
useful way to separate out these effects would be to 
write 


(7) 


f(0)=[1—P (6) | fo(0)+k“e* sind, (8) 


where the operator P(@) projects out the S-wave 
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part of fo(@) as written in Eq. (4). The second term 
in Eq. (8) represents the actual S-wave contribution 
which includes both long- and short-range effects 
expressed, as usual, in terms of the phase shift 6. Since 
the high-energy approximations leading to fo(@) are 
poorest for small / states,’ Eq. (8) should represent an 
improvement in /o(@). If as mentioned above, we now 
further neglect the short-range contribution to the 
non-S-wave part, we obtain 


k w 
{@)=- J | Yocom sin36) 
1 0 


1 , 
11(248) | XO R)—1¥hdb+k A, (9) 
kb 
where 
A=e* sind. (10) 


An application of this approximation is discussed in 
the following paper.’ 

The extent to which Eq. (9) differs from Eq. (4), 
particularly in neglecting the short-range effects in the 
non-S-wave part, can be seen in somewhat more 
quantitative detail if we first rearrange Eq. (4) in the 
form 

fo(@) (11) 


Jor fos + Jos 
where 


k a 
fu= . f | Yan sin36) 
1 0 


1 
— 11(248) | x(0; B) — 1} bdb, 
kb 


k a 
ff | Yo(2kb singe 
0 


1 
-- 14 (246) fe b: R){ pix(sa)__ 1\ ddd, 
kb 


k 
fos= f > J \(2kb) {e** b R)+ix(b;a —1}bddb. 
} kb 


0 


(14) 


Comparing Eq. (11) with Eq. (9), we see that fq is 
just the first term in Eq. (9), while the S-wave part of 
Eq. (11), fos, has been replaced by an empirical contri- 
bution kA. Thus the expression fo, approximately 
represents the error made in neglecting the short-range 
contribution to the non-S-wave part of Eq. (9). Under 
the conditions kR>>1>ka, the contribution of fo: to 
the scattering amplitude should be relatively small. 
This may be seen by noting that in the integrand of 
Eq. (13), for the range of integration in which b><a, 
the expression in the curly bracket essentially vanishes, 
while for b<a, the integrand has a leading term 
dependence of (%b)* which is small to the extent that 
the condition ka<1 is satisfied. 

The relations of the S-wave phase shift 6 to the 
potentials producing the scattering will usually depend 


7B. J. Malenka and H. S. Valk, following paper [Phys. Rev 
122, 934 (1961) ]. 
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on the specific details of a problem. Except in very 
special cases, the expressions usually obtained are 
based on various approximations such as the Born 
approximation and effective-range theory which are 
not particularly applicable in our case. Here, as a 
first step, we would like to separate out the specifically 
short-range contribution to 6. This can be done by 
observing that the conditions employed* for obtaining 
Eq. (1) are that the ratio of potential to total energy, 
V/E1 and that RR>1. These are just the usual 
“‘quasi-classical” conditions* for the validity of the 
WKB expressions for partial waves. Thus, in the 
absence of a short-range interaction, r times the radial 
part of the S-wave wave function u(r) would be 
approximately 


wiry~sin( fe Com #)V ("5s R)}ar ). (15) 


If the short-range interaction V(r; a) of range aR is 
then introduced, we have in the region for which r>a 


wi=sin( f Le Cm WV (7; R)ar'+6.), (16) 


where 6, represents the phase shift produced by V(r; a). 
Finally, in the region where r>R>a, Eq. (16) then 
takes the usual asymptotic form 


uo(r) =sin(kr+64), (17) 


where the total S-wave phase shift? is 


5=5r+5,, (18) 


and 


m @ 
br=— — f V(r; R)dr. (19) 
Wk J 


Referring back to Eq. (10), we see that this result 
enables us to write 


m 2 
~—hinaia+1)+— f V(r; R)dr, — (20) 
nk 0 


thus expressing the short-range part of the phase shift 
in terms of the experimentally determined A and 
presumably known long-range potential V(r; R). 

Of course, it remains to express 6, in terms of V(r; a). 
However, this will depend on the value obtained for 6, 
from Eq. (20) and the form assumed for V(r; a) which 
generally will be based on considerations relating to 
the specific scattering problem being investigated. 
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APPENDIX 


The separation of the S-wave phase shift into long- 
and short-range parts to obtain Eq. (18) depended on 
assuming V/EX1 and kR>1 for the long-range 
interaction. It is therefore of some interest to briefly 
show that similar results are obtained by the exact 
solution of a simple example. 

Consider a two-step well such that 


k= (2m/h*)(E—V.), 
ky’= (2m/h*)(E—Vr), 
k= (2m/h?)E, 


V(r)=Va, 
V(r)=Vr, 
V(r)=0, 


O<rga; 
a<rgR; 
R<r; 


(A.1) 


where ko, ki, k are the magnitudes of the respective 
propagation vectors. By the usual conditions of conti- 
nuity at a and R, it is easily shown that the S-wave 
phase shift can be written as 


tand 
(k/k;)[tanki:R+tané, |—[1—tank,R tané, | tankR 


1—tankiR tand,+ (k/ki)[tank:R+tand, | tankR 
(A.2) 





where 6, is determined from the equation 


ke cotk,a=k; cot (k,a+5,), (A.3) 


and may be considered the phase shift produced by V. 
in the region a<r<R. 

We now introduce 6g which represents the phase shift 
in the absence of the short-range step at a, that is, 
when V, is replaced by Vz in the interval 0¢rga. 
At r=R, 5p satisfies the usual equation 

k; cotk;R=k cot(kR+ 6p). (A.4) 
Using this equation in Eq. (A.2), we find 
tandeg+tanéd,[1+¢ | 


1—tand,p tanéd,[ 1 +y] 





tanéd= 


(A.5) 


where 





(A.6) 


(—)| 1—tank,R tankR 
o= >] 
k (ki/k)+tank,R tankR 


tank:R+tankR 





1 
7 = geet re tankR| 
(A.7) 


We see from Eqs. (A.6) and (A.7) that for Vr/EX1 
and kR>>1 both ¢ and y are small. From Eq. (A.5), 
it immediately follows that 6~6e2+6, under the same 
conditions as shown above. 
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Using a high-energy approximation, it is shown that the x*-p elastic scattering data at 1.1 Bev can be 
interpreted in terms of coherent scattering produced by an absorptive Gaussian well having a root-mean 
square range of the size of the proton charge radius plus a short-range interaction whose principal effect 
is represented phenomenologically as a contribution to the S wave. 


I. INTRODUCTION 


HE experimental data obtained by Roellig and 

Glaser for the angular distribution for m*-p 
elastic scattering at 1.1 Bev exhibits a large forward 
peak and relatively isotropic scattering at backward 
angles.' The peak has been interpreted in terms of 
optical model diffraction scattering, while the isotropic 
angular distribution has been attributed,' as in the 
interpretation of r~-p scattering,’ to incoherent elastic 
scattering arising from the formation of a compound 
pion-proton system which decays isotropically. To the 
present authors, the hypothesis of the formation of a 
compound system which decays isotropically at high 
energies seems somewhat improbable since it would 
appear to require that the energy of the incident pion 
be shared with the virtual pion cloud in the extremely 
short collision time associated with a high-energy 
scattering. 

In this paper, we will show by way of a simple 
application of the procedure of our previous note® that 
the observed elastic r*-p scattering at 1.1 Bev can also 
be interpreted as principally coherent. In particular, 
it can be described by an optical model potential having 
a radius determined by the Stanford electron scattering 
experiments plus a short-range interaction which will 
be treated phenomenologically at present. In so doing, 
we also assume that any spin-flip contribution to the 
cross section can be neglected. Our justification is a 
gain in simplicity for our calculation and the fit of our 
final results. 


II. ELASTIC x*-p SCATTERING AT 1.1 BEV 


Neglecting Coulomb scattering and assuming that in 
addition to a long-range optical potential V(r), the 
incident pion sees a short-range interaction of range a 


1L. O. Roellig and D. A. Glaser, Phys. Rev. 116, 1001 (1959), 
2L. M. Eisberg, W. B. Fowler, R. M. Lea, W. D. Shephard, 
R. P. Shutt, A. M. Thorndike, and W. L. Whittemore, Phys. 
Rev. 97, 797 (1955). 

3B. J. Malenka and H. S. Valk, preceding paper [Phys. Rev. 
122, 931 (1961) j. A preliminary report of this work will also be 
found in B. J. Malenka and H. S. Valk, Bull. Am. Phys. Soc. 5, 
269 (1950). 


such that we may then use Eq. (9) of the preceding 
paper*: 


k x 
{(0)= $ f | Ycans sin36@) 
1 0 
1 


= J (2kb) {e™ b —1}bdb+k 1A, 
kb 
where 
A é 5 sind, 
and 


x 


Ls 
‘ V (b,2)dz. 
hk . 


The scattering angle @ is measured in the center-of-mass 
system, and the notation employed is essentially‘ that 
of reference 3. In this approximation, it will be recalled 
that all the effects of the short-range 
included in the S-wave phase shift. 

If we take the optical potential V(r) to be a Gaussian 
well with real and absorptive parts, then 


x (b) 


interaction are 


V (r) 


— (VotiWo) expl—r?/R*] 
and using r?= 6?+-2?, we have 


x (bd) =a(VotiW ) exp — b?/R?] 
where 


a=mkRr}/h*k?. (6) 


Expanding the exponential of Eq. (1) and substituting 
Eq. (5) into Eq. (1), we find 


RR? 7” 1 
f=— | Jo(2kRe sino) - 
t RRa 


oy [ia(Vot+iWo) |” 
»~—— exp[ —nx* |jxdx+k“A, (7) 


n=l n! 


where x=)/r. In this form, we may then carry through 
the integration using the formula of Weber and Sonine® 


4See Appendix for further comments on the interpretation of 
m, k, and V. 

5 The expressions for the definite integrals involving Jo and J; 
may be obtained or directly deduced from W. Magnus and F. 
Oberhettinger, Special Functions of Mathematical Physics (Chelsea 
Publishing Company, New York, 1949), p. 35. 
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to obtain® 
kR? 2. Lia(Vot+iWo) || 1 


. — ; 
t n=l n! 


f(0) exp (—6?/4n) 


| 2n 


1 
— ——(1—exp(—FR*/n)]}+k"A, (8) 
2k2R? 


where 


B=2kR sin}0. (9) 


For the purpose of comparison with experiment, 
considerable simplification in calculation is gained by 
making use of the dispersion-relation calculations of 
Sternheimer’ which indicate that at 1.1 Bev, the real 
part of the w*-p forward scattering amplitude is 
fortuitously zero. Actually, the more recent calculations 
of Cronin® indicate a small value of 0.15X10~-" cm. 
However, this value is below his estimated error at 
1.1 Bev, so that, for simplicity, we will take the real 
part of the forward scattering to be zero in this paper. 
Using the condition Ref(0)~0, then permits us to 
make the additional simplifying assumptions that 
ReA~0 and Vo~0. With Vo~0, the long-range inter- 
action can be thought of as representing a diffuse 
absorbing sphere. Under these conditions, Eq. (8) 
becomes 


RR® x 
f(0)= > 
| n=l n! 


exp(—?/4n) 


| | 


2n 
1 


[1—exp(—#*R?/n) | +ik“A;, (10) 
2k? R? 


where 


A,;=ImA= Ime* siné. (11) 


As usual, the differential cross section do/dQ is found 
by taking the absolute square of Eq. (10), and the 
total cross section is obtained from 


or= (4x/k) Imf(0). (12) 


To find parameters that would fit the experimental 
points shown in Fig. 1, a trial and error procedure was 
used. First do/dQ and or were evaluated only to second 
order in aW». When rough agreement with experiment 
was found, smaller ranges of the parameters were 
examined for do/dQ and or calculated to fourth order 
in aW». The fourth-order results were not significantly 
different from the second order, thereby justifying to 
some extent our use of Eq. (10) as an expansion in aW ». 

Our best fit to the data is shown by the solid line in 
Fig. 1. The parameters are (kR)?=4.8, aWo~0.88, 
and A;~0.9. This gives R~0.67X 10—" cm which corre- 
sponds to a root-mean-square radius of 0.82 10—" cm 

6 A somewhat similar expansion without the S-wave subtraction 
has also been obtained by I. I. Shapiro, thesis, Harvard Uni- 
versity, 1955 (unpublished). 

7R. M. Sternheimer, Phys. Rev. 101, 384 (1956). 

8 J. W. Cronin, Phys. Rev. 118, 824 (1960). 
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Fic. 1. The x*-p differential cross section at 1.1 Bev. 
The solid line represents our best fit. 


for the Gaussian well. This result falls within the range 
of the charge radius of the proton ((r?),y)!~ (0.77+0.10) 
X10-" cm found in the Stanford electron scattering 
experiments.’ The depth of the absorbing part of the 
well is Wo+0.23 Bev. From Eq. (12) evaluated to 
fourth order in aW» with the above parameters, we 
find o7~27 mb which is consistent with the experi- 
mental value of or=28.8 mb+10% found by Cool, 
Piccioni, and Clark.” 

In order to test the sensitivity of the results to 
well-shape, an attempt was also made to fit the data 
with a square well. For 


V(r)= = ( VotiWo), 
V(r)=0, 


we find from Eqs. (1) and (2) that 


rR, 


13 
r>R, (18) 


1 


J, (2kR sin}6) 
f(0)=1kR’-————_ —inre f xdx 
2kR sin36 0 


<exp[ (i2mR/hR) (Vo+iW 0) (1—22)! J o(2kRx sind6) 
1 


i 
4+—[Jo(2kR)—1]+iR f dx exp[ (i2mR/?R) 
2k 


0 


X (VotiWo) (1—2°)! J (2kRx) +k A. (14) 
If the exponentials are expanded, the integrals appear- 
ing above may be evaluated" yielding a series expansion 
for {(@) somewhat analogous to Eq. (8). In practice, 
since we confined our attention to values of R giving 
root-mean-square values in the range of the Stanford 
proton charge radius, the use of numerical integration 
was not too difficult. Again, the vanishing of the real 


®E. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 

R. Cool, O. Piccioni, and D. Clark, Phys. Rev. 103, 1082 
(1956). 
'! See reference 5, p. 30. 
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part of the forward scattering amplitude was obtained 
most simply by taking ReA~0 and Vo~0. 

Our square-well results corroborate some of the 
statements of Roellig and Glaser' in that we are unable 
to find a good fit to their data for coherent scattering 
by a sharp-edged absorbing sphere without also intro- 
ducing an incoherent contribution. The difficulty seems 
to be in the deep diffraction minimum in the differential 
cross section produced by a square well. In particular, 
we are unable to fit do/dQ in the region of this minimum 
(which corresponds to 0.8>cos@>0.2) and still preserve 
a reasonable fit to the rest of the angular distribution. 


III. DISCUSSION AND INTERPRETATION 
OF RESULTS 


The relatively good agreement with experiment 
shown in Fig. 1 indicates that the r*-p elastic scattering 
data at 1.1 Bev can be interpreted in terms of coherent 
scattering by a diffuse absorbing sphere represented 
by a Gaussian well having an imaginary depth of about 
0.23 Bev and a root-mean-square range of about 
0.82X10-" cm plus a short-range interaction whose 
effect is felt principally in the S wave. Our examination 
of the square well case would seem to indicate that the 
diffuseness of the edge of the well is necessary for a 
coherent scattering interpretation of elastic x+-p scat- 
tering at this energy, since no strong dips are exhibited 
in the data after the large forward peak. Since this is 
contrary to the data at lower energies," it would be of 
considerable interest to determine experimentally if 
the suppression of relative dips and nonforward 
maxima persists at higher energies. 

Referring to the short-range contribution to the 
S-wave phase shift, from Eq. (20) of reference 3, we 
have 


m os) 
6, —}i In(2iA+1)+— f V (r)dr. (15) 
hk 0 


Using A=iA;~0.9 and the other parameters deter- 
mined above for our Gaussian well, we find 


6.= +2/2—0.331. (16) 


To attempt to give an explicit interpretation of this 
value from a fundamental theory is beyond the intent 
of this paper. However, it is of some interest to examine 
the consequence of simply assuming that 6, results from 
a short-range square well interaction. The resulting 
range and well depths calculated using Eq. (16) are 
not unique. However, a reasonable interpretation, 
namely that the height of the imaginary part of this 
well should not exceed 0.23 Bev, roughly requires that 
a/R>0.5. Since the minimum value is most consistent 
with the approximations used above to obtain 6,, we 
take a/R~0.5. This corresponds to assuming a ratio 


20. Piccioni, 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958), p. 65. 
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of the root-mean-square radii which is approximately 
0.25. We then have a~0.33X10-" cm. The depth of 
the real part of the well turns out to be approximately 
1.8 Bev. Its imaginary part is positive and has a 
magnitude of about 0.23 Bev. The long- and short-range 
parts are now combined into a single potential which 
interprets the entire elastic scattering as resulting from 
a potential hole of approximate depth 1.8 Bev and 
range a~0.33X10-" cm surrounded by a diffuse 
absorbing region of the Gaussian shape described 
above. One difficulty with this simple interpretation is 
that the condition ka<1 is violated to the extent that 
ka~1.1, so that the effect of the short-range potential 
on the P wave, although probably small compared to 
the S wave, should also be considered if this interpre- 
tation is taken more seriously." 
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APPENDIX 


The meaning of a potential well when applied to 
high-energy scattering is not entirely clear, particularly 
as applied in the high-energy approximation of Eq. 
(1) and (2) for the center-of-mass system. The interpre- 
tation used here is as follows: 

In the center-of-mass system, we have the total 
energy E for the pion of mass u, and proton of mass up 
(with c=1) given by 


E= (P’+us*)!+ (P +h")! +V. (A.1) 


Solving for p*, this gives 
(E—V)*+ (uy?—ws?)? = we? +H? 
4(E—V)? i 


If, in keeping with our high-energy approximation, we 
expand Eq. (A.2) in terms of V/E, we find to first order 


r EA+ (uy?—us*)? fe thy 
p= a 
4F? 2 


oe V 
[E‘— (up?—p2")? | 


kK. (A3) 


2E° 


13 A somewhat similar possible interpretation for elastic x~-p 
scattering at 1.4 Bev has been mentioned by Eisberg et al. in 
reference 2. It should be noted here that the depth of the potential 
hole found above may be decreased if we allow the range a to 
increase. It is also anticipated that including the short-range 
contribution to the P wave would enable us to reduce the ex- 
tremely deep potential hole found in this simple model. 
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This yields an approximate center-of-mass Schrédinger 
equation of the usual form: 


V+ ky — (2/h*?)mVy=0, 

1fE'+(u2—u.?)? =e? +h," E 

8 4 eh (A.5) 
4F2 2 


(A.4) 
where 
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and 


[E*—(uy’—u," V, (A.6) 


4F% 


“4 


are interpreted as the values to be used in Eqs. (1) 
and (2). 
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Scattering of 2-Bev/c Muons in Carbon and Lead* 


G. E. MAsexk, L. D. Heccre, Y. B. Kim, anp R. W. WILLIAMs 
Department of Physics, University of Washington, Seattle, Washington 
(Received November 23, 1960) 


The scattering cross section of high-energy » mesons in carbon 
and lead has been measured, using a pure, monoenergetic beam 
of muons obtained with the Bevatron at the Lawrence Radiation 
Laboratory. Preparation, purification, and measured properties 
of the beam are described. The median momentum was 2.00+0.03 
Bev/c, the spread in momentum was not more than +3.5%, and 
the effective contamination due to pions was 4.9X10~*. During 
the experiment the total number of muons incident on the appa- 
ratus was 2.5107. Counter hodoscopes recorded the muons 
scattered from 14.4 g/cm? of lead and from 27 g/cm? of carbon. 
Inelastic as well as elastic processes were accepted. Scattered 
particles were observed at angles up to 12° (momentum transfer 
~400 Mev/c). The lead data cover the same range as those 
cosmic-ray experiments which have appeared to indicate an 


I. INTRODUCTION 


OW-ENERGY experiments concerned with muons 

have indicated that they behave as “heavy 
electrons.”!? However, some experiments on the 
nuclear scattering of high-energy muons! have indicated 
that the experimental cross section at large angles is in 
excess of that of the electromagnetic prediction. Lloyd 
and Wolfendale,’ using cosmic-ray muons of energies 
between 0.8 Bev and 10 Bev, find that their experi- 
mental scattering distributions in Pb tend to follow 
the Moliére point-charge multiple-scattering distri- 
bution instead of the distribution expected from a 
realistic consideration of nuclear structure effects. 


* This work has been supported by the Office of Naval Research. 
An account of it will be given in the doctoral thesis of the junior 
author: L. D. Heggie, thesis, University of Washington, 1961 
(unpublished). 

1 For a summary of muon experiments up to 1958, see G. N. 
Fowler and A. W. Wolfendale, Progress in Elementary Particle 
and Cosmic-Ray Physics (North-Holland Publishing Company, 
Amsterdam, 1958), Vol. 4, p. 123. Currently, the experiments on 
the g factor of the muon? have shown no differences from the 
predicted value and hence give further support to the above 
statement. 

2R. L. Garwin, D. P. Hutchinson, S. Penman, and G. Shapiro, 
Phys. Rev. 118, 271 (1960). 

3 J. L. Lloyd and A. W. Wolfendale, Proc. Phys. Soc. (London) 
A68, 1045 (1955). 


anomalously large scattering. No anomaly is found; the lead 
scattering agrees closely with the distribution calculated by 
Cooper and Rainwater for purely electromagnetic interactions. 
The carbon data permit a better comparison with theoretical 
expectations, since one is measuring the single-scattering cross 
section directly, and one can account for the effects of nuclear 
structure rather accurately, using electron-scattering data and a 
detailed theoretical analysis of Drell and Schwartz. The carbon 
scattering results, based on 300 events in the region 70 Mev/c- 
400 Mev/c momentum transfer, agree closely with the Drell- 
Schwartz theory. The upper limits which this result places on a 
nonelectromagnetic scattering cross section and on a muon form 
factor are discussed. 


Similarly, McDiarmid,* Whittemore and Shutt,° further 
experiments by Lloyd and Wolfendale,* and others! 
find the same general behavior for muon energies above 
1 Bev, and for scattering angles such that the elastic 
momentum transfer [go= 2k» sin(@/2), where ko is the 
incident momentum and @ the scattering angle in the 
laboratory system] is between 100 and 200 Mev/c.’ 
However, this anomaly is not seen by al! such nuclear 
scattering experiments. The experiments of Watase 
et al.8 and Amaldi ef al. (although sensitive to slightly 
lower incident energies, 0.3 to 1 Bev/c, and slightly 
lower elastic momentum transfers, 20-100 Mev/c) see 
no such behavior. Hence, the past experiments on 
nuclear scattering are not in agreement with each 


4T. B. McDiarmid, Phil. Mag. 46, 177 (1955). 

5W. L. Whittemore and R. P. Shutt, Phys. Rev. 88, 1312 
(1952). 

6 J. L. Lloyd, E. Rossle, and A. W. Wolfendale, Proc. Phys. 
Soc. (London) A70, 421 (1957). 

7In addition to the anomalies indicated by these nuclear 
scattering experiments, the results of R. F. Deery and S 
Neddermeyer on the high-energy interaction of muons with 
electrons [Phys. Rev. 121, 1803 (1961)] indicate a possible 
deviation from the expected electromagnetic behavior which 
could be interpreted in terms of a fundamental difference between 
the muon and electron. 

8S. Fukui, T. Kitamura, and Y. Watase, Phys. Rev. 113, 315 
(1959). 

® E, Amaldi and G. Fidecaro, Nuovo cimento 7, 535 (1950). 
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Fic. 1. Relation between the laboratory decay angle w (defined 
in the inset) and the laboratory momentum of the resultant 
muon for the decay in flight of 3.5-Bev/c pions. 


other. It should be noted that all of the above experi- 
ments on muon nuclear scattering were performed with 
cosmic-ray muons, and hence were variously plagued 
by difficulties with momentum determination, muon 
identification, and, above all else, by low counting rates. 

The experiment here described measures the nuclear 
scattering of muons in carbon and lead up to elastic 
momentum transfers of 400 Mev/c. The muon beam, 
produced at the Bevatron, had a well-defined momen- 
tum (2,00+0.03 Bev/c), a measured “effective” im- 
purity content of 4.9X10-° (well below that which 
could contribute to the scattering distribution), and 
was of sufficient intensity to allow the accumulation of 
about 2.5107 muons during the entire experiment 
(compared with 10* for most cosmic-ray experiments). 
The momentum of the particle after the scattering was 
not measured, and hence the cross sections measured 
were the total, all final momentum states, into a given 
angle. The scattering distributions obtained are in good 
agreement with the electromagnetic predictions and do 
not agree with those cosmic-ray experiments which 
have reported an anomalous scattering. We believe 
this experiment resolves the question of this anomaly: 
It does not exist. 


Il. EXPERIMENTAL ARRANGEMENT 


Muon Beam 


Pion decays in flight were the source of the muons in 
the experiment. The kinematics for the decay process 
are shown in Figs. 1 and 2 for a pion energy of 3.5 
Bev/c; the following features are pertinent to the muon 
beam formation: (a) There is a large difference (1.5 
Bev/c) between the momentum of parent pions and 
the momentum of those lowest energy muons which 
correspond to backward decays in the pion c.m. 
system; and (b) the muons are confined to very small 
laboratory angles (+0.68°) with respect to parent pion 
direction. The large momentum difference permits a 
relatively clean separation between the pions and the 
lowest energy muons by magnetic analysis, and the 
small decay angle insures a relatively large solid angle 
acceptance for the muon beam. The general arrange- 
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TABLE I. Muon- and pion-beam parameters. 


Parameter Value 


Muon beam: 


Mean momentum (P,) 

Fractional momentum spread (AP,/P,), 
full width at half maximum 

Fraction of muons accepted by 
AP, /P,=0.07 

Fraction of muons accepted from total 
decay solid angle 

Effective area of muon beam at target 

Maximum muon flux per Bevatron burst 
(at 2X10" protons per burst) 400 

Total muon flux for the experiment 2.5 10? 


2.00+-0.03 Bev/c 
<0.07 
0.09 


0.25 
6 in. X74 in 


? 


Pion beam: 


Mean momentum (P,) 3.50 Bev/c 
Fractional momentum spread (AP,/P, 
full width at half maximum 
Maximum pion flux per Bevatron burst 
(at 2X10" protons per burst) 
Pion mean decay length (/,) 
Decay path length (J), i.e., 
between M, and M; 
Fraction decay in /, (l/l,) 


0.15 


3>< 105 
218 meters 
distance 

13.5 meters 
0.063 


ment was to first produce an intense momentum- 
analyzed pion beam (3.50.3 Bev/c), allow it to decay 
along a well-defined drift space, and then momentum 
analyze again the resulting muon-pion beam, separating 
the low-energy (2.00 Bev/c) muons from the remaining 
pions. 

The layout for both the muon and parent-pion beam 
is shown in Fig. 3. Two pion beams were used during 
the experiment, the 3.5-Bev/c beam, and a 2-Bev/c 
calibrating beam originating from a second target (72) 
located downstream of the first (7,). M, permitted 
either of the two beams to be switched onto the quadru- 
pole system Q; and Qs». The focus at F; provided a 
point at which vertical slits could be placed to select 
the pion momentum spread. During the experiment it 
was found that the fractional pion content in the final 
muon beam did not depend upon the pion momentum 
spread, and hence this slit was left as large as possible, 
4 in., to give the largest muon flux. M» reanalyzes the 
pion beam and removes most of the dispersion intro- 
duced by the bevatron field. The decay drift space is 
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Fic. 2. Distribution of muon laboratory momenta resulting from 
the decay in flight of 3.5-Bev/c pions 
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Fic. 3. Experimental arrange 
ment for the pion and muon beams. 
Also shown are the locations of the 
hodoscope, and the muon-beam 
defining counters S;, Se, S3, and S4. 
\ more detailed drawing of the 
scattering region is given in Fig. 4° 
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between M, and M3, where about 6% of the pions 
decay. M; then separates the 2.00-Bev/c muons from 
the remaining 94% pions. Qs provides focusing for the 
muon beam. Q3, at optimum setting, increased the 
muon flux on the target by a factor of 2.5. Finally M,, 
aside from providing a second momentum analysis of 
the muon beam, also reduces the pion contamination 
which might arise from scatterings at M; and provides 
a means of removing from the beam high-energy 
electrons (which have been degraded by placing a }-in. 
lead sheet in front of M,). The beam is then directed 
onto the scattering detectors behind M,. Table I 
summarizes the beam parameters discussed here and 
in Sec. III. 

The pion contamination in the muon beam striking 
the target was measured to be about 3% (see Sec. ITI). 
The experiment measures a differential scattering cross 
section down to about 10-** cm*/sr whereas the total 
pion cross section is about 10~*° cm?/sr. Hence, if one 
requires that the pions contribute less than 10% to the 
muon yield, a pion contamination less than 10 is 
needed. To obtain this degree of purity, we required 
that the beam pass through a gas threshold Cerenkov 
counter before the scattering detector and traverse a 
42-in. iron absorber after the scattering. These require- 
ments together with the original beam contamination 
reduced the effective pion contamination to 4.9 10~°. 
The analysis of beam purity is discussed in Sec. III. 


Scattering Detector 


The scattering detector was a scintillation counter 
hodoscope, the geometrical arrangement of which is 
shown in Fig. 4. The hodoscope was made up of four 
separate but identical arrays, indicated as A4, Ap, Ac, 
and Ap. Arrays A4 and Ag determined the incident 
direction of a particle onto the target (located immedi- 


=—A——=- COUNTER (C) 
Me 


SCATTERING 
TARGET 


CERENKOV 


}2.0BEV/C mw” 





BEVATRON PROTON BEAM 


ately behind Az), while arrays Ag and either Ac or Ap 
determined the particle’s direction after scattering. 
The arrangement of Fig. 4 permitted a range of scat- 
tering angles between 2° and 14°. Each array consisted 
of 20 individual scintillators which were set vertically 
(see inset in Fig. 4). Thus a bar does not define a 
unique space angle, but because of its finite vertical 
and horizontal extent accepts a small range of space 
angles. (For angles greater than about 5°, the bars do 
very nearly define unique space angles.) Each scintil- 
lator within an array was viewed by a 931-A photo- 
multiplier. The outputs of these were fed onto a common 
delay line and then presented by a 4-beam oscilloscope 
and recorded photographically (Fig. 5)."° The identifi- 
cation of the scintillator traversed by the event was 
then made by measuring the delay of the pulse relative 
to the triggering pulse of the scope. The triggering 
pulse originated from an auxiliary scintillation counter 
system which indicated the passage of a particle up 
the muon channel, and then a scattering into either of 
the arrays Ac or Ap. Thus the triggering pulse was a 
coincidence: S.S5,6, where S=S,S25;5,4 and Ss5,6 means 
Ss or Sg. The outputs of the Cerenkov counter, C, the 
guard counters S; and S», and Ss were also displayed 
on the’ oscilloscope trace, and the final selection of an 
“acceptable” scattering event was made visually from 
the photographic record. 

The guard counters S; and S, helped to eliminate 
events where a muon was accompanied by a knock-on 
electron. For example, a knock-on electron made in the 
target could scatter into the arrays Ac or A p while the 
muon provides the appropriate coincidence requirement 


10 In practice the outputs from both ends of the delay line were 
observed (Fig. 5). This permitted the separation of real events 
and accidentals which might occur within the total delay time of 
the line. A more complete description of this hodoscope scheme 
will be given: G. E. Masek and L. D. Heggie (to be published). 
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Fic. 4. Experimental arrangement of the scattering detector. The hodoscope arrays are labeled A 4, Az, Ac, and Ap, and each array 
consists of 20 scintillators arranged as shown in the inset. The numbers 1 and 20 appearing beside A 4 show the sense of the labels 7 
which identify a specific scintillator in A,4. A similar sense holds for j in Ag and k in Ac or Ap;p. The positions of both the lead and 
carbon targets are shown, although of course only one or the other was in the beam at one time. The guard counters Sy actually surround 
the counter S,, i.e., top and bottom components of Sy have been omitted for clarity. The iron absorber is centered vertically on the 


beam and was 2 feet in height. 


in Ss. S; would, in general, see the muon, and this type 
of event could be thrown out. The ratio of knock-on 
electrons to muon scatterings is largest at large angles. 
Assuming an efficiency of 99.9% for the anticoincidence 
counter S;, we find from an approximate calculation 
that the differential knock-on background at 9° is 
about 6%. Similarly, a muon moving outside the 
channel defined by S but accompanied by a knock-on 
electron within the channel was detected by Sy. The 
function of Ss and C has already been discussed. The 
final selection of a good event was then a coincidence 
SSs.6CSs5878q and C above a fixed pulse height. 

Nuclear emulsion stacks were located at the positions 
shown in Fig. 4. They were analyzed for stars from 
pion interactions from which a determination of the 
pion contamination in the muon beam could be made 
(see Sec. III). They were also analyzed for muon 
scatterings ; the results of that investigation will be the 
subject of a subsequent paper. 


Ill. EXPERIMENTAL PROCEDURE AND RESULTS 
A. Beam Measurements 


Aside from the actual scattering measurements, it 
was necessary to make determinations of the beam 
properties, in particular, the momentum of the beam, 
its structure, and its effective impurity content. 


Structure 


The structure of the beam was determined in two 
separate runs in which the oscilloscope was triggered 


only on S (instead of SSs,¢ as in the scattering runs) 
and thus examined the properties of the beam incident 
on the target. The first run measured the horizontal 
distribution; the second run, in which the arrays A 4 
and A, were rotated 90° about the beam axis, measured 
the vertical distribution. The results of the horizontal 
run are shown in Fig. 6, which gives the frequency of 
particles within an A4—Az, cell (designated by two 
numbers ij each of which runs from 1 to 20 and which 
correspond to scintillator positions as shown in Fig. 4). 
The distribution in position and incident angle was 
obtained from these data and the dimensions of the 
detectors (Fig. 4). In general, the beam was nearly 
uniform across A zg, had an average angle incident about 
+0.1° to the center line of A, and Apg, and had a 
spread in angles of about +0.8°. A similar plot of the 
vertical distribution is uniform on Aa, its average angle 
coincides with the horizontal, and the spread in angles 
is about +0.6°. The correction to the scattering angles 
due to this vertical distribution is small, being about 
6% at the largest. The horizontal distribution is used 
in the determination of the expected theoretical yield 
(see Sec. IV). 


Momentum 


The momentum distribution of the muon beam was 
measured in a special run in which a 3-in. wide scintil- 
lation counter probe S,’ was placed in front of M4, and 
the oscilloscope triggered on SS,’ events. This was done 
for several positions of 5S,’ across the lateral extent of 
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Fic. 5. Block diagram of electronics. The array outputs are displayed on the first half of the oscilloscope traces and are measured 
relative to the pulse from S, which is part of the triggering coincidence. The latter part of the oscilloscope traces contains the information 
concerning the outputs of S;, Ss, Ss, and C. These outputs are superimposed at the 4-channel gated mixer. 


the muon beam defined by S;. Distributions in tra- 
jectories through A, and Ax, were obtained from the 
oscilloscope records for each position of S;’. The three 
points, determined by the positions of one scintillator 
from Ay, one from Ag, and S;’, define a radius of 
curvature through M,, and hence a distribution in 
momentum can be obtained from the above trajectory 
distributions. These measurements give a mean mo- 
mentum of 2.00+0.03 Bev/c, and an upper limit, fixed 
by the resolution of the system, to the spread in 
momentum AP/P<0.07. Both of these results agree 
well with separate determinations from an integral 
range measurement on the beam. 


Impurities 


The effective impurity determination involved the 
separate measurements of the original beam contami- 
nation, the transmission efficiency of pions through the 
Cerenkov counter, and the transmission of pions 
through the iron absorber. The effective pion impurity 
is essentially given by the product of these three. These 
measurements, in turn, required the evaluation of the 
quantities a,, 8,, and R, defined in Table II. During 
diagnostic runs with the muon beam, scaler information 
was obtained on the following: NV, Ne, N3, and N4 (see 
Table IIb); and during runs in which the 2-Bev pion 





MASEK, HEGGIE, 


KIM, 


AND WILLIAMS 


Taste II. Efficiency and contamination measurements. 


a. Efficiency and contamination measurement summary 


Symbol 


Definition 

Gr Transmission efficiency of rr’ ’s through Cere nkov counter 
ay Transmission efficiency of u’s through Cerenkov counter 
By Transmission efficiency of r’s through the Fe absorber 


Bu Transmission effici iency of w’s s through the Fe absorber 
R, Ratio of y’s to x’s in the x beam (N,’ 


s) 


R, Ratio of z’s to u’s in the uw beam (N,/N,) 


R E fective > pion contamination in muon beam 


Method of measurement Value* 


From m shape of Cerenkov pressure curve 

Counter relations in uw beam: a,=N,/N 

Counter relations in r beam 
Be=(N3'/N1') (1+R,) —R, 8, 

Counter relations in u beam: 8,=N,4/N 

Counter re lations i in wr be am 
R,=(N2'/Ni') (a,—N2 

a. Emulsion stars 

b. Cerenkov pressure curve extrap ol itions (Fig. 8) 

c. Counter relations in wu beam: R, Ni/Ne)ey—1 

d. Average of (a), (b), and (c) 

R=R,(az/a,) (Be iB, ) 


2.7X10* 
0.943 
0.052 


Fig. 8) 


0.984 
0.065 


0.025+0.005 
0.032+0.002 
0.038+0.004 
0.032+0.002 
4.9 10-* 


b. Counter relations to ‘above parameters 


Coincidence condition 
(see Fig. 5) 


Yield 
symbol 
S N, 
S¢ ; N2 
SSs N; 
SCSs F 


N.=N, 


N.=N, 


Measures”: ° 4 


(1+R, ) 
N2=N p(Qu+R,a,s) 
N;3= N,(B,+RsBs ) 
(a,8.+RracBe ) 


Total counts during diagnostic runs 


pw beam x beam 


6.09 10° 
5.50 10° 
5.76X10 
5.42 105 


1.3 10° 
7.43 X 108 
1.39 104 
7.1 «108 





* Errors are given on the separate 
are ve d since they only reflect 


Table I 


determinations of R, to show the consistency of the different 
as small errors in R, and even large errors in R do not affect the 


methods of measurement. Error 


on other quantities 
muon yield because th e value 


vf R is so smiall 


oT ue quantities N, and Ny are the number of muons and pions, respectively, in the « beam. 


¢ The same relations hold for the 
Ni’, N2’++>, ete. 

“i A small electron contamination due mostly to ‘ 

becomes Ry =ay —(N2/N1) —Re(1 


‘knock-on’s” (see Sec. 


beam was brought down the 
tities N,;’, No’, N3’, and N,’ were measured. These, 
together with the information obtained from the 
Cerenkov pressure runs (see below), are combined 


muon channel the quan- 
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Fic. 6. Horizontal distribution of the incident beam. The 
labels 1-20 along the horizontal and vertical are the numbers of 
each scintillator in arrays A4 and Ag , respectively, as shown on 
Fig. 4. The value appearing in each box ij is the number of 
particles that passed through scintillator 7 of A, and j of Ag 
for a total incident flux of 3137 particles. These values are desig- 
nated as n;; in the text. 
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give the results 

The transmission efficiency of the Cerenkov counter 
for particles of the muon beam was measured as a 
function of the pressure within the Cerenkov counter." 
The results are shown in Figs. 7 and 8 in which the 
efficiency rises sharply at the muon threshold, levels 
off near 96%, then rises again to almost 100% near the 
pion threshold. These pressure curves, together with 
the extrapolations shown in Figs. 7 and 8, can be used 
to evaluate the quantities R, and a, of Table II. The 
values so obtained are entered in Table II. 

The value of the effective pion a (R), 
obtained by combining a,/a,, 8,/8,, and R,, 4.9 
X10-*. a, is, of course, a function of the momentum 
distribution of the pions within the muon beam. In 
treating a, as an independent contamination factor, we 
must assume that the pion and muon momentum 
distributions within the muon beam are the same (or 
that the pions are of lower momentum, in which case 
a, is effectively smaller). This assumption is given 
support by the shape of the Cerenkov pressure curve 
which shows the definite hump due to pions of about 
2 Bev/c and which can account for all the pions meas- 


1 The gas Cerenkov counter used in the experiment is similar 
in design to those described by J. H. Atkinson and V. Perez- 
Mendez, Rev. Sci. Instr. 30, 864 ( (1959). It is 10 ft long, 13 in. 
in diameter, and filled with CO». The Cerenkov light is reflected 
by a front-surface mirror inclined at 45°, and focused onto a 
7264 photomultiplier by a 13-in. diameter Fresnel lens (focal 
length 12 in.). The instrument is to be described in greater detail 
in another journal. 
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Fic. 7. Cerenkov counter transmission efficiency in the muon 
beam as a function of the pressure within the counter. For 
momenta of 2 Bev/c, the muon and pion thresholds are 49.4 psi 
and 87.6 psi, respectively. The dashed curve is an extrapolation 
of the shape of the curve (which is predominantly due to muons) 
to the pion threshold, and thus represents the expected shape for 
a pure pion beam. 


ured by other means (see Table IT). Further, the double 
magnetic analysis of the muon beam by M; and M, 
makes it extremely difficult for higher energy pions to 
get into the system. 


B. Scattering Runs 


Two targets were used in the experiment, 27 g/cm? 
of carbon and 14.4 g/cm? of lead. ‘“Target in” runs were 
alternated with “target out” runs; the total incident 
flux was recorded on the scalers, 1.6 107 for the carbon, 
3.4 10° for the lead, and 4.9X 10° for target out. The 
film was scanned for acceptable events (see Sec. IT) 
and their nominal scattering angles g were measured 
from the array traces. The nominal scattering angle, 
which is identified with a combination of scintillators 
i, j, k, is the scattering angle of a particle confined to 
the horizontal plane which passes through the center 
of scintillator i in A4, is scattered in the center of 7 in 
Ax, and finally passes through the center of scintillator 
k in Ac or Ap. The weighted average of the space 
scattering angles over the three-scintillator combination 
is, of course, very nearly equal to this nominal scattering 
angle for large (>5°) angles (again assuming the 
scattering occurs in Ag instead of the target). These 
data are presented as histograms in Figs. 9, 10, 11 for 
lead, carbon, and target out, respectively. In Figs. 12 
and 13 the experimental yield for lead and carbon is 
shown as an integral plot in which the target-out 
subtraction has been made. The errors shown are 
statistical only. 
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Fic. 8. Cerenkov counter transmission efficiency in the muon 
beam as a function of the pressure within the counter. Same as 
Fig. 7, except that the top of the curve is shown in detail and the 
breaks in the curves due to muons and pions at their respective 
threshold pressures are much more noticeable. The extrapolation 
here shown is what would be expected for the shape of the muons 
alone, and hence the pion contamination can be obtained from 
the difference. 


IV. THEORETICAL YIELD 


To relate the observed yield of scattered particles to 
the cross section we must take into account both the 
acceptance function of the hodoscope and the spatial 
and angular distribution of the incident muon beam. 
The most convenient comparison of theory and experi- 
ment can be made by calculating the expected distri- 
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Fic. 9. Histogram showing the angular distribution of 2-Bev/c 
muons obtained when the 14.4-g/cm? lead target was placed in 
the position shown in Fig. 4. The nominal scattering angle ¢ is 
defined in the text. Total incident muon flux was 3.38X 10°. 
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Taste III. Numerical evaluation of the Drell-Schwartz cross section for the scattering, 
elastic plus inelastic, of 2.00-Bev/c muons by carbon. 





Scattering angle 6 
Elastic momentum transfer, go (Mev/c) 
Proton form factor, f*(go) 
Two-body form factor, /2 
Z+Z(Z—I1) fs 
Magnetic scattering* 
Cross section, 00/92 (mb/sr) 
Multiple-scattering correction 
Scattering distribution in 27 g/cm?, P (6) (sr) 
Change in P(@) caused by including Fowler-Watson correlations® 


Change in P(@) caused by a 6% change in shell-model parameter, v4 


* The final term in Eq. (2), 
small effect on P(@). 
+ From L. Cooper and J. Rainwater, reference 12, p. 500. 


© See Fowler and Watson, reference 20. This estimate uses their form for ‘‘Cc"’ 


spin correlation, has been treated in an approximate way, but the term is s 


3.44 4.59° 


120 160 
0.941 0.897 
0.44 0.22 
19.2 12.6 
0.17 0.40 0.74 
28.9 5.88 1.53 
13% 9% SY, 
0.0444 0.00868 0.00223 

—3.2% —6.0% 

3.4% 5.49%, 


5.73 
200 
0.845 
0.070 
8.10 


0.00038 
14% 
0.7% 


nall so that an err 


in their Eq. (3.26). 


46% is suggested as a limit of error on the value of » as determined from electron scattering 


bution in angle (actually nominal angle as explained 
above), and casting the experimental results in the 
same form. The expected theoretical yield for the 
hodoscope in both the carbon and lead runs was 
calculated from the following expression : 


AY | 
—(6’)= €(6’,¢) P(6)| 
Ad’ 


al 
YS v4j;AQ;, (1) 
d. 


: k 


O=¢ 
where i, j, & are each numbers designating a specific 
scintillator within the arrays Au, As, Ac, and Ap, 
respectively ; 7 and j are numbers from 1 to 20, and k 
is a number from 1 to 40. »,;; is the number of muons 
incident on the bar combination ij during the entire 
run ; it is computed from the total incident flux for the 
run N; and the data of Fig. 9, i.e., »4;= Nynjj/> i; nj, 
where ,; is the number in each cell of Fig. 9. AQ; is 
the solid angle subtended by the bar & in Ac or Ap 
from the bar j in Ag; it is very nearly a constant for 
all 7k contaminations. ¢ is the nominal scattering angle 
(see Sec. III). @ is the nominal scattering angle, but 
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Fic. 10. Histogram showing the angular distribution of 2-Bev/c 
muons obtained when the 27.0-g/cm? carbon target was placed 
in the position shown in Fig. 4. The nominal scattering angle ¢ 
is defined in the text. Total incident muon flux was 16.4 108°. 


04 


corrected for the target position. Aé’ is the nominal 
angular spread associated with a single bar at 6. 
P (0) | on, is the total scattering probability per steradian 
for the process evaluated at ¢. €(¢,0’) is a correction 
factor which includes a correction for the target position 
not being coincident with Ag, and a correction due 
to the difference between the nominal angle and the 
weighted average space angle over the finite bar 
dimensions. The sums are carried out over all i, j, k 
combinations with nominal angles ¢ within the range 
gt Ag. 


Evaluation of the Cross Sections 


Lead 


In lead the scattering distribution is dominated by 
multiple scattering at all but the largest angles. The 
distribution P(@) used in expression (1) was obtained 
from the multiple-scattering distribution of Rainwater 
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Fic. 11. Histogram showing the angular distribution of 2-Bev/c 
muons obtained when no target was placed in the beam, Le., 
during the “target out” runs. The nominal angle ¢ is defined in 
the text. Total incident muon flux was 4.88X 10° 
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Fic. 12. Curves showing the theoretical and experimental 
integral angular distribution of 2-Bev/c muons scattered in 
14.4 g/cm? of lead. Target-out subtractions have been made to 
the experimental points. The errors shown are statistical only. 
The theoretical distribution was obtained by integrating expres- 
sion (1) of the text, with appropriate substitutions for lead, over 
all angles greater than 6’. The nominal scattering angle 6’ is 
defined in the text and is very nearly equal to the true space 
scattering angle for angles larger than about 5°. The second 
abscissa is the elastic momentum transfer associated with the 
angle 6’. Also shown is the expected theoretical yield for the 
Moliére distribution which assumes a point charge for the nucleus. 


and Cooper.’® We have used directly their nuclear form 
factor expression, the elastic part of which checks quite 
well with the results of Hofstadter et al." for Bi. 
Independent calculations using both methods of refer- 
ence 12 were made and found to agree within 10%. 
The results of these calculations, converted to space 
angle distributions by inverting the approximate 
method described in reference 12, were used in Eq. (1). 
The result appears as the solid curve in Fig. 12. 


Carbon 


In carbon, the multiple scattering is only a small 
correction throughout the region of greatest interest 
(see Table III). The experiment therefore provides a 
direct measurement of the single scattering cross 
section. The work of Drell and Schwartz" has been 
used to evaluate this cross section. They have applied 
conventional electromagnetic theory, including the 
effects of nuclear structure, recoil, magnetic scattering, 


2 L. N. Cooper and J. Rainwater, Phys. Rev. 97, 492 (1955). 

'8B. Hahn, D. G. Ravenhall, and R. Hofstadter, Phys. Rev. 
101, 1131 (1956). 

4S. D. Drell and C. L. Schwartz, Phys. Rev. 112, 568 (1958). 


2-BEV/c 


MUONS IN C AND Pb 


1000 





- 
4 


INTEGRAL NO. OF EVENTS GREATER THAN 6° 











T T T T —. * T 


4 6 4 10 12 
SCATTERING ANGLE 6'(DEG) 





70 140 209 279 342 419 
ELASTIC MOMENTUM TRANSFER (MEV/C) 


Fic. 13. Curves showing the theoretical and experimental 
integral angular distributions of 2-Bev/c muons scattered in 
27.0 g/cm? of carbon. Target-out subtractions have been made to 
the experimental points. The errors shown are statistical only. 
The theoretical curve was obtained by integrating expression (1), 
with the appropriate substitutions for carbon, over all angles 
greater than 6’. The nominal scattering angle @’ is defined in the 
text and is very nearly equal to the true space scattering angle 
for angles greater than about 5°. The second abscissa is the 
elastic momentum transfer associated with the angle @’. 


and nucleon form factors, to precisely the problem at 
hand : the “low resolution”’ (all final energies accepted)"® 
differential cross section for scattering of a muon or 
electron from a light nucleus. They give: 


‘ | Zq0 
" Pa EEE Dirt 


dQ 1M? 


? 


z go 
+[2 sec?(@/2)—1 }] - —T)+—(Zp +N? 
3AM 4M? 


1 > ai 
3 a Doi oui yj" x i) ; (2) 
ixj 
The notation is that of Drell and Schwartz." ao is 
related to the Mott cross section; f(go) is the proton 
form factor; qo is the momentum transfer to the carbon 
nucleus in an elastic scattering through angle 6; the 
final three terms are magnetic scattering. Nuclear 
structure enters almost entirely through the form 
15 Actually, the iron absorber limits the scattered muons to 
momenta greater than 1.36 Bev/c. However, the contribution to 
the total cross section for scatterings with momentum losses 
greater than 0.64 Bev/c is extremely small. 
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factor for two-body correlations, 


fam f eotoreinin “2 dr,++-drz. (3) 


Expression (2) has been experimentally checked by 
Friedman'® who finds excellent agreement for the 
scattering of electrons by deuterium. If the nuclear 
ground-state wave function go were known precisely, 
expression (2) should be accurate, in the range of this 
experiment, to better than 5%, according to Drell and 
Schwartz. 

The evaluation of the various terms of (2) is summar- 
ized in Table III. The quantity f2 was evaluated using 
the results of Gatto!’ who has calculated f, for C™ 
using oscillator shell-model wave functions in j-7 
coupling : 


8 
fume (1 re (4) 
15 135 


where x=gq?/2v, and y is the size parameter of the 
oscillator wave function. The value of v has been taken 
to be 3.64X 10° cm™ in agreement with the elastic 
electron scattering data of Hofstadter.'® 

The shell-model calculation does not include any 
correlations caused by nucleon-nucleon forces.’® A very 
rough estimate of the effect of short-range correlations, 
based on the work of Fowler and Watson,” is included 
in Table III and shows that the neglect of these 
correlations could be the largest uncertainty in the 
theoretical evaluation of the yield, i.e., the uncertainty 
could be as high as 15% at the highest momentum 
transfers considered. Drell and Schwartz estimate a 
much smaller effect. Also not included is an estimated 
contribution to the scattering cross section at high 
momentum transfers of about 3% connected with pion 
production and related effects. The results of this 
cross-section evaluation are used in expression (1). 
The solid curve of Fig. 13 is the integral of expression 
(1) over all angles greater than 6’. 

Table IV gives a summary of systematic errors and 
corrections for this experiment. 


V. DISCUSSION 
Lead 


The lead nucleus was selected as a target material to 
allow a direct comparison between our results and those 
of the cosmic-ray experiments that have reported the 
anomalous scattering. Most of these observers'*-* have 
used lead as the scattering material. Lloyd and Wolfen- 


16 J. I. Friedman, Phys. Rev. 116, 1257 (1959). 

17R. Gatto, Nuovo cimento 10, 1559 (1953). 

18H. F. Ehrenberg, R. Hofstadter, U. Meyer-Berkhout, D. G. 
Ravenhall, and S. E. Sobottka, Phys. Rev. 113, 666 (1959). 

'? The correlations due to the Pauli principle have, of course, 
been included because the wave function is antisymmetrized. 

*T. K. Fowler and K. M. Watson, Nuclear Phys. 13, 549 
(1959). 
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TABLE IV. Summary of systematic errors and corrections which 
have not been included in the theoretical yield curves of Figs. 12 
and 13. The corrections apply to the theoretical yields, the 
positive sign being associated with an increase in the yield. The 
symbols (C) and (Pb) indicate that the error or correction 
applies to carbon or lead, respectively. Where values are not 
shown, they are negligible 

Value 
Description of errors and corrections i > 
Uncertainty in theoretical yield due to: 
+0.04 
£0.09 


+0.04 
+0.065 


+0.0! 
+0.05 
+0.02: 
+0.02 


Central momentum uncertainty (C) 

Central momentum uncertainty (Pb) 

€(0’,¢) uncertainty (C) 

«(8’,¢) uncertainty (Pb) 

Uncertainty associated with nucleon-nucleon 
correlation (C) 

Uncertainty associated with Drell-Schwartz 
sum rule (C) 

Uncertainty in Rainwater-Cooper n 
scattering distribution (Pb) 


+-0.02 +0.15 
+0.05 
wultiple 

+0.02 +0.10 
Corrections for: 
+0.01 
+0.015 
+-0.006 


Muon momentum spread (C) 
Muon momentum spread (Pb 
Knock-on electrons (C and Pb) 
Pion contamination in muon beam 
(C and Pb) 
Incident beam vertical distribution 
(C and Pb) 
Pion production in the cross section (C) 


+0.01 
+0.01 
+0.048 


<0.001 +0.015 


+-(0).06 <0.001 


+0.03 


dale* and McDiarmid‘ have also used iron, and from 
the comparison between their iron and lead results it 
was concluded that the anomalous scattering was not 
proportional to Z (or A) as might be expected for some 
short-range muon-nucleon interaction. Instead, the 
effect is more pronounced in lead and consistent with 
a higher power Z dependence (e.g., Z°*). In addition 
to the experimental results and the Rainwater-Cooper 
predictions, Fig. 12 also shows the theoretical yield 
expected if the lead nucleus is considered as a point 
charge (Moliére distribution). It will be recalled (Sec. I) 
that the anomalous scattering distribution is reported 
to follow closely this Moliére distribution. Our results 
are in the same energy and angular range as those 
reported to give anomalous scattering. It is seen from 
Fig. 12 that the differences between our data and the 
Moliére distribution are quite large, being about 90 
standard deviations throughout most of the range of 
the experiment. Thus our results are in direct contra- 
diction with those experiments reporting this anomalous 
cross section. Our results are found to agree quite 
closely with the predictions of Rainwater and Cooper. 


Carbon 


The lead results show that no /arge anomaly exists in 
the nuclear scattering of muons. More subtle effects 
may, however, still exist, and for this reason most of 
the running time was devoted to the scattering in 
carbon where it might be expected that deviations from 
the accepted electromagnetic theory would be more 
easily observed. Such deviations might occur either as 
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TaBLE V. Pion scattering results in carbon. The expected 
numbers for the muon scattering runs are calculated using the 
measured numbers, the incident fluxes, and the measured x 
contamination in the w beam, R. 


No. of x7 scattered through angles 
greater than 6’ 

No. expected during 
p-scattering run 
on carbon with 

N,=1.64X 107 and 

R=4.9x 107° 


Measured 
No. for 
5.8X 104 


incident 2 


Angle 6’ 
(deg) 


435 0.411 
418 0.395 
365 0.345 
300 0.284 
231 0.219 
187 0.176 
144 0.135 
111 0.105 
63 0.061 
34 0.032 
0.009 

0.006 

0.001 
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a short-range muon-nucleon interaction or as a break- 
down in the accepted quantum electrodynamics inter- 
action for the muon, which would manifest itself as a 
muon-nucleon form factor different from that of the 
electron-nucleon form factor. Such effects would be 
more easily observed in a low-Z material where the 
multiple scattering is not dominant and the theoretical 
predictions are on a much firmer basis. It should 
further be noted that both effects would be more 
pronounced at higher g. 

Our experimental results on carbon are shown in 
Fig. 13 together with the predictions of Drell and 
Schwartz. It is seen that within the experimental and 
theoretical accuracy, they are in agreement. If one 
interprets the results of Lloyd and Wolfendale in terms 
of a per nucleon anomalous cross section, approximately 
2000 events would have been predicted for scatterings 
greater than 3° as compared to the 250 events we 
obtained. Even if, as suggested by the comparison of 
their iron or lead data, the anomalous cross section is 
proportional to Z?, about 200 events at angles greater 
than 5° should have been seen. Clearly both such 
possibilities are far outside the limits permitted by 
our experiment, and so again we are in direct contra- 
diction with the experiments which have seen such an 
anomaly. 

If we now make the assumption that the angular 
distribution of the anomalous cross section, if it exists, 
is similar to the distribution obtained from the nuclear 
scattering of pions, we can set an upper limit to the 
anomalous cross section. We measured directly in the 
hodoscope the angular distribution of 2-Bev/c pions 
scattered in the carbon target. The results appear in 
Table V. The comparison of the pion angular distri- 
bution with that of the muons, Fig. 13, gives an upper 


2-BEV/c 


MUONS IN C AND Pb 


limit to such an anomalous cross section of 


do 
— <1.510-29 cm?/sr-nucleon. 
dQ anom 


We now examine the extent to which this experiment 
tests the limits of quantum electrodynamics for the 
muon at small distances. We introduce a form factor 
F(q,A) which multiplies the cross section of expression 
(2) and which approximates the modifications to (2) 
expected from a breakdown in quantum electrody- 
namics at some characteristic distance 1/A. Note that 
expression (2) already contains the form factor f which 
has been experimentally measured in electron-proton 
scattering and which is usually attributed to a nucleon 
structure (but it can also be interpreted as a breakdown 
in quantum electrodynamics). Hence F(q,A) is an 
additional form factor which we associate with the 
muon. Following Drell,”' the form of F(qg,A), which 
holds for (g#/A)*<<1, is chosen to be 


F(g,A)=[14+2(gh/A)?}. (5) 


Using various values for A, we have obtained modified 
expressions for (2) and have examined to what extent 
these modified expressions were compatible with our 
experimental results. We have done this (a) using only 
the statistical errors, and (b) assuming an additional 
20% systematic error on all points with q’s greater 
than 1 f-'. The limits on 1/A from this procedure at 
the 95% cenfidence level are: 


(a) 1/A<0.43 f using statistical errors only; 
(b) 1/A<0.58 f using statistical errors and a 20% 
systematic error. 


These limits are more stringent than those which can 
be set from the recent experiments on the anomalous 
magnetic moment of the muon by Garwin et al.? They 
obtain for the g value of the muon (using the muon 
mass measurements of Lathrop et al.”) 


£.= 2(1 001 13_.coc012*” 00016) 


fa™ 2f1+ (a 2m) (1_0.13+°-") J. 


The fractional correction to a/2m caused by a breakdown 
at the muon vertex or in the photon propagator is* 
2(hA/m,c)* where m, is the muon rest mass. This 
gives at the 95% confidence level 1/A< 1.03 f.* It should 
be noted, however, that neither measurement, the 
muon scattering experiment here described or the 


21S. D. Drell, Ann. Phys. 4, 75 (1958). 

J. Lathrop, R. A. Lundy, S. Penman, V. L. Telegdi, R. 
Winston, D. D. Yovanovitch, and A. J. Bearden, Nuovo cimento 
17, 114 (1960). 

*%V. Berestetskii, O. Krokhin, and A. Khlebvilov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 788 (1956) [translation: Soviet 
Phys.—JETP 3, 761 (1956) ]. 

% Note added in proof. See however the new work of G. Charpak, 
F. J. M. Farley, R. L. Garwin, T. Muller, J. C. Sens, V. L. Telegdi, 
and A. Zichichi, Phys. Rev. Letters 6, 128 (1961). 
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measurement of the muon magnetic moment, test 
general quantum electrodynamics to as small a distance 
as e-p scattering or the Lamb shift. 

The electron-proton scattering results give a limit 
on the combined effects of a finite proton size and a 
modified photon propagator (assuming there is no 
breakdown at the electron vertex). The proton form 
factor f has already included these effects in expression 
(2). Hence, the above limits on 1/A set by the muon 
scattering experiment described here will apply only to 
the muon vertex and can be interpreted as a limit on 
the muon size. Using the larger of the two values 
above, this gives 

(fmuon?)!=64/A<1.4 f. 

To summarize the results of this experiment, we find 

no evidence for an anomaly in the scattering of high- 


energy muons from either lead or carbon. Our results 
are in contradiction to those experiments which have 


KIM, 


AND WILLIAMS 
reported such anomalies. We do find good agreement 
with the expected electromagnetic predictions. 
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xt—p Elastic Scattering at 310 Mev: Recoil-Nucleon Polarization* 


James H. Foore,f OWEN CHAMBERLAIN, Ernest H. RoGers, HERBERT M. STEINER, CLYDE E. WIEGAND, AND THOMAS YPSILANTIS 
Lawrence Radiation Laboratory, University of California, Berkeley, California 
(Received December 27, 1960) 


The recoil-proton polarization in *—>p elastic scattering at 310-Mev incident-pion laboratory kinetic 
energy has been experimentally measured at four scattering angles with scintillation counters. Polarization 
values obtained, related rms experimental errors, and mean center-of-mass recoil angles are: +0.044+0.062 
at 114.2 deg, —0.164+0.057 at 124.5 deg, —0.155+0.044 at 133.8 deg, and —0.162+0.037 at 145.2 deg. 
The sign of the polarization is defined to be positive when a preponderance of the recoil protons had their 
spin vectors pointing in the direction of p;Xpy, where this quantity is the cross product of the initial and 
final momentum vectors of the conjugate pions. A beam of 1X10* pions per sec incident upon a 1.0-g/cm? 
thick liquid-hydrogen target produced the recoil protons, which were then scattered by a carbon target at a 
mean energy varying with recoil angle from 113 to 141 Mev. The polarization of the recoil protons was 
analyzed by measuring the asymmetry produced in the carbon scattering. A proton beam of known polari- 
zation was used to determine the analyzing ability (measured asymmetry divided by the polarization of 
the incident protons) of the system at each recoil angle. Values obtained for the analyzing ability range from 
0.41 to 0.57. 


I. INTRODUCTION menters at many energies, the accuracy and complete- 


ness of the experimental data can be considerably 


O investigate x+— p and -— > elastic scattering, . 
improved upon. In contrast to the numerous cross- 


which are processes of fundamental importance 


to the understanding of nuclear phenomena, we can 
measure the differential cross section, the total cross 
section, and the polarization of the recoil protons as a 
function of scattering angle.’ Although pion-proton 
cross sections have been measured by many experi- 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Now @t Lawrence Radiation Laboratory, Livermore, Cali- 
fornia. 

1 Fermi ‘first showed, theoretically, that one can in general 
expect the recoiling protons to be polarized, this polarization being 
perpendicular to the plane of the scattering. See E. Fermi, Phys. 
Rev. 91, 947 (1953). 


section results, few measurements exist of the recoil- 
proton polarization in elastic pion-proton scattering. 
This scarcity of data is due to the difficulty of obtaining 
pion beams of high energy and, in addition, high in- 
tensity. Beams with both of these characteristics are 
needed so that the polarization of the recoil protons 
can be satisfactorily analyzed. If the flux of these 
protons were not adequate or if their energy were too 
low, we would not be able to determine their polari- 
zation with the desired accuracy. 

In former analyses of pion-proton scattering data in 
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terms of phase shifts, uncertainties have arisen.? Not 
only have the values and signs of some of the phase 
shifts in a solution been uncertain, but also several 
different types of solution have been obtained. Meas- 
urements of the recoil-proton polarization can be very 
useful in removing these uncertainties. Different 
variations of the polarization with scattering angle are 
predicted by the various types of phase-shift solutions 
obtained when only the cross-section data are available. 
On the basis of polarization measurements, one may 
therefore be able to decide which type of phase-shift 
set is the physically valid one. These measurements 
also improve our knowledge of the individual pa- 
rameters in a solution because many of the phase shifts 
are sensitive to the recoil-proton polarization data. 
The phase shifts related to D waves are especially 
sensitive to the results of polarization measurements. 

There now exists a limited amount of experimental 
information on the polarization of the recoil protons in 
x*— p elastic scattering. Kunze, Romanowski, Ashkin, 
and Burger investigated *-— > scattering at 225-Mev 
incident-pion kinetic energy by using a counter- 
controlled cloud chamber.** In another polarization 
experiment, Grigor’ev and Mitin examined a*+—p 
scattering at 307 Mev with the aid of photographic 
emulsions.® Vasilevsky and Vishnyakov report pre- 
liminary results on the polarization of the recoil protons 
in w-—p scattering at 300 Mev.* They employed 
approximately 900 Geiger counters to detect the 
desired events. 

There are large experimental errors in all the recoil- 
proton polarization results just mentioned. Neverthe- 
less, these data have been useful in the analysis of 
pion-proton scattering. The polarization results have 
favored certain sets of phase shifts over other sets. 
(The advent and development of the dispersion rela- 
tions have also aided in eliminating certain ambiguities.) 
Information has been obtained concerning the magni- 
tudes and signs of the #t—p D-wave phase shifts; 
however, there are still sizable errors associated with 
these parameters. Considerable uncertainties also exist 
in the values of other phase shifts. 

Before a precise set of pion-proton phase shifts can 
be obtained, accurate polarization experiments are 
needed. In deciding to perform this type of experiment, 
we have had to consider carefully the problem of 
obtaining a high-energy, high-intensity pion beam. A 

2 For further discussion of the analysis of pion-proton data in 
terms of phase shifts, refer to J. H. Foote, O. Chamberlain, E. H. 
Rogers, and H. M. Steiner, following paper [Phys. Rev. 122, 959 
Oe Kunze, T. A. Romanowski, J. Ashkin, and A. Burger, 
Phys. Rev. 117, 859 (1960). 

* All energies mentioned in this report are in the laboratory 
system. 

5E. L. Grigor’ev and N. A. Mitin, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 37, 413 (1960) [translation: Soviet Phys.—JETP 
37(10), 295 (1960) J. 

®See B. Pontecorvo, Proceedings of 1959 International Con- 
— on Physics of High-Energy Particles, Kiev (unpublished), 
p. 38. 
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beam with the desired characteristics has been pro- 
duced. It contains positive pions and has a maximum 
intensity at about 300 Mev. This energy is adequately 
high so that D waves should be affected by the nuclear 
interaction, but yet sufficiently low so that only a 
minimum of inelastic scattering should occur. Inelastic 
scattering is undesirable because it can complicate the 
measurements and subsequent analysis. 

Our pion beam has now been used to detect the 
polarization of the recoil protons in #+—p elastic 
scattering at 310 Mev. Plastic scintillation counters 
were used for this purpose, and data were obtained at 
four different scattering angles. 

This report discusses these polarization measure- 
ments. We will first present the quantities and equations 
pertinent to the experiment. Then we describe the pion 
beam and the method, apparatus, and procedures used 
to determine the polarization of the recoil protons. The 
calibration of the apparatus will be included in this 
discussion. Finally, we will present the results of the 
polarization measurements and discuss uncertainties in 
these results. 


II. POLARIZATION FUNDAMENTALS 


In order to define polarization and its related quanti- 
ties, let us employ a right-handed x-y-z Cartesian- 
coordinate system. The associated spherical angular 
coordinates 6 (or @) and @ (or &) are defined in the 
customary manner.’ We consider a beam of protons 
moving along the z axis in the +2 direction, with a 
scattering target placed at the origin. Let the x and z 
axes lie in the horizontal plane and allow the +y 
direction to be up. The component of the polarization 
vector of the incident proton beam in the direction 
perpendicular to the horizontal plane can be defined 
as P=(Nu—Np)/(Nu+Np), where Nv and Np are 
the numbers of incident protons per unit beam with 
their spin vectors pointing up and down, respectively. 

If a beam of protons is polarized in the direction 
perpendicular to the horizontal («-z) plane and is 
elastically scattered off a target composed of spin-zero 
nuctei, one can write*® 


= P,P,. (1) 


Here P, is the polarization in the y direction of the 
incident proton beam, Ps is the polarization that would 
be generated in the scattering (denoted by the sub- 
script 2) if the incident beam were unpolarized, and 
é, the asymmetry produced in the scattering, is defined 


7 The angle @ (or @) is measured with respect to the +2 axis, 
and @ (or &) is measured in the x-y plane with respect to the +2 
axis, the +y axis lying at ¢ (or 6)=90 deg. In this report, we 
designate general laboratory scattering angles by 0; and ¢;, and 
laboratory angles at the centers of the scintillation counters by 
Q, and ;, where i is an identifying subscript (1, 2, or C). 

8 For example, see Eq. (7) of O. Chamberlain, E. Segré, R. D. 
Tripp, C. Wiegand, and T. Ypsilantis, Phys. Rev. 102, 1659 
(1956). 
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Fic. 1. Scale drawing of the magnet system for the x* beam. 
The bending magnets are designated M, and M2; Q:, Qe, and Qs 
are the quadrupole focusing magnets. Magnets Q; and Q; have 
8-in. apertures, and Q2 has a 4in. aperture. Also shown is the 
counter arrangement used to detect the recoil-proton polarization. 
The dimensions of the counters and carbon target are not to scale. 














N (#.=0°) — N (@2= 180°) 
é=——_ a, (2) 
N (@.=0°)+N (2= 180°) 


The quantities V(#,.=0°) and N(#.=180°) are the 
intensities of elastically scattered protons at the desig- 
nated ®, angles and at the same value of ©). We now 
apply these results to our recoil-proton experiment, 
where the subscript 1 refers to the r+—> scattering, 
which produces the protons with polarization P, (in 
the y direction), and the subscript 2 denotes the scat- 
tering that analyzes the recoil-proton polarization by 
producing an asymmetry. Both scatterings are assumed 
to take place in the horizontal plane. The bars over e, 
P,, and P» indicate that we are concerned with average 
values of these quantities, because our pion beam, 
counters, and targets all have extended dimensions. 
The scattering of a polarized beam in order to 
determine its polarization is referred to as an “ana- 
lyzing” scattering. A proton that has been scattered 
and then detected is designated an “analyzed” proton. 
The factor P, in Eq. (1) is called the “analyzing 
ability” of the arrangement. This is not to be confused 
with the “analyzing efficiency,” which is defined later. 
We have discussed only elastic scattering in this 
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section. When protons are incident upon an analyzing 
target such as carbon, inelastic scattering can also 
occur. Although some kinds of inelastic processes may 
produce as large an asymmetry as the elastic scattering, 
other types do not. Thus the inelastic reactions tend 
to lower the average One 


measurable asymmetry. 


wishes to measure as large an asymmetry as possible, 


consistent with a satisfactory counting rate, to mini- 
mize the influence of errors that affect the asymmetry 
by a fixed amount. We therefore try to arrange the 
experimental conditions so as to discriminate against 
as many of the inelastic processes as possible. 

According to Eq. (1), we can ascertain the recoil- 
proton polarization, P;, by measuring @ and P». Our 
asymmetry measurements will be described in Secs. 
III and IV. The determination of P, will be discussed 
in Sec. V. 


III. BEAM, METHOD, AND APPARATUS 
A. Positive-Pion Beam 


The external proton beam of the 184-in. synchro- 
cyclotron at Berkeley produced the desired positive 
pions. At the point where it entered the experimental 
area (physics cave), the proton beam was about 2.5 in. 
wide and 1.5 in. high. It had an energy of approximately 
743 Mev, a root-mean-square (rms) energy spread of 
about +8 Mev, and a maximum intensity of (2+1) 
X10" particles per sec. 

A polyethylene (CH,) target was placed in the 
external proton beam near the point at which the beam 
entered the cave (see Fig. 1). This material was selected 
principally on the basis of its free-proton constituent 
(H.), which can enter into the p+ — *+d process. 
We were able to obtain an optimum number of 310-Mev 
pions by taking maximum advantage of this reaction. 
The thickness of the CH, was experimentally deter- 
mined to give the maximum number of positive pions 
leaving the target in the forward direction with the 
desired energy. The optimum target thickness was 
about 19 in. 

After leaving the polyethylene target, the positive 
pions with the requisite energy were momentum- 
analyzed and focused by a series of two bending and 
three quadrupole focusing magnets (Fig. 1). The first 
focus of the system was within the center quadrupole 
magnet. This magnet acted on the off-axis particles to 
increase the number reaching the final focus, which 
was at the liquid-hydrogen target shown in Fig. 1. In 
order to obtain the desired physical arrangement, the 
second bending magnet was built into the concrete 
shielding surrounding the cave. A 2-in.-thick piece of 
carbon absorber was placed directly after the central 
focusing magnet in order to remove low-energy particles 
with the selected momentum, such as protons, from the 
beam. 

The symmetry of the magnet arrangement enabled 
the second half of the system to approximately cancel 
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polarization of the recoil protons. 


the momentum dispersion created by the first half. 
Thus a distinct final focus was obtained in which there 
was little correlation between momentum and position 
across the beam. The z+ beam was observed to be 
nearly symmetrical at the final focus in both the hori- 
zontal and vertical directions. Its full width and height 
at half maximum intensity were about 3 in. and 2 in., 
respectively. 

At the center of the liquid-hydrogen target, the mean 
energy of the pions was 310 Mev (momentum of 427 
Mev/c), and the maximum intensity was about 2X 10° 
m* mesons per sec.’ The rms uncertainty in the mean 
energy of the beam was approximately +3 Mev, and 
the rms energy spread in the beam was +10 Mev, 
corresponding to a momentum spread of +2.5%. The 
energy of the pions was measured by determining their 
range in copper, and also by the suspended-wire 
technique. 


B. Method 


A small fraction of the incident positive pions elasti- 
cally scattered on protons in the liquid-hydrogen target. 
In terms of the nomenclature in Fig. 2, counters A 
and B selected the recoil protons that left the target 
at angles approximating ©;. Counter C was placed at 
the appropriate angle (Qc) to count the elastically 
scattered pions that had knocked protons in the AB 
direction. This counter placed a severe restriction on 
the type of scattering event that could be detected by 
the system. In general, events other than elastic **— p 
scattering could not produce a count in C as well as a 
particle through A and B. Counter C was surrounded 
by 2.4-g/cm?-thick iron, which helped guard against 
low-energy charged particles. 

A portion of the recoil protons, after passing through 
counters A and B, were scattered by the carbon ana- 
lyzing target placed immediately following B. We 
chose carbon as the material for this target because of 
its ability to analyze the polarization of protons in the 
energy region of our recoil protons (110 to 140 Mev)."° 


® The beam intensity employed in the polarization measure- 
ments is given in Sec. IV-A. 


10 J. M. Dickson and D. C. Salter, Nuovo cimento 6, 235 (1957). 


Lead 
shielding 


Counter B played a dual role in that it also served as 
part of the analyzing target. Carbon being one of its 
principal constituents, counter B produced about the 
same asymmetry as did the actual carbon target. 

The two counter telescopes shown in Fig. 2 detected 
protons that were scattered by the analyzing target. 
Copper absorber was placed between the counters in 
each telescope to help prevent unwanted particles from 
counting in Do or Dg. The counter telescopes were 
interchangeable in position. In this way, each inde- 
pendently measured the asymmetry produced by the 
analyzing scattering. The second telescope increased 
our counting rate and served as a check on the first 
set of counters. The size of Do and Dg was chosen so 
that these counters accepted almost all the scattered 
protons detected by counters IIT and IV. 

Because of the low counting rates expected, counters 
with large areas were used. We had to reach a com- 
promise, however, between counting rate and angular 
resolution. The sizes of the counters in the analyzing 
telescopes were limited because of the undesirability of 
excessively lowering the average measurable asym- 
metry. Immoderately large counters would extend over 
an excessively great range of the analyzing angles 02 
and ¢s. Only over certain regions of values of these 
angles are both the asymmetry and counting rate 
satisfactory. As $2 approaches 90 and 270 deg, the 
asymmetry disappears [because, at $2 angles other 
than 0 and 180 deg, a cos(@2) factor enters into Eq. 
(1)""]. If @, is too small, the asymmetry due to nuclear 
scattering is considerably lower than the maximum 
obtainable value," and also the unpolarized Coulomb 
scattering can enter. At large values of 6. the intensity 
of the scattered protons decreases greatly,” and the 
effects of inelastic scattering increase. 

In order to limit the spread of recoil angles accepted 
by the system and to aid the 6, angular resolution, 
counters A and B were made smaller than those em- 
ployed in the analyzing telescopes. The estimated rms 
spread in the 6; values. of the accepted recoil protons 
was +2.4 deg [corresponding to +4.8 deg in the 
center-of-mass (c.m.) scattering angle |. This number 


1 See Eq. (6) of the work cited in footnote 8. 
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Fic. 3. Scale drawing (elevation 
view) of counters, targets, and 
principal supporting frameworks 
used to measure the polarization 
of the recoil protons. The angles 
©; and ©» have been set equal to 
0 deg in this figure. Only one ana- 





lyzing telescope is shown. 
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did not vary appreciably over the range of recoil angles 
investigated. Principal sources of the spread in 6, were 
(estimated rms values are given): 


+0.8 deg 
+1.8 deg 


(a) counter size 
(b) pion beam convergence 
(c) beam width and iiquid-hydrogen-target 


length +1.3 deg. 


The rms sum of these numbers is the value of 2.4 deg 
just presented. 


C. Counters, Electronics, and 
Scattering Apparatus 


Each counter was composed of polystyrene plastic 
scintillator and was viewed by one RCA-6810 photo- 
multiplier tube. A solid Lucite light pipe connected each 
photomultiplier to its corresponding scintillator. The 
dimensions of the scintillating regions of the counters 
(all rectangular in area) are given in Table I. 

Our electronics arrangement employed fast coin- 
cidence circuits of the Wenzel type” to detect the scat- 
tering events of interest. Output pulses from each of 
the counters were delayed and amplified when neces- 
sary, and fed into the coincidence circuits. A coinci- 
dence between pulses from counters A, B, and C 
detected x*+— p scattering events at the liquid-hydrogen 
target. The output pulse from the ABC coincidence 
was amplified, split, and fed into two additional 
coincidence circuits. One of these circuits accepted 
pulses from counters III and Do; the other received 


TABLE I. Dimensions of the scintillation counters used to 
measure the polarization of the recoil protons. 





Dimensions of counter 
(widthx ~— X thickness) 


Counter in.) 


A 
B 





Cc 
Ill, IV 


Do, Dz 6X22x#} 





pulses from IV and Dz. In this manner, coincidences 
were formed of the types ABCIIIDo and ABCIVDz:. 
The output pulses representing the fivefold coinci- 
dences, and also an ABC output pulse, were amplified, 
passed through amplitude discriminators, and finally 
were fed into scaling units. 

The liquid-hydrogen target, with slight modification, 
was that described by Chamberlain and Garrison.” 
The amount of liquid hydrogen in the scattering plane 
was approximately 1.0 g/cm”. In order to determine the 
portion of our final counting rate not due to the liquid 
hydrogen, a second target assembly was also employed. 
This “blank” was similar in construction to the liquid- 
hydrogen target assembly but contained no hydrogen. 
When desired, the actual target was moved out of 
position and the evacuated blank placed on the beam 
line. 

Our counters, targets, and principal supporting 
frameworks are shown in Fig. 3. (Counter C is not 
included in the drawing.) Distances between counters 
and targets are given in Table II. As indicated in Fig. 
3, the analyzing angles were measured by means of a 
plumb bob attached to each counter telescope. 


IV. EXPERIMENTAL PROCEDURES 


A. General Procedures 


The appropriate voltages at which to set our counters 
and the proper amounts by which to delay the pulses 
from the counters were determined by observing co- 


TABLE II. Distances between centers of components of the appa- 
ratus used to measure the polarization of the recoil protons. 





Distance 
(in.) 


Counter r 16.5-19.25 
(depending on ®;) 
24 


From To 





Liquid-hydrogen target 


Counter A 
Carbon target 24 

Counter III or IV 37.5 
Counter Do or Dz 3.3 


Liquid-hydrogen target 
Counter A 

Carbon target 

Counter III or IV 








2 William A. Wenzel, Lawrence Radiation Laboratory Report 
UCRL-8000, October, 1957 (unpublished). 





3Q. Chamberlain and J. D. Garrison, Phys. Rev. 103, 1860 
(1956). 
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incidence counting rates as a function of these pa- 
rameters. In ascertaining the voltage and delay settings, 
we examined particles that were of the same type and 
energy as those to be investigated in the asymmetry 
measurements. We therefore adjusted the system to 
count the desired particles and to discriminate against 
unwanted particles. After selecting the final voltages, 
time delays, and amplifier settings, a simultaneous 
change of +50 v in all the counter voltages did not 
significantly alter the counting rates. On many occasions 
during the data-accumulating period, this test was 
performed as a check on the stability of the electronics. 

Background particles posed a considerable problem 
at the beginning of the experiment. Much of the back- 
ground was produced by the external proton beam of 
the cyclotron stopping in the rear wall of the cave. In 
anticipation of difficulty, we solidly embedded the 
second bending magnet in the cave wall, placed concrete 
roof blocks on the cave, and put concrete above, below, 
and on both sides of the last focusing magnet. These 
precautions were not sufficient. We were able to further 
reduce the accidental counting rate by using the fast 
electronics already described and by employing as long 
a cyclotron beam spill as possible. We finally were 
forced to lower the intensity of the external proton 
beam, and therefore the pion beam, by a factor of two 
(the resulting r+ intensity was 1X 10° per sec). 

To determine our accidental counting rate, we 
delayed the ABC coincidence output pulse by 5.2 10~° 
sec before it entered into a coincidence of the type 
ABCIIIDo or ABCIVDg. This amount of delay repre- 
sented the time difference between two radio-frequency 
fine-structure pulses of the cyclotron. We investigated 
singles rates and various coincidence rates, and con- 
cluded that our principal source of accidentals was a 
valid ABC event forming a coincidence with a second 
particle that passed through one of the sets of analyzing 
counters. The accidentals were reduced by piling lead 
bricks near counter B, as shown in Fig. 2. This lead 
shielding extended approximately 1 ft above and below 
the beam line. It limited the number of particles that 
could pass through the analyzing counters without also 
passing through A and B. At our smaller recoil angles, 
the lead wall nearer the pion beam was extended until 
it almost completely shielded the analyzing counters 
from the beam. We placed additional lead shielding, 
at all recoil angles, just before the liquid-hydrogen 
target. This shielding was put on the same side of the 
pion beam as the scattering arm and eliminated many 
particles that scattered off or near the last focusing 
magnet. 

The region of laboratory recoil angles investigated 
was 17 to 32 deg. The recoil angle ©, could not be made 
excessively small, or the set of analyzing counters 
nearer the pion beam would extend into the beam. We 
were limited at the other extreme by the desirability 
of obtaining a relatively high average energy at the 
analyzing scattering. As explained earlier, it was ad- 
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vantageous to measure as large an asymmetry as 
feasible. For a given incident proton polarization, the 
asymmetry that can be produced by carbon decreases 
rapidly below 135 Mev." We therefore did not want the 
average scattering energy at the carbon target to fall 
much below this value. Our recoil angles were thus 
restricted to the forward direction in the laboratory 
system, corresponding to large angles of scattering in 
the c.m. system. We used thinner carbon targets at 
the larger recoil angles to compensate at least partially 
for the decrease in energy of the recoil protons. 

The range of @, values (analyzing-telescope angles) 
used in the asymmetry measurements was 15.5 to 17.0 
deg. In deciding upon these settings, we compromised 
between various factors. These factors, which were 
discussed in Sec. III-B, include inelastic scattering, 
counting rate, and magnitude of the asymmetry. 

On at least one occasion during the experiment, we 
observed the ABC counting rate with no liquid hydro- 
gen in the target. We compared the counting rate when 
the evacuated target assembly was on the beam line 
with the corresponding rate when the blank was in 
position. The agreement was found to be satisfactory 
for the polarization measurements, and therefore the 
blank was considered a reliable facsimile of the actual 
target assembly. 

On another occasion during the experiment, we 
removed the carbon analyzer and left only counter B 
to scatter the recoil protons. The rate of analyzed 
protons decreased by approximately the predicted 
amount, thereby increasing our confidence in the experi- 
mental method. 

A few more comments about our general experimental 
procedures are in order before we discuss specific pro- 
cedures at each recoil angle. An argon-filled ionization 
chamber was placed in the pion beam before the liquid- 
hydrogen target in order to monitor the beam intensity. 
Our counting rates were normalized to a standard 
amount of beam through the ionization chamber. 
Because the polarization measurements did not require 
a knowledge of the absolute intensity of + mesons 
striking the target, no corrections were made for beam 
contamination. For each of four values of @,, we 
analyzed, under the same conditions, the polarization 
of the protons recoiling to both the left and right sides 
of the pion beam (in the horizontal plane). The two 
resulting asymmetries at each ©, were then compared. 
These two asymmetries should have the same magni- 
tude but opposite sign. The agreement generally 
obtained served as a check on the experimental method. 


B. Procedures at Each Recoil Angle 


We began the data collecting at each recoil angle by 
determining the range of the recoil protons. During 
these measurements, the angle @2 of the selected 
analyzing telescope was set near 0 deg and the carbon 
target to be used in the asymmetry determination was 
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Fic. 4. Range curve of the recoil-proton beam at 
©, = 16.9 deg right. 


in its position immediately after counter B. One of our 
range curves is shown in Fig. 4. At the recoil angles 
initially investigated, range curves for both sets of 
analyzing counters were obtained. We found satis- 
factory agreement between the two telescopes, and 
subsequently measured only one range curve at each 
recoil angle. Equal ranges were also observed for 
protons recoiling to the left and right sides of the pion 
beam at a given value of ©,. The mean energies of the 
protons, as determined from the range curves, agreed 
well with the predictions of kinematics. An examination 
of the tails on the range curves indicated that about 
97% of the detected particies were the desired recoil 
protons. 

The running point, indicated by an arrow in Fig. 4, 
refers to the amount of copper absorber that was placed 
between the counters in each analyzing telescope during 
the asymmetry measurements. The copper partially 
guarded against particles associated with inelastic- 
scattering processes in the liquid-hydrogen and carbon 
targets and stopped a portion of the stray background 
particles. At the same time, the absorber permitted the 
detection of the recoil protons that were elastically 
scattered at the analyzing target. 

Following the range-curve measurements, we ob- 
tained the profile of the recoil-proton beam defined by 
the ABC coincidences. Each analyzing telescope was 
individually moved through this beam and counting 
rates determined at various angular settings. The 
profile and subsequent asymmetry measurements were 
made under as identical conditions as possible. In 
particular, both series of measurements used the same 
analyzing target and the same amount of copper before 
Do and Dg. A beam profile is shown in Fig. 5. The 
center line was determined from the experimental data 
and represents the center, horizontally, of the beam of 
detected recoil protons. 
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After obtaining a range curve and two beam profiles 
at a selected recoil angle, we measured the asymmetry 
of the recoil protons that scattered off the carbon target. 
No variation of asymmetry with beam intensity was 
found as long as the pion intensity did not exceed 
1X 10° particles per sec. The analyzing telescopes were 
regularly interchanged in order to allow each set of 
counters independently to measure the asymmetry. 
By alternating the telescopes frequently, we reduced 
the adverse effect of slow time variations in the equip- 
ment on the asymmetry measurements. The left and 
right analyzing angles for each telescope were set with 
respect to the center line of the profile obtained with 
that telescope. In this way, we minimized the influence 
of differences in the two counter arrangements on the 
measured asymmetries. Systematic errors in the asym- 
metries were lessened by accurately determining with 
each telescope the center line of the recoil-proton beam, 
and by precisely setting the analyzing angles. The 
profiles were checked frequently during the asymmetry 
measurements by repeating two observations on each 
side of the center line. 

With the telescopes positioned at the appropriate 
analyzing angles, a series of counting rates was deter- 
mined. The ABCIIIDo and ABCIVD, rates were 
obtained for the following experimental arrangements: 


(a) liquid-hydrogen target centered on the pion 
beam, and normal time delays; 


(b) liquid-hydrogen target centered on the pion 
beam, and the ABC pulse delayed by 5.2 10-8 
sec (accidental rate) : 








unit pion beam 











I J J ! 
6 “ io i2 14 16 


Piumb-bob reading (deg right) 





Fic. 5. Beam profile of the recoil-proton beam at @,=16.9 deg 
left. The angular reading of the profile center line lies near 8 deg 
rather than 0 deg because the point from which the plumb bob 
hung was not at the center of the counter telescope 





wt+-p ELASTIC SCATTERING AT 


(c) blank centered on the pion beam, and normal 
time delays. 


The accidental rate with the blank centered on the beam 
was found to be negligible and was therefore not 
measured regularly. We obtained the rate of analyzed 
recoil protons by subtracting the rates in (b) and (c) 
from that in (a), and by combining the statistical 
counting errors in the appropriate manner. The differ- 
ence between left and right analyzed-proton rates, 
divided by the sum of these rates, then gave the 
asymmetry @. 

The types of particles that we wished to detect in 
measurement (c) may have passed through the liquid 
hydrogen during the (a) measurement. If this were the 
case, rate (c) should have been determined with addi- 
tional copper absorber before Do and Dz in order to 
compensate for the ionization energy loss in the absent 
liquid hydrogen. The rate in (c) was observed with 
and without the added absorber, and no difference was 
detected. Therefore we generally neglected this copper 
correction. 

Significant experimental quantities are listed in 
Table III. Included are pertinent angles and energies, 
analyzing-target thicknesses, fivefold coincidence 
counting rates, and analyzing efficiencies. Our final 
fivefold counting rates were limited by the number of 
ABC coincidences. The ABC rate, in turn, was restricted 
by counter B and to a smaller extent by counters A 
and C. The accidental and blank corrections each 
averaged about 5% of the corresponding corrected 
analyzed-proton rate. The rms energy spread of the 
recoil protons, as determined from the range curves, 
did not vary greatly with angle and was typically 
about +10 Mev. 


V. CALIBRATION AND INITIAL POLARIZATION 
MEASUREMENTS 


A. Calibration 


As explained in Sec. II, the formula é= P,P, is 
applicable to the experiment under discussion here. In 
order to obtain P, at various recoil angles, we measured 
é and P,. We have described how é was determined. 
The calibration portion of the experiment, in which 
we measured the analyzing ability P., will now be 
discussed. 


The analyzing ability of an experimental arrange- 
ment depends on characteristics of the incident proton 
beam, analyzing target, and detecting counters, but 
is independent of the polarization of the incident 
protons. Examples of quantities affecting P, are the 
energy of the polarized protons at the analyzing target, 
the type and thickness of material composing the target, 
the angles subtended by the counters measuring the 
asymmetry, and the amount of copper absorber in the 
analyzing telescopes. If all components and charac- 
teristics of the system are identical for two different 
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asymmetry measurements, then the analyzing abilities 
are the same. 

In order to determine the analyzing ability of our 
system for each measured recoil-proton asymmetry, 
we employed a proton beam of known polarization. 
The polarized protons passed through counters A and 
B, scattered on the analyzing target, and were detected 
by the same analyzing telescopes as those employed in 
the recoil-proton measurements. Corresponding to the 
recoil-proton investigations, the analyzing scattering 
took place in the horizontal plane and the incident 
protons were polarized in a direction perpendicular to 
this plane. Equation (1) can be rewritten for the cali- 
bration portion of the experiment as @©= P,OP,©, 
By knowing P,;® and by measuring @©@, we could 
experimentally determine P,. If the conditions under 
which we obtained P,‘© were the same as those in the 
measurement of a recoil-proton asymmetry, then P,© 
is equal to the recoil-proton analyzing ability that we 
wished to ascertain. Because the characteristics of the 
analyzing scattering were different for each recoil angle 
(see Table IIT), four separate analyzing abilities had 
to be determined. This method of obtaining the values 
of P, took into account the small portion of the analyzed 
recoil protons that had been inelastically scattered at 
the carbon target. 

Ve produced the proton beam of known polarization 
by passing unpolarized protons through the magnet 
system shown in Fig. 1 and scattering them off a carbon 
target placed at the final focus. The protons were 
obtained by degrading the external proton beam of the 
cyclotron as it entered the physics cave. With the 2-in. 
thick carbon absorber removed from its position after 
the central focusing magnet, the degrader thickness 
and the magnet currents were adjusted to give an 
unpolarized proton beam of the desired energy. The 
proton-beam size at the final focus of the magnet system 
was nearly the same as that of the r*-meson beam. The 
liquid-hydrogen target used in the recoil-proton meas- 
urements was replaced by a carbon target measuring 
0.25-in. thick by 6-in. wide and 8-in. high, which was 
centered on the beam line. A range curve of the un- 
polarized proton beam showed the fraction of mesons 
in the beam to be negligible and the mean energy of 
scattering in the carbon to be 173 Mev. 

The scattering arm was placed so that counters A 
and B accepted a mean scattering angle of about 13.8 
deg (left). By using data from Dickson and Salter,” 
Tyrén et al. and Alphonce et al.,“ and Hafner,’® we 
calculated the mean polarization of the scattered 
protons detected by counters A and B to be 0.71+0.05 
(in the direction perpendicular to the plane of scat- 
tering). We included the effects of inelastic scattering 

4H. Tyrén and Th. A. J. Maris, Nuclear Phys. 4, 637 (1957); 
P. Hillman, A. Johansson, and H. Tyrén, Nuclear Phys. 4, 648 
(1957); Th. A. J. Maris and H. Tyrén, Nuclear Phys. 4, 662 
(1957); R. Alphonce, A. Johansson, and G. Tibell, Nuclear Phys. 
4, 672 (1957). 

15 FE. M. Hafner, Phys. Rev. 111, 297 (1958). 
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TaBLeE III. Significant experimental quantities—angles, analyzing-target thicknesses, energies, fivefold coincidence counting 
rates, and analyzing efficiencies—for the four mean laboratory angles of detected recoil protons 





Experimental quantity 


Laboratory angle of conjugate pions (deg) 

Center-of-mass scattering angle (deg) 

Analyzing-telescope angle, @2 (deg) 

Thickness of carbon analyzing target (in.) 

Mean kinetic energy of recoil protons at center of liquid-hydrogen 
target (Mev) 





Mean kinetic energy of conjugate pions at center of liquid-hydrogen 


target (Mev) 


Mean kinetic energy of recoil protons at center of carbon analyzing 


target (Mev) 

Approximate average A BCIIIDo or ABCIVDsg coincidence rate 
per minute® 

Approximate analyzing efficiency of each telescope 





Mean laboratory angle of detected recoil protons* (deg) 
16.6 22.1 26.6 31.6 


1 106.2 
33.8 124.5 
15.! 17.0 

0.5 


94.7 
114.2 
17.0 
0.5 


131.6 ’ 
145.2 1 
15.5 


2.0 


178 139 


132 143 


141 140 
5 D 


1/300 1/600 700 





* Because of the angular variation in the differential cross section, each mean laboratory angle is about 0.3 deg smaller than @1, the corresponding angle 


at the center of counters A and B. 


b The angle in the c.m. system between the direction of scattering and the initial direction of motion of either particle. 


* Corrected for accidental and blank counts. 
4 The analyzing efficiency is defined as (fivefold rate) 


(ABC rate). 

in this calculation. Although a higher elastic-scattering 
polarization could have been obtained at a larger angle, 
the relative importance of the less-desirable inelastic 
scattering would have been increased. The rms error 
of +0.05 in the polarization is based on uncertainties 
in the elastic and inelastic experimental data employed 
in the calculation of the polarization, and uncertainties 
in the distribution and values of the scattering angles 
accepted by counters A and B. 

Using the polarized-proton beam defined by counters 
A and B, we reproduced the different sets of recoil- 
proton analyzing conditions as closely as possible and 
measured the four resulting asymmetries. In order to 
obtain the required mean scattering energies at the 
analyzing targets, sufficient amounts of degrader were 
placed just before counter A. The thickness of degrader 
was different for each of the four measurements. Range 
curves showed that we had attained the same mean 
scattering energies as in the recoil-proton observations 
to within about 2 Mev. The rms energy spread in the 
polarized-proton beam was +8 Mev, slightly less than 
the +10-Mev energy spread of the recoil protons. For 
each of the four calibration measurements, a beam 
profile was obtained with each analyzing telescope and 
the appropriate analyzing angles were set with respect 
to the observed center lines. The positions of these 
profile center lines were not the same as in the recoil- 
proton measurements owing to the differences in the 
angular distributions of the protons from p—C and 
at+—p scattering. 

Data were obtained in the calibration measurements 
by observing the ABIIIDo and ABIVDz coincidence 
rates. Counter C could not be employed in the cali- 
bration procedures because the conjugate particles 
(carbon nuclei) received too little energy to be counted. 
We determined the “blank” rate by removing the 
0.25-in. thick carbon target from its position in the 
unpolarized-proton beam. The calibration counting 


rates, after correcting for accidental and blank counts, 
were approximately ten times the rates in the recoil- 
proton measurements. Our accidental coincidences 
averaged about 5% of the corresponding corrected 
analyzed-proton rate, and the target-out (blank) 
coincidences averaged about 14%. Much _ higher 
counting rates could have been obtained by raising the 
intensity of the external proton beam of the cyclotron. 
We restricted our net counting rate in order to limit 
the accidental and blank coincidences to reasonable 
levels. The effect of background particles was reduced 
by stacking lead bricks at the same positions as in 
the recoil-proton measurements. 


B. Initial Polarization Measurements 


Our data on the polarization of the recoil protons 
were obtained during two different running periods at 
the cyclotron. In general, the procedures and the 
apparatus were the same in both runs. Where differ- 
ences existed we have referred to the Run-2 arrange- 
ment, as a preponderance of our data was acquired 
during the second period. Owing principally to the 
larger-area telescope counters employed in the first 
run, the analyzing abilities measured then were smaller 
than those later obtained. The polarized proton beam 
used in the calibration portion of Run 1 had a polari- 
zation of 0.58-+0.09. Only one analyzing telescope was 
employed in the initial polarization measurements. 

During the recoil-proton measurements in the first 
run, we photographed the pulses from the counters as 
a check on the performance of the electronics. Signals 
from the counters were displayed on a four-beam 
oscilloscope. Whenever the electronics detected a 
possible fivefold coincidence, the oscilloscope was 
triggered and the pulses appearing on the four sweeps 
were recorded on 35-mm film. The film was later pro- 
jected on a viewer. We measured and plotted the 
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TABLE IV. Experimentally measured asymmetries of the analyzed recoil protons.* 





AT 310 MEV 





Mean c.m. 
scattering angle Run 1° 


Left4 


Right4 





Run 2° 
Right 





~ .0,132-40.089 


+0.130+0.064 
+-0.045+0.053 


—0.07440.066 


—0.212+0.053 
—0.073+0.038 


+0.005+0.039 
+0.099+0.054 
+0.068+0.031 
+0.046+0.031 





+0.039+0.033 
—0.091+0.038 
—0.039+0.031 
—0.123+0.028 





® The errors given are standard deviations and are due to counting statistics only. 





> All Run-1 asymmetries are based on the results of the film analysis, except the 133.8-deg (left) asymmetry, for which only electronic data exist. 
¢ The asymmetries measured with each analyzing telescope were combined in order to obtain the Run-2 asymmetries given here. A total of 800 to 2000 


analyzed recoil protons determined each Run-2 asymmetry listed. 


4 The “Left” and “Right"’ column headings refer to the side of the incident pion beam on which the recoil protons were observed. 


heights and relative positions of the pulses from each 
counter. 

The resulting distributions enabled us to select 
restrictive criteria for the validity of an event. We 
rejected a set of pulses if the position or height of any 
individual pulse did not closely conform to the appro- 
priate normal value. The acceptable film events deter- 
mined an asymmetry at each recoil angle. There was 
no blank counting rate to be subtracted; blank co- 
incidences were negligible during the early measure- 
ments owing to the relatively low intensity of the pion 
beam. Accidentals that could deceive the electronics 
were presumably eliminated in the film analysis because 
of the restrictive criteria. Values of the asymmetries 
calculated from the film data agreed well with the 
electronic asymmetries and increased our confidence 
in the electronic method. 


VI. ERRORS AND RESULTS 
A. Experimental Errors 


Principal sources of experimental error in the asym- 
metry measurements were counting statistics and 
uncertainty in the center line of the recoil-proton beam. 
Uncertainty in the position of the center line can arise, 
for example, from variations in the direction of the 
axt-meson beam due to magnet-current fluctuations. 
Another source of this type of error is in the deter- 
mination of the beam-profile center line from the 
observed profile counting rates. 

We obtained an estimate of the uncertainty in the 
position of the recoil-proton-beam center line by 
examining the variation at each recoil angle of the 
observed beam-profile center lines. It was assumed that 
these fluctuations reflected the various sources of error 
and therefore gave an approximate experimental de- 
termination of the composite uncertainty. This investi- 
gation yielded an rms error in the profile center line 
of +0.10 deg for Run 1 and +0.06 deg for Run 2. We 
calculate that an error of 0.10 deg in the position of the 
beam center line causes an uncertainty of approxi- 
mately 0.02 in the measured asymmetry. Thus the 
estimated error in each asymmetry measurement due 
to this origin is +0.020 for Run 1 and +0.012 for Run 
2. These numbers are based on the recoil-proton obser- 


vations but also appear approximately valid for the 
calibration portions of the experiment. 

We estimate an rms uncertainty of +0.45 deg in 
each mean laboratory recoil angle given in Table III. 
This corresponds to an error of about +0.90 deg in 
each c.m. scattering angle. Principal sources of this 
error are uncertainties in: the position and direction of 
the pion beam at the liquid-hydrogen target, the posi- 
tion of counter B, the position of the liquid-hydrogen 
target along the beam line, and the correction applied 
in order to obtain the mean recoil angle from the angle 
at the geometric center of counter B. In the calibration 
for Run 2, these sources of error yield an rms uncer- 
tainty of +0.6 deg in the mean laboratory scattering 
angle accepted by counters A and B. 


B. Experimental Results 


Tables IV and V present the experimental results of 
both runs. The satisfactory agreement that was ob- 
tained between the two sets of analyzing counters in 
Run 2 is not shown; only the combined results are 
presented. When combining two asymmetry or polari- 
zation measurements, the individual quantities have 
been weighted by the inverse of the square of their 
errors. 

The uncertainty in the polarization of each calibra- 
tion proton beam is not included in the errors given in 
Table V. Thus there is an additional rms error of 
+15.5% in all Run-1 values of P, and P,, and of +7% 
in all Run-2 values. When combining the polarization 
results of the two runs, we neglected this type of 
uncertainty. The 15.5% error in Run 1 and 7% error 
in Run 2 are partially correlated because they are 
based to a certain extent on the same experimental 
scattering data. Even if these errors were completely 
correlated, which is not the situation, the maximum 
possible effect on any of our final (combined) polari- 
zation values would be an additional rms uncertainty 
of only +11%. This is small compared with the final 
errors given. 

Our sign conventions will now be summarized. In 
Table IV, the sign of the asymmetry is considered 
positive if more of the recoil protons scattered to the 
left than to the right at the carbon target. A positive 
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TaBLe V. Summary of experimental results. 





Experimental quantity Run No. 


Recoil-proton asymmetry (é@)* 
Analyzing ability (P.)> 


Recoil-proton polarization (P,=é/P2) 


1 and 2 


114.2 


~ 40.00240.055 


+0.020+0.027 
+0.276+0.047 
+0.413+0.048 
+0.007+0.199 
+0.048+0.065 
+0.044+0.062 


WIEGAND, 


AND 


Mean c.m. scattering angle (deg) 


124.5 


—0.094+0.032 


+0.573+0.046 


—0.164+0.057 
—0.164+0.057 


133.8 


0.178+0.043 
0.054+0.023 
+0.407+0.043 
+-(). 500+0.047 
—0.438+0.116 
0.108+0.047 
0.155+0.044 


YPSILANTIS 


145.2 


—0.063+-0.034 


0.088+0.022 
+0.452+0.041 


+0.517+0.023 


—0.139+0.076 
0.170+0.043 
0.162+0.037 


Recoil-proton polarization® 


*® These results were obtained by combining the left and right asymmetries of Table IV at each scattering angle, after reversing the sign of the left 


asymmetry and after adding (in rms fashion) to each statistical counting error in Table IV the beam-center-line uncertainty discussed in Sec. VI-A. 


b We determined each analyzing ability by computing P: =P2© =8©)/P,©), where 2©) is the appropriate asymmetry 
is the polarization of the proton beam used in the calibration measurement 


calibration portion of the experiment, and Py“ 


arise from the experimental uncertainties in the calibration asymmetries (counting statistics and beam-center-line uncertainty 


that was measured during the 
The errors presented here 


The error in P,« 


is not 


included. The results of both analyzing telescopes in Run 2 have been combined. 
© These final polarization values were obtained by combining the results of Runs 1 and 2. A plot of these values is given in Fig. 1 of Foote et al. (refer- 


ence 16). The errors are assumed to be independent. 


analyzing ability in Table V signifies that a majority 
of the protons scattered to the left at the analyzing 
target when a preponderance of the incident protons 
had their spin vectors pointing up (out of the plane of 
Fig. 2). The sign of the recoil-proton polarization is 
positive in Table V when more than half of the protons 
had their spin vectors pointing in the direction of 
p:Xpy, where this quantity is the cross product of the 
initial- and final-momentum vectors of the conjugate 
pions. In other words, a positive polarization signifies 
that a majority of the protons recoiling to the right 
side of the incident pion beam had their spin vectors 
pointing up. 

The four final polarization values given in Table V 
have been combined with accurate cross-section data 
at 310 Mev, and a comprehensive phase-shift analysis 
performed. These polarization measurements have had 
a definite influence on the results of the analysis and 
have enabled us to investigate the #*— p phase shifts 


more thoroughly than was previously possible. The 
phase-shift investigations employing the four polari- 
zation values are discussed elsewhere."® 
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A comprehensive phase-shift analysis of x*+— p elastic-scattering 
data at 310-Mev incident-pion laboratory kinetic energy has been 
performed. The experimental data utilized include measurements 
of the differential and total cross sections and of the recoil-proton 
polarization. The D-wave phase shifts were found to be definitely 
needed in order to attain an adequate fit to the data. A general 
search for phase-shift solutions was carried out, using S-, P-, and 
D-wave phase shifts. One solution—of the Fermi type—was found 
that fits the data significantly better than any of the other solu- 
tions obtained. The calculated errors in the phase shifts of this 
set vary from 0.4 to 0.6 deg. Because it was felt that these errors 
might be deceivingly restrictive, the effects of small nuclear 
F-wave phase shifts on the results of the analysis were investi- 
gated and were found to be large: not only are the uncertainties 
in the original Fermi-type solution increased, but additional sets 
of phase shifts arise that fit the data well. One of these new solu- 
tions is similar to the original Fermi set except that the magni- 
tudes of the phase shifts in this new fit are in general larger than 
those in the initial solution, and the signs of the D-wave phase 


shifts are reversed. The nuclear phase shifts in the original Fermi 
solution and their rms errors are (when F-wave phase shifts are 
allowed) : S3,1= —17.2+2.6 deg, P; 1=—2.9+4.0 deg, Ps, 3=135.0 
+0.6 deg, Ds, 3=3.1+2.6 deg, Ds, 5= —4.942.1 deg, Fs, 5=0.540.6 
deg, F3,7= —0.6+1.4 deg. Although theory appears to favor this 
set, further theoretical and experimental evidence is desirable. 
The values given here for the first five phase shifts approximate 
the corresponding values obtained when the F-wave phase shifts 
were assumed negligible. However, all except P3,3 fall outside the 
limits set by the small original errors. Inelastic-scattering processes 
were neglected during the phase-shift analysis. Calculations indi- 
cate that, if these processes could properly be taken into account, 
any changes in the quoted values of the phase shifts would prob- 
ably be well within the corresponding errors given here. Extension 
of the phase-shift inquiries to include G waves was attempted, 
but it was observed that the available data and theory do not 
allow the G-wave interaction to be significantly incorporated into 
the analysis. 





I. INTRODUCTION 


SERIES of experimental measurements on r*+— p 

scattering at an incident-pion laboratory kinetic 
energy of 310 Mev has been completed. Data obtained 
include values of the recoil-proton polarization at four 
angles of observation,! differential cross-section (DCS) 
measurements at 23 distinct angles,? and total cross- 
section values.? The polarization and cross-section data 
are noteworthy because of the relatively high accuracy 
that has been attained. 

Scattering data such as these can be analyzed in 
terms of phase shifts, by using the method of partial 
waves. The amount of success with which a phase-shift 
analysis can be performed is a measure of the complete- 
ness of the experimental data at the energy being con- 
sidered. A satisfactory comprehensive theory must pre- 
dict the behavior and magnitude of the phase shifts. 
These parameters therefore provide a meeting place for 
theory and experiment. The more accurately the phase 
shifts are known, the more severely is an acceptable 
theory limited. 

Many phase-shift analyses of #*—p cross-section 
data have been performed in the past. At pion labora- 
tory kinetic energies below about 200 Mev, the experi- 
mental data have been fitted satisfactorily by using 
only the first two terms of the partial-wave expansion— 
that is, S and P waves. Above the 200-Mev energy 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

+ Present address: Lawrence Radiation Laboratory, University 
of California, Livermore, California. 

1]. H. Foote, O. Chamberiain, E. H. Rogers, H. M. Steiner, 
C. E. Wiegand, and T. Ypsilantis, preceding paper [Phys. Rev. 
122, 948 (1961) ]. 

2 Ernest H. Rogers, Lawrence Radiation Laboratory (private 
communication). 


region, the possible participation of D waves in the 
pion-proton interaction has made the results of the 
data analyses uncertain. It has been difficult to deter- 
mine the values of the D-wave phase shifts because of 
the insensitive manner in which these parameters enter 
into the cross-section equations and the relatively large 
errors in many of the cross-section measurements. The 
indefiniteness of the D-wave phase shifts has introduced 
uncertainties in other phase shifts. In these earlier 
analyses, not only have the values and signs of some of 
the phase shifts in a solution been uncertain, but also 
several different types of solution have been obtained. 
These dissimilar sets of phase shifts are all good fits to 
the data. 

We have performed a phase-shift analysis, employing 
the experimental data now available at 310 Mev. The 
phase-shift uncertainties just mentioned have been 
investigated. Not only has the role of D waves in the 
x+—p interaction been examined, but the available 
data also have enabled us to extend the phase-shift 
investigations to include F waves. 

The equations used in our analysis are discussed in 
Sec. II. The different types of phase-shift ambiguities 
that have arisen in the past are briefly mentioned there. 
In Sec. III, we describe our phase-shift investigations, 
and present the results obtained. A discussion of these 
results follows in Sec. IV.’ 


II. BASIC EQUATIONS AND RELATED DISCUSSION 


In this section, we present the equations used in our 
phase-shift analysis. General expressions are given for 


3 A more-detailed account of this work can be found in James H. 
Foote, thesis, Lawrence Radiation Laboratory Report UCRL- 
9191, 1960 (unpublished). 
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the non-spin-flip and spin-flip elastic-scattering ampli- 
tudes as derived through the use of the method of 
partial waves. These equations apply to x*—p scatter- 
ing and take into account both nuclear and Coulomb 
effects. First-order relativistic corrections to the Cou- 
lomb-scattering amplitudes will be incorporated into 
these equations. We include in this section the expres- 
sions, in terms of the scattering amplitudes, for the 
DCS and recoil-proton polarization in pion-proton 
elastic scattering. Finally, the various phase-shift 
ambiguities are noted, and our notation for the phase 
shifts is given. 

It is convenient to discuss the pion-proton scattering 
in the center-of-mass (c.m.) system. One generally in- 
vestigates the scattering that takes place in the hori- 
zontal plane, which is experimentally the simplest 
plane to treat. Consider a right-handed x-y-z Cartesian 
coordinate system, with the pion and proton moving 
along the z axis before the collision. Let the scattering 
occur at the origin and allow the + direction to be up, 
perpendicular to the plane of the scattering. We will 
use the symbol 6... to represent the angle in the c.m. 
system between the direction of scattering and the 
initial direction of motion of either particle. This angle 
will be referred to as the c.m. scattering angle. 


A. Scattering Amplitudes 


The non-spin-flip and spin-flip scattering amplitudes 
in x+— > elastic scattering can be written 


Xn 
g(6)= ——————_ exp { — in In[sin?(6/2) ]} 
2 sin? (0/2) 


a b+ exp(2i6,*) —exp(2i®,) 
HE[c+n(- ——— ~) 
L=0 


b~ exp(2i6-) — exp(2i®,) 
PP hasnt )\ 


di 


and 


«© [b,* exp(2i6,+)—bz- exp(2i5.-) 
h(0,o)=% } ii ie 
L=1 2i 


XDiY 1+1(0¢). (2) 


The term “non-spin-flip” refers to the type of scattering 
in which the component of the proton spin in the direc- 
tion of the incident beam is unchanged; “spin-flip” 
refers to the scattering in which the z component of the 
proton spin is reversed. In Eqs. (1) and (2), g(@) is the 
non-spin-flip scattering amplitude, 4(9,¢) is the spin-flip 
scattering amplitude, L is the orbital angular-momen- 
tum quantum number, 6 and ¢ are the spherical angular 
coordinates defining the direction of scattering of the 
particle (either pion or proton) considered to move in 
the +2 direction before the collision,‘ A is the wave- 

‘The angle @ is measured with respect to the +2 axis, and ¢ 
is measured in the x-y plane with respect to the + axis, the + 
axis lying at ¢=90 deg. 
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length of either particle, divided by 27, in the c.m. 
system, 5,* are the phase shifts describing the total 
(nuclear plus Coulomb) interaction and relating to 
states with a specified Z and with /= 1+}, where J is 
the total angular-momentum quantum number (these 
phase shifts are real quantities), b;* are the “inelastic 
parameters” (these are real numbers with magni- 
tudes less than or equal to unity, and take into ac- 
count inelastic reactions; they are all equal to unity 
only if no inelastic scattering occurs), and P,(cos@) is 
the Legendre polynomial. In addition, we have Dz 


=[4rL(L+1)/(2L+1)}!, and 


Y ,*'(6,6)=spherical harmonics 


2L+1 i Brix 
+(- _ -) sin [ Pi(cos@) je***. 
4rL(L+1) d(cos@) 


For L=0, the quantity ®, is zero; for L>1, 


L 
@,=)> tan“ (n/x), (4) 


with n= e*/hv (positive for r+— p scattering), where 2 is 
the laboratory velocity of the incident pion. 

Equations (1) and (2), in a slightly different form 
and with the inelastic parameters set equal to unity, 
can be found in Critchfield and Dodder.' These equa- 
tions take into account both Coulomb and nuclear 
scattering. Although we will refer to ®; as the nonrela- 
tivistic Coulomb phase shift of order L, it is actually 
the difference between the nonrelativistic Coulomb 
phase shifts of order Z and of order zero. The upper 
signs in the expression for the spherical harmonics are 
to be used when the proton spin is pointing in the +z 
direction before the collision; the lower signs, when the 
proton spin is initially pointing in the —z direction. 

The first term in Eq. (1) is the nonrelativistic Cou- 
lomb-scattering amplitude, which approaches infinity 
as the scattering angle approaches 0 deg. Because of 
this singular behavior, we will find the form of Eq. (1) 
advantageous. The summation in this expression for 
g(6) contains just the difference between the total and 
the nonrelativistic Coulomb-scattering amplitudes, and 
is expected to converge more rapidly than an expansion 
in which the nonrelativistic Coulomb-scattering ampli- 
tude has not been separated out. 

The phase shifts always enter into the equations in 
the form 26;*. Thus multiples of 180 deg can be added 
to or subtracted from the phase shifts without changing 
any function of these parameters. Before quoting phase- 
shift values, we will frequently make changes of 180 
deg in order to reach a desired angular region. 

Let us divide the phase shifts describing the total 
interaction into a pure Coulomb part and an additional 

°C. L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 (1949). 

§ The nonrelativistic Coulomb phase shift of order zero is given 
by no=argl'(1+in). 
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portion that arises only when the nuclear interaction 
is added to the Coulomb interaction. We then can write 
the total phase shifts as 6,*=@,*+6,,y*, where the 
symbols @;* represent the relativistic Coulomb phase 
shifts of order L and are set equal to ;+A®,*.’ The 
quantities Ad,;* are corrections to @z (the nonrela- 
tivistic Coulomb phase shift) due to modifications of 
the nonrelativistic Coulomb scattering. The modifica- 
tions that we will discuss are the relativistic corrections 
given by Solmitz.* The quantities 6,,y*+ approximate 
the pion-proton nuclear phase shifts of order L. By 
nuclear phase shifts, we mean those that would de- 
scribe the interaction if no Coulomb effects existed. It 
is to be stressed that the 5,,7* are only approximations 
to the nuclear phase shifts; the quantities obtained 
when the pure Coulomb phase shifts are subtracted 
from the total phase shifts still contain remnants of 
the Coulomb interaction. We assume that the addi- 
tional corrections needed to obtain the true nuclear 
phase shifts are small. 


B. Inclusion of First-Order Relativistic 
Coulomb Corrections 


First-order relativistic corrections to the nonrela- 
tivistic Coulomb-scattering amplitudes can be written 
Agc=4nA (non-spin-flip correction), (5) 
and 
XnB sind 
Ahce= F-— 


—e+'? (spin-flip correction), (6) 
2 sin?(6/2) 


where 


A=[4(8,8r)+}(2ue—1)6r*)/(1+8,8p), 


and 
B=(43(ur8s8r)+} (2ue—1) 6 )/ (1+8,68p). 


Here 8p and £, are the c.m. velocities of the proton and 
pion, respectively, divided by the velocity of light, and 
up is the magnetic moment of the proton in nuclear 
magnetons. The other quantities in Eqs. (5) and (6) 
have been previously defined. These formulas were 
obtained from Eqs. (2) and (3) of Solmitz’; we used the 
relationship v/c= (8,+8p)/(1+6,8p), where (as in the 
expression for 7) v is the laboratory velocity of the 
incident pion. The effect of the magnetic moment of 
the proton is included in these corrections. The double 
sign before the expression for Ake, and the e*** factor 
after, are necessary to account for the two possible 
initial spin states. The double-sign convention is the 
same as in Eqs. (2) and (3) of this report. The order 
of these signs has been chosen so that the relative 


7 As in the case of @z, the phase shifts 5,+ (and @,*) are ac- 
tually the differences between the total phase shifts (and the rela- 
tivistic Coulomb phase shifts) of order Z and the nonrelativistic 
Coulomb phase shift of order zero. 

8 Frank T. Solmitz, Phys. Rev. 94, 1799 (1954). 
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TaBLe I. Nonrelativistic Coulomb phase shifts, first-order 
relativistic corrections, and corrected Coulomb phase shifts (all 
in degrees) at an incident pion laboratory kinetic energy of 310 
Mev. The signs given here apply to x*— > scattering. 








L ,, Ad,* Ao;~ $,* 





0.09 
0.09 
0.06 
0.04 
0.03 


0.00 
0.44 
0.66 
0.81 
0.92 


het, 0.09 
—0.17 
—0.09 
—0.06 
—0.04 





phase of the nuclear and Coulomb spin-flip scattering 
amplitudes in Eq. (1) of reference 8 agrees with the 
corresponding relative phase in our Eq. (8). 

To incorporate these corrections into our analysis, 
we decompose them into partial waves. This allows 
them to be separated into two parts—one corresponding 
to states with L< Lmax, and the second containing the 
remainder. The quantity Lmax is the maximum value 
of the quantum number L whose related partial wave 
is affected by the nuclear interaction. For L< Las, 
unitarity is maintained by employing the usual partial- 
wave expressions but now interpreting part of each 
phase shift as arising from the correction terms. These 
phase-shift corrections are estimated by comparing the 
first-order Solmitz corrections with Eqs. (1) and (2) 
taken to lowest order. Our basic assumption is that these 
corrections to the Coulomb phase shifts are not altered 
by the other interactions. We subtract them, along with 
the nonrelativistic Coulomb phase shifts, from the total 
phase shifts, to obtain estimates of the nuclear phase 
shifts. In contrast to the method for L< Lmax, the part 
of the correction Ake for L>Lmax is simply added to 
the rest of the spin-flip scattering amplitude, with no 
attempt to preserve unitarity in the higher order states. 
Because Age is independent of angle, it is entirely 
taken into account by the correction to the S-wave 
phase shift. 

The procedure just described yields the following ex- 
pressions for the corrections to the nonrelativistic 
Coulomb phase shifts: 


Ady(=Abo*) = Age/X, 
Ad;+~nB/(L+1) for L 
Ab ~~ —B/L for L 


21, 
>1. 


Using these results and Eq. (4), we can compute the 
numbers presented in Table I. It is observed that the 
quantities Ad;* are small and, for low L, %, is also 
small. Thus, for low LZ and @ not too near 0 deg, the 
approximations made in expanding Eqs. (1) and (2) 
to first order (with only the Coulomb interaction 
allowed) are justified. 

Handling the Solmitz corrections as discussed, we 
can write the non-spin-flip and spin-flip elastic-scatter- 
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ing amplitudes as 


g(@)=— 


a — exp{—in In[{sin?(@ 2))} 
2 sin?(@/2) 


Lmax b,* exp(2i6,+)—exp(2i®,) 
+k > | z+0)( erent ees ) 


L=0 i 


“ 


b~ exp(2i6,~) — exp(2i®;) 
+1(- ——-- oo ) Jps(coss, (7) 


2% 
and 
XnB siné 
h(0,6) = -=———_—_e+* 
2 sin?(6/2) 


+x 


L=1 


Lmaxf bp + exp(2i6,*+)—b1~ exp(2i6.-) 
5 lint 


2i 


4 


2L+1 
—2B( ; ) purse). 
L(L+1) 


The part of the correction Ake for L>Lmax has been 
included in 4(6,¢) by adding the entire Af‘c and then 
subtracting off the L< Lingx portion. We summarize the 
sign conventions employed in Eqs. (7) and (8): 


(8) 


(a) In each place where double signs occur in the 
expression for 4(6,¢), the upper sign is to be used when 
the proton spin is pointing in the +2 direction before 
the collision; the lower sign, when the proton spin is 
initially pointing in the —z direction. 

(b) The + superscripts on 6, and bd, refer to states 
with J=L+}. 


Equations (7) and (8) are similar to expressions that 
are obtained if one simply adds the nuclear and Cou- 
lomb scattering amplitudes. However, differences exist 
because the method presented here adds nuclear and 
Coulomb phase shifts rather than amplitudes for 
L&Imex. Except for the modifications due to the 
Solmitz corrections, our approach is essentially that 
used by Stapp, Ypsilantis, and Metropolis.® 


C. Cross-Section and Polarization Expressions 


To obtain expressions for the DCS and recoil-proton 
polarization in elastic **—p scattering in terms of 
phase shifts, when both nuclear and Coulomb effects 
are present, we use the equations 


I (8e.m )= Laa 24- \Iga\?, (9) 
and 


P(6o.m.)=2 Im(gea*hga)/I(Oc.m.)- (10) 


Here the quantity gaa is given directly by Eq. (7), and 
hga is given by Eq. (8) when one sets ¢=0 or 180 deg 
and employs the upper sign in each place where double 
signs occur. 

°H. P. Stapp, T. J. Ypsilantis, and N. Metropolis, Phys. Rev. 
105, 302 (1957). 
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Equation (10) follows from the results of Fermi’s 
article,“ and Eq. (9) can be found, in a somewhat 
different form, in Bethe and de Hoffmann." In obtain- 
ing Eq. (10), we have used the polarization definition 
P=(Nu—Np)/(Nu+Np), where Nv and Np are the 
intensities of recoiling protons with their spin vectors 
pointing in the +y (assumed up) and —y (assumed 
down) directions, respectively. The subscripts a and 8 
denote the proton spin states in which the spin points 
in the +z and —z directions, respectively. The first 
subscript on g and & refers to the spin state after the 
collision, and the second to the spin state before the 
collision (the reverse of Fermi’s subscript notation). 
In obtaining Eq. (10), we have used hga= —/tag, a rela- 
tionship that can be seen from Eq. (8) to be valid for 
@=0 and 180 deg. This specification of the @ value is 
actually no restriction because one may choose the x«—2z 
plane, which contains ¢=0 and 180 deg, to coincide 
with any scattering plane of interest. With @ specified, 
Zaa and hg, depend only on the one angular coordinate 
6. Because @ can refer to the angle between the direction 
of scattering and the initial direction of motion of 
either particle, we have used the symbol @.., in Eqs. 
(9) and (10), following the definition at the beginning 
of Sec. IT. 


D. Ambiguities and Phase-Shift Notation 


Owing to the nature of the equations, more than one 
set of phase shifts have arisen in the analysis of pion- 
proton scattering data. Each set has distinct char- 
acteristics and, within certain limitations, yields a 
satisfactory fit to the experimental data. It is important 
to determine which of the several possible solutions 
corresponds to the true solution. The various uncer- 
tainties in the r+— p phase shifts may be classed as the 
Fermi-Yang-Minami ambiguity,”~“ the D-wave phase- 
shift ambiguity,'® and the uncertainty in the absolute 
sign of a given set of phase shifts.” We shall let the term 
“Minami-Yang” refer to the set of phase shifts obtained 
when the Minami transformation is applied to the 
Yang set,"* as opposed to the “Minami” set, which is 
similarly obtained from the Fermi-type solution. 

The phase-shift notation that we will employ is given 
in Table II. The conventional symbols for the S-, P-, 
and D-wave phase shifts have been modified to present 
a consistent notation when F waves are included in the 
analysis. As before, the first subscript is twice the total 
isotopic spin, and the second is twice the total angular 

10 E. Fermi, Phys. Rev. 91, 947 (1953) 

11H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, Illinois, 1955), Vol. II, p. 65. 

12H. A. Bethe and F. de Hoffmann, reference 11, Sec. 32. 

13S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 110, 
1174 (1958). 

14 Shigeo Minami, Progr. Theoret. Phys. (Kyoto) 11, 213 (1954); 
S. Hayakawa, M. Kawaguchi, and S. Minami, Progr. Theoret. 
Phys. (Kyoto) 11, 332 (1954). 


18 E. Clementel and C. Villi, Suppl. Nuovo cimento 3, 474 
(1956); Nuovo cimento 5, 1343 (1957). 
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TABLE II. Phase-shift notation for +— > scattering. 


Phase-shift 
symbol 


~ 


SION Dt ee | 


Sai 
P;, 1 
P33 
Ds 
Ds,s 
F35 


Fs, 7 


a, >, 
NNN NW Dd bo be 


| 
| 





momentum. Because we are dealing with r+— p scatter- 
ing, only the state with isotopic spin of 3} enters into 
the interaction. 


III. PHASE-SHIFT ANALYSIS 


Our phase-shift analysis and the results obtained will 
now be discussed.!® We first examine the general method 
used in these investigations. Then, we describe the 
analysis involving S, P, and D waves and the evidence 
that the D-wave phase shifts are needed in order to 
attain an adequate fit to the data. The ambiguity in 
the D-wave phase shifts is mentioned. Finally, the 
inclusion of F waves in the analysis is discussed, and 
also described is the attempt to add G waves. 


A. General Method 


In the analysis of our experimental cross-section and 
polarization data, we used an IBM-704 electronic com- 
puter and the formulas presented in Sec. II. The grid 
search procedure was employed, in which the phase 
shifts are varied in cycles.'’ When varying a phase 
shift by the increment A, our computer program makes 
use of the equality exp[2i(6+ A) ]=exp(2i5) Xexp(27A). 
This equation, when separated into real and imaginary 
parts, contains the sine and cosine of 26 and 2A on the 
right-hand side. After these four trigonometric func- 
tions have been initially calculated, variations of the 
size A can be made in 6 without the computation of any 
new trigonometric functions. Because only relatively 
simple arithmetic operations are involved, this method 
reduces the computational time.'® 

Our program is arranged so that, in the search for a 
fit to the data, the computer varies the phase shifts 
but not the inelastic parameters. In the major portion 
of our phase-shift investigations, and unless otherwise 

‘6 A preliminary discussion of our phase-shift analysis and its 
results can be found in J. H. Foote, O. Chamberlain, E. H. Rogers, 
H. M. Steiner, C. Wiegand, and T. Ypsilantis, Phys. Rev. Letters 
4, 30 (1960). The numbers presented there differ somewhat from 
the corresponding quantities quoted in this report because of 
subsequent revision and extension of the data. 

‘7 E. Fermi, N. Metropolis, and E. F. Alei, Phys. Rev. 95, 
1581 (1954). 

‘8 We wish to thank Kent K. Curtis of the Mathematical and 
Computing Section of the Theoretical Group, Lawrence Radia- 
tion Laboratory, for suggesting this procedure. Appreciation is 


also due Edwin M. Towster of the same department for other 
useful programming ideas. 
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stated, the inelastic parameters were assumed to be 
unity; that is, only elastic scattering was allowed. This 
assumption is reasonable owing to the apparently small 
amount of inelastic scattering at 310 Mev (see Sec. 
IV-A). If there were substantial inelastic scattering, 
the inelastic parameters could be considerably less than 
unity. We might then have had to vary both the in- 
elastic parameters and the phase shifts in the search 
for the true solution, and the analysis would have be- 
come more complicated. 

Although we generally disregarded inelastic scatter- 
ing, we eventually wanted to investigate its influence 
on the results of the phase-shift analysis. Our program 
enables the computer to accept selected values of the 
inelastic parameters and employ these initial values 
throughout the search procedure. Various combina- 
tions of these parameters can be chosen, the solution of 
interest can be redetermined, and the resultant phase- 
shift changes can be examined. In this way, one is able 
to obtain estimates of the errors introduced into the 
analysis by the assumption that all the inelastic 
parameters are unity. 

The predictions of a given set of phase shifts are 
compared with the available experimental data by 
computing the quantity M, where 


X,° —X, 2 
u-| =! |. 
i E 


“4 


Here X; is the quantity X; as obtained from experi- 
ment, £; is the experimental error (standard deviation) 
in X;, and X; is the quantity X; as calculated by 
the computer from a given set of phase shifts. We sum 
over all the experimental measurements. 

Expressing M in terms of quantities for which we 
have experimental data, we write 


b P (c)__ P(e) 2 T,O—-A+tel,© 2 
acd ani 
j 


2 
Ey F Ey 


“—] 
? 


Em 


where P; is the polarization of the recoil protons at the 
c.m. scattering angle 0..m., £;“” is the experimental 
error in P;‘®, J; is the elastic DCS for scattering at the 
c.m. angle 0¢.m., Ex” is the experimental error in J,, 
e is the variable normalization parameter for the DCS, 
E‘® is the experimental error in ¢ (the experimental 
value of «isO+E‘*), Ir is the total cross section (elastic 
plus inelastic) between the cutoff angles 0...“ and 
6..m., and E” is the experimental error in J7‘. The 
quantities J,‘ and P;‘® are calculated by using Eqs. 
(9) and (10). The program computes J7‘° by integrat- 
ing the elastic differential cross section over the 
angular region between 8...“ and @¢.m.°, and by add- 
ing on the total inelastic cross section when it is as- 
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sumed to be non-negligible. The first summation in the 
expression for M extends over all angles for which 
polarization data exist ; the second summation, over all 
angles for which elastic DCS data were obtained. We 
assume that the experimental errors entering into M are 
independent, normally distributed, and realistically 
estimated. 

The search program requires the computer to find a 
set of phase shifts for which M has a minimum value, 
beginning at a given set of phase shifts. In this way, a 
least-squares fit to the data is attained. Such a fit 
corresponds to a minimum point in the sense that a 
change of + Aging: in any one of the phase shifts gives a 
larger value of M than the value calculated at the 
minimum. Here Aging: is the smallest increment em- 
ployed when the phase shifts are varied. The resulting 
value of M may not have the absolute minimum magni- 
tude obtainable, because the computer stops at the 
first relative minimum that it notices. Different initial 
sets of phase shifts can lead to different minima, some 
of which may have even lower M values. 

During the search procedure, the computer varies « 
in the same manner that it varies the phase shifts. 
Thus the computer is able to modify the absolute scale 
of the DCS in order to improve the fit to the data. The 
experimental error in e, E‘*’, is comprised of the uncer- 
tainties in the DCS absolute scale. Errors of this type 
include uncertainties in the intensity and contamination 
of the incident pi-meson beam and in the thickness of 
the liquid-hydrogen target. Independent errors, such as 
statistical counting uncertainties, are attached to each 
DCS measurement individually and are denoted E,“”. 
These independent errors indicate the accuracy with 
which the various measurements are known with re- 
spect to one another (effects of systematic uncer- 
tainties in the shape of the DCS are discussed in Sec. 
III-B). The use of the variable ¢« enables the phase- 
shift analysis to keep the independent errors in the 
individual DCS measurements separate from the un- 
certainties in the absolute scale, thus allowing an 
optimum amount of information to be obtained from 
the DCS data and permitting independent errors in 
the expression for M. Although we will generally dis- 
regard ¢ in our further discussion of the program and 
when quoting results, it was always present in our 
analysis. 

Owing to the influence of the small relative error in 
the value of Jr‘” used, the principal effect of ¢€ in our 
analysis was to enable the elastic DCS curve to be 
normalized to the total cross-section measurement. In 
performing this normalization, we usually assumed that 
we could neglect the inelastic-scattering contribution to 
the total cross section. Because the amount of inelastic 
scattering at 310 Mev is apparently not appreciable, 
the error introduced by its disregard in the normaliza- 
tion procedure appears to be small compared with the 
error in the total cross-section measurement. 

It is illuminating to visualize the hypersurface that 
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would be obtained if M could be plotted as a function 
of the phase shifts. The region around a point where M 
has a minimum value corresponds to a depression in the 
hypersurface. In the phase-shift discussions to follow, 
we will sometimes refer to this visual representation. 
The usefulness of any possibly acceptable phase-shift 
fit is increased if one can ascertain the accuracy with 
which the experimental data determine the individual 
phase shifts. We employed the customary method of 
error calculation, which involves the error matrix. 
Although the details of our calculation differ somewhat 
from those described by Anderson ef al.,'* the general 
method is the same. The square roots of the diagonal 
elements of the error matrix give the rms errors in the 
phase shifts. Each off-diagonal element is the product of 
a correlation coefficient and the two related rms errors. 
As a check on the results obtained from the error 
matrix, the rms errors in the phase shifts were also 
calculated by a second method. In this method, one 
phase shift is changed from its value at the minimum 
and then held fixed while all the other phase shifts are 
varied until M can be decreased no further. If we let 
the resulting value of M be denoted M,’ and let My be 
the value of M at the minimum point corresponding to 
the solution under consideration, the change required 
in the fixed phase shift to give a difference of unity 
between My’ and M,zj is the rms error in that phase 
shift. Errors in all the phase shifts can be calculated 
in this way, but at the expense of considerably more 
computer time than when the error-matrix method is 
used. We obtained satisfactory agreement between the 
results of the two methods of error determination. 


B. The SPD Random Search?" 


The phase-shift investigations were begun with a 
random search involving S-, P-, and D-wave phase 
shifts. In order to find every minimum that might lie 
in the neighborhood of the true solution, the computer 
was asked to begin searching at a large number of 
random points scattered over the M hypersurface. A 
total of 244 random sets of phase shifts were fed into 
the computer. The values of all five phase shifts 
(Ss, Ps, Ps,s, Ds,s, Ds,5) in every set were randomly 
selected. The initial value of « was always zero. From 
these 244 random positions on the hypersurface, the 
computer searched and found 27 distinct clusters of 
solutions (phase-shift fits). The solutions in each cluster 
agree with one another to within a few tenths of a 
degree in every phase shift. The different clusters ap- 
parently correspond to various relative minima. Each 
of the ten relative minima in the group with the lowest 
values of M was detected by the computer at least five 
times. If one assumes that the relative minima are 


1H. L. Anderson, W. C. Davidon, M. Glicksman, and U. E. 
Kruse, Phys. Rev. 100, 279 (1955). 

»” The notation SPD will refer to our analysis involving S-, P-, 
and D-wave nuclear phase shifts only. We will also use the 
abbreviations SP and SPDF, which are variations of this notation. 
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TaBLe III. Experimental DCS measurements (in the c.m. 
system) used in the phase-shift analysis.2 The errors given are 
standard deviations and are independent. Not included is an rms 
error of approximately +6% in the absolute DCS scale. 











C.m. scatter- 
ing angle 
(deg) 


14.0 
19.6 
25.2 
30.6 


(mb/sr) 


18.71+0.60 
16.05+0.46 
13.82+0.31 
12.99+0.25 
12.28-+0.27 
11.65+0.27 
9.82+0.15 
8.59+0.26 
7.54+0.28 
6.58+0.22 
4.73+0.10 
3.62+0.09 
2.77+0.08 
1.66+0.07 
1.510.06 
1.62+0.07 
2,080.08 
2.93+0.14 
3.36+0.12 
3.76+0.15 
4.10+0.21 
4.51+0.17 
4.88+0.12 








randomly spaced on the M hypersurface and can be 
entered with equal ease, then the probability of having 
overlooked a set of phase shifts with a low M value is 
less than 1%. 

Since the completion of our SPD random search, 
both the computer program and the input data have 
been revised and extended. The most important changes 
were the addition of a total cross-section measurement 
and the inclusion of DCS data at angles sufficiently 
small so that Coulomb-nuclear interference effects are 
noticeable. It is assumed that no new minima with low 
values of M were created by the changes made. (The 
validity of this assumption is supported by the results 
of the SPDF random search: to be described in Sec. 
III-D.) In general, the changes in the data and program 
produced only small alterations in the phase-shift 
values related to each minimum. The presence of the 
DCS data at small angles caused the M values of 
several of the original minima to increase considerably. 
These minima correspond to sets of phase shifts that 
give the incorrect sign for the Coulomb-nuclear inter- 
ference effects. 

In all results to follow, we employ the revised and 
extended data and program. The data used include 
four recoil-proton polarization measurements,' values of 
the elastic DCS at 23 angles of observation,’ and a 
total cross-section measurement of 56.4+-1.4 mb (be- 
tween the c.m. cutoff angles 14.7 and 158.0 deg).? The 
polarization data are given in Table V of reference 1, 
and the DCS data are listed in Table III of this report. 
These experimental measurements are plotted in Figs. 
1 and 2. 
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Fic. 1. Experimental recoil-proton polarization measurements 
given in Table V of reference 1. The solid curves represent the 
fits to the data predicted by the SPD solutions in Table I'V of this 
work. The SP fit, which is discussed in Sec. III-C, is indicated by 
the dashed curve. 


Of the 27 distinct sets of phase shifts found in the 
SPD random search, all but three have negligible 
probabilities of lying in the vicinity of the true solution. 
We base this statement on the x? distribution of sta- 
tistical theory, which can be applied at least approxi- 
mately to our results.27 The x? distribution for 23 
degrees of freedom is used here because we are en- 
deavoring to fit 29 pieces of experimental information 
(including e=0.00+0.06) with five phase shifts and the 
parameter ¢. The 24 solutions that were discarded on 
the basis of statistical theory have values of M in the 
range 86 to 1100, and are therefore highly improbable 
(the mean M value expected is equal to the number of 
degrees of freedom). If the polarization data had not 
been present in the analysis, some of these improbable 
sets of phase shifts would have had low M values and 
therefore could not have been discarded on the sta- 
tistical basis alone. 

Our three possibly acceptable solutions are presented 
in Table IV. The phase shifts given there are of the 
nuclear type. They were acquired by subtracting the 
Coulomb phase shifts @;*, which are listed in Table I, 
from the total phase shifts obtained by the search 
program. The three solutions in Table IV are of the 
Fermi type, Minami type, and Yang type, in order of 
increasing M. The connections between these sets of 
phase shifts are not precisely the relationships one 
might expect because of the additional constraints 


21 P. Cziffra and M. J. Moravcsik, Lawrence Radiation Labora- 
tory Report UCRL-8523, 1958 (unpublished), p. 17; Frank 
Solmitz, ‘‘Notes on the Least-Squares and Maximum-Likelihood 
Methods,” Institute for Nuclear Studies, The University of 
Chicago (unpublished report). 
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Fic. 2. The experimental c.m. differential-cross-section (DCS) 
measurements given in Table III have been multiplied by 1+ to 
normalize them to the total cross section. The value of ¢ used 
(—0.018) is that giving the minimum magnitude of M for both 
the SPD and SP Fermi-type solutions. Independent errors only 
are shown. The solid curve, which represents the Fermi SPD 
solution, fits the data well. The dot-dash curve at small angles 
shows the behavior of the SPD Fermi and Yang solutions that 
possess phase-shift signs opposite to those given in Table IV. The 
curve with short dashes, shown only at large angles, is the Fermi 
SP fit discussed in Sec. III-C. It is given only where it deviates 
sufficiently from the SPD fit to be easily drawn. 








created by the polarization data. However, the features 
that characterize these solutions can be noted. 

Two other sets of phase shifts are good fits to all but 
the DCS data at small These solutions are 
similar to the Fermi and Yang fits in Table IV except 
tha tthe signs of most of the phase shifts are opposite 
to the signs of the corresponding quantities in the table. 
Because these two solutions give destructive Coulomb- 


angles. 


TABLE IV. Solutions found in the SPD random search that best 
fit the experimental data. The mean M value expected is 23. 
Nuclear phase shift (deg) 
Ds,3 


Type of 


solution ] Ss P3,3 Ds,5 


Fermi 134.8 
Minami 
Yang 
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nuclear interference in the forward direction of scatter- 
ing, we can definitely exclude them by using the DCS 
data at small angles (see Fig. 2). 

Figures 1 and 2 show the manner in which the SPD 
solutions in Table IV fit the data. The DCS curves 
calculated from the Minami and Yang sets of phase 
shifts are not shown; they closely resemble the Fermi 
plot. All three phase-shift sets give values for the total 
cross section that are in good agreement with the experi- 
mental measurement. 

We present in Table V the error matrix that is associ- 
ated with our SPD Fermi solution. The phase-shift 
uncertainties obtained from this matrix are based on 
the errors in the experimental data. In order to make 
the problem manageable, 
tematic uncertainties in the shape of the DCS and have 
used only the independent uncertainties referred to in 
Sec. III-A. It is independent errors 
given in Table III and shown in Fig. 2. We investigated 
the influence on the phase shifts of th un- 
certainties just mentioned, and found the effects to be 
small compared with the rms errors obtained from the 
error matrix for the SPD Fermi solution. 


have neglec ted the SySs- 


these that are 


e systematic 


TABLE V. Error matrix for the SPD Fermi solution 
The matrix elements are in (deg)? 


S.. 6 
P31 
P33 
Ds,3 
Ds,s 


In the remainder of this section, attention will 
often be concentrated on the Fermi solution given in 
Table IV. The reasons for disregarding the Minami 
and Yang sets of phase shifts will be briefly discussed 


in Sec. IV-A. 


our 


C. Inadequate SP Fit; Ambiguity in the 
D-Wave Phase Shifts 


Besides our SPD analysis, w 
data by assuming that the pion-nucleon nuclear inter- 
action affects only the S and P waves. The best SP 
fit that we obtained is given in Table VI; the corre- 
sponding polarization and DCS curves are shown in 
Figs. 1 and 2. This solution is of the Fermi type and is 
obviously an inadequate fit to the experimental data. 
The poor fit is shown numerically in the large M value 
of 92.5. Although the D-wave nuclear phase shifts are 
small in our SPD Fermi set, they are definitely needed 
in order to obtain a satisfactory fit.” 

By comparing the SP and SPD Fermi solutions, we 
observe that the inclusion of D waves in the analysis 


e have also analyzed the 


® The ‘D-wave phase shifts agree with those found by E. L. 
Grigor’ev and N. A. Mitin at 307 Mev; see Soviet Physics—JETP 
37(10), 295 (1960) (translation) 
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has a noticeable effect on S3,; and P3,;. Each is reduced 
in absolute magnitude when the D-wave nuclear phase 
shifts are allowed to have values other than zero. Only 
the phase shift P3,3 is rather insensitive to the number 
of partial waves included in the analysis. 

When our four polarization measurements are ex- 
cluded from the SPD analysis, an uncertainty appears 
in the D-wave phase shifts. This ambiguity was men- 
tioned in Sec. II-D. It gives rise to two Fermi-type 
solutions yielding low values of M, instead of just the 
one previously discussed. The two Fermi phase-shift 
sets, obtained when only the cross-section data are 
utilized, are given in Table VI. (They possess lower M 
values than the Fermi solution in Table IV because 
there are fewer experimental measurements to fit.) A 
principal difference between these two solutions is that 
the D-wave phase shifts in one set have signs reversed 
compared with those in the other set. The usefulness 
of the polarization data in differentiating between these 
two SPD phase-shift solutions is demonstrated in Fig. 3. 


D. Inclusion of F Waves 


Because of the relatively high accuracy with which 
the phase shifts in our SPD Fermi fit are determined, 
we felt it necessary to extend the analysis to include F 
waves. It appeared quite possible that the addition of 
small F-wave phase shifts might cause changes in the 
other phase shifts larger than the quoted errors. This in- 
deed turned out to be true. We found that the inclusion 
of a small F-wave nuclear interaction not only alters the 
values of almost all the S-, P-, and D-wave phase shifts 
but also causes their errors to increase considerably. 
Also, new solutions appear that fit the data well. 

With the F-wave nuclear phase shifts allowed to be 
different from zero, another random search for solu- 
tions was conducted. New random initial values were 
picked for the phase shifts related to the S, P, and D 
waves. The initial F-wave phase shifts were also chosen 
at random, but were restricted to the interval 0+9 deg 
because we assumed these parameters to be small. The 
number of random sets used was 260, and about twice 
as many minima were found as in the SPD random 
search. Every solution with an M value of less than 40 
was obtained at least five times. According to the x? 
distribution, now for 21 degrees of freedom, the proba- 
bility is less than 1% that the M value of the true 
solution is greater than 40. 

As a check on the SPD random-search results, we 
made SPD fits to the data using as starting points the 
first five phase shifts in the various SPDF solutions. All 
the original SPD solutions appeared. In addition, only 
two new minima were found and these possess ex- 
tremely high M values. Therefore, we had apparently 
obtained all the existing SPD solutions with low M 
values in our original random search. 

Every SPDF solution discovered, with a value of M 
less than 40, is listed in Table VII. The Fermi-I, 


ANALYSIS 967 


TasLe VI. The “SP Fermi” solution is our best SP fit to the 
experimental data. ‘‘Fermi I” and ‘‘Fermi IT” are the two SPD 
Fermi solutions with low M values that are obtained when the 
computer is required to fit only the cross-section data (these 
solutions exhibit the ambiguity in the D-wave phase shifts). 


Mean Com- 
Type of M ex- puted 
solution pected M S31 
92.5 
13.9 
14.1 


Nuclear phase shift (deg) 
Ps; 1 Ps, 3 Ds,3 


21 i 4 
—~40 1348 


—22.3 y 
-~88 1373 = 


—16.8 
— 24.0 


SP Fermi 25 
Fermi I 19 
Fermi IT 19 


3 
5 


3 
3 





Minami-I, and Yang-I solutions correspond to the 
three SPD fits given in Table IV. The designation 
“Minami-Yang” refers to the type of fit of that name 
mentioned in Sec. II-D. Many of the phase-shift 
values in the various solutions denoted “TI” in Table VII 
are approximately connected by the ambiguity inter- 
relationships discussed in the references cited in Sec. 
II-D. Similarly interrelated are the three fits denoted 
“TI.” We will disregard solution 6 because of its ex- 
cessively large F3,7. When SPD fits to the cross-section 
data only are obtained, the SPDF Fermi-I and -II 
solutions reduce to the solutions of the same names 
given in Table VI and therefore appear to be mani- 
festations of the ambiguity in the D-wave phase shifts. 
The error matrices for these two sets of phase shifts 
are presented in Tables VIII and IX. 

The Fermi-II solution and the two Minami-Yang 
fits were also found in the SPD random search but then 





1.0 
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0.6 
04 Fermi IL 
0.2 
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Fic. 3. Variation of polarization with angle predicted by the 
two SPD Fermi solutions with low M values that are obtained 
wher the computer fits only the cross-section data. These solu- 
tions exhibit the ambiguity in the D-wave phase shifts. The 
values of the phase shifts for these fits are given in Table VI. 
When the four polarization measurements (shown above) are in- 
cluded in the SPD analysis, the Fermi-I curve can be easily 
altered to fit the polarization data but the Fermi-II curve cannot. 
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No. Type of solution M 


Fermi I 
Minami-Yang I 
Fermi II 
Yang II 
Minami-Yang II 


Minami I 


Cn U se wre 


had improbably large M values because of their in- 
ability to fit the polarization data. The presence of 
small F-wave phase shifts has enabled these three 
previously unacceptable solutions to become good fits 
to the polarization measurements. We present in Fig. 4 
the variation of the polarization with c.m. scattering 
angle predicted by the first four SPDF solutions in 
Table VII. The analogous curve for the solution 
Minami-Yang II is intermediate between those for 
Fermi II and Minami-Yang I. The polarization plots 
for the SPDF Minami-I and Yang-I sets are essentially 
the same as the corresponding curves in Fig. 1. 


E. Addition of G Waves 


An attempt was made to observe the effects of G 
waves on the SPDF analysis, again with the aid of the 
IBM-704 computer. When no restrictions are placed on 
the size of the G-wave phase shifts, we found that our 
former solutions become poorly defined, and additional 
sets of phase shifts appear that fit the data well. The 
SPDF Fermi-I and Fermi-II solutions are altered in 
character considerably when the nuclear G-wave inter- 
action is allowed because the computer is best able to 
fit the data by changing some of the phase shifts in 
these solutions by as much as 10 to 20 deg (the M 
values dropping to about 10 and 16, respectively). Even 
if the magnitudes of the nuclear G-wave phase shifts 
are held to within the arbitrary limit of 0.2 deg, the 
uncertainties in many of the other phase shifts in the 
two Fermi solutions increase to one and one-half to 
two times their former values. With the nuclear G- 
wave interaction allowed, we reinvestigated all the 
minima obtained in the SPDF random search. The 
magnitudes of the nuclear G-wave phase shifts in a 


Taste VIII. Error matrix for the SPDF Fermi-I solution. 
The matrix elements are in (deg)?. 


P31 P33 Ds,3 


S31 6.93 10.38 —0.08 
P31 16.14 —0.36 
P33 0.42 
Ds 
Ds 
F35 


Ds,s 


—5.56 
—8.54 
0.27 
—5.51 
4.61 


6.65 
10.34 
~0.28 


1.96 
—0.05 
1.28 
— 1.04 
0.31 
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Taste VII. Solutions found in the SPDF random search that possess values of M less than 40. The mean M value expected is 21. 


Nuclear phase shift (deg) 
Ds,3 D 


49 


6.4 
4.9 


NU bt 
“SIs I = OO UN 


O.8 


4.1 


was) 


given fit were arbitrarily restricted to be less than one- 
fifth the magnitude of the larger nuclear F-wave phase 
shift in the same fit. Even this constraint did not pre- 
vent new solutions with low M values from arising. 
With our present data and the limited amount of 
available theoretical information concerning the phase 
shifts related to angular-momentum states of higher 
order, we conclude that we cannot meaningfully include 
G waves in the analysis. 


IV. DISCUSSION OF RESULTS 
A. Phase-Shift Analysis 


A comprehensive phase-shift analysis has been per- 
formed, utilizing the polarization and cross-section data 
now available on r+—> scattering at 310 Mev. The 
D-wave phase shifts were found to be definitely needed 
in order to attain an adequate fit to the data. We in- 
vestigated the influence on the analysis of the presence 
of small F-wave phase shifts: not only are the errors in 
our original Fermi-type solution increased, but addi- 
tional solutions arise that fit the data well. Although 
the introduction of a small F-wave interaction does not 
greatly improve the best obtainable fit to the data, 
no justification can be found for completely neglecting 
F;,5 and F;,7. We attempted to extend the phase-shift 
inquiries to include G waves but found that the avail- 
able data and theory do not allow the G-wave inter- 
action to be significantly incorporated into the analysis. 
Evidently the region of angles over which polarization 
data exist is not large enough to enable us to satis- 
factorily define the phase shifts when G waves are also 
assumed affected by the nuclear interaction. 


TABLE IX. Error matrix for the SPDF Fermi-II solution. 
The matrix elements are in (deg)?. 


Ss, 1 P3, 1 


“Sar 0.50 —O.11 
P31 0.43 


Fs 5 Fy, 7 


-0.08 0.13 
0.13 —0.11 
—0.13 0.12 
0.08 —0.08 
—0.11 0.11 
0.08 --0.06 
0.09 


P33 Ds3,3 Ds,s 


0.30 
—0.37 
0.70 


0.08 
—0.30 
0.26 
—().22 


0.29 
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Our investigations indicate that it is difficult to ob- 
tain a completely meaningful set of phase shifts from 
pion-nucleon experimental data by using the partial- 
wave treatment alone. Further assistance from theory 
may be required before one can handle with confidence 
all the angular-momentum states measurably affected 
by the interaction. The discussions to follow will 
principally be limited to the results of our SPDF 
investigation. 

Let us begin the discussion of the various phase-shift 
solutions by discarding all those that are of the Yang, 
Minami, or Minami-Yang type. A principal reason for 
rejecting these sets of phase shifts is that they appear 
to disagree with the requirements of the dispersion rela- 
tions for the spin-flip amplitude of the pion-nucleon 
scattering in the forward direction.” The Minami- 
type solution is also unreasonable because of its large 
D3,3 and the implausible behavior of its phase shifts at 
low energy.!*.*6 

Of the phase-shift solutions listed in Table VII, only 
the Fermi-I and Fermi-II sets remain to be considered 
(we earlier rejected set 6 because of its excessively large 
F 3.7). In Table X, we summarize the characteristics of 
these two SPDF Fermi-type fits. The SPD Fermi set 
is also included for comparison. In comparing the 
closely related SPD Fermi and SPDF Fermi-I solu- 
tions, we notice that only P3,; is essentially unaffected 
by the addition of the F-wave interaction (owing to 
the strong dependence of this phase shift on only the 
total cross section). Although F3,5 and F3,; in the SPDF 
Fermi-I solution are small and their errors overlap 0 
deg, the effect of their presence is considerable. 

Table X shows the drastic increases in the phase- 
shift errors that occur when F waves are added to the 
SPD Fermi solution and the SPDF Fermi-I -set is 
thereby obtained. This would seem, at first glance, to 
indicate that much less information can be derived 
from this type of solution now that F waves are allowed. 


TaBLe X. Phase shifts for solutions of the Fermi type arising 
in the SPD and SPDF analyses of x*—> scattering data at 310 
Mev. The units are degrees. The errors are standard deviations 
and are the square roots of the diagonal elements of the error 
matrices presented in Tables V, VIII, and IX. 





Solution 
SPDF Fermi I 
14.1 


Nuclear 
phase SPD 
(M =15.8 
—18.5+0.6 
—4.7+0.6 
134.8+0.6 
1.9+0.4 
—40+0.4 


SPDF Fermi II 
18.3) 


—35.5+0.7 
—16.1+0.7 
151.4+0.8 
—11.4+0.5 
13.1+0.5 
—1.1+0.3 





—17.2+-2.6 
—2.9+4.0 
135.0+0.6 
3.142.6 
—4.9+2.1 
0.5+0.6 
—0.6+1.4 





23W. C. Davidon and M. L. Goldberger, Phys. Rev. 104, 1119 
(1956). 

24 W. Gilbert and G. R. Screaton, Phys. Rev. 104, 1758 (1956). 

28 Bethe and de Hoffmann, reference 11, p. 75. 
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Fic. 4. Variation of polarization with c.m. scattering angle 
predicted by the first four SPDF solutions in Table VII. For 
reasons of clarity, the large-angle behavior of two of the curves is 
not shown. All curves satisfactorily fit the three negative polariza- 
tion measurements. 


Actually this is not true because many of the correlation 
coefficients are large in the SPDF Fermi-I solution. 
Large correlation coefficients signify strong relation- 
ships between the phase shifts, and thus information 
about ene phase shift will, in general, give useful in- 
formation about other phase shifts. In any comparison 
of theory with the SPDF Fermi-I set, it will be im- 
portant to use the entire error matrix (Table VIII). 

To facilitate the phase-shift analysis, we neglected 
inelastic scattering. Additional uncertainties in the 
solutions of Table X exist because of this disregard of 
all but the elastic-scattering reaction. There is little 
experimental information available on inelastic processes 
in +—p scattering at 310 Mev. However, estimates 
can be made of the magnitude of the total inelastic 
cross section at this energy by combining the experi- 
mental measurements of Willis*® at 500 Mev with 
theories such as those by Rodberg,?’ Franklin,* and 
Kazes.” The results indicate that the x+—p total in- 
elastic cross section is less than 1 mb at 310 Mev. 

The inclusion in our analysis of even this small 
amount of inelastic scattering can cause changes in 
the phase shifts. We have observed the alterations in 
the solutions given in Table X when a total inelastic 
cross section of 1 mb is allowed. Various extreme as- 
sumptions, were made about the manner in which this 
amount of inelastic scattering might be distributed 


26 William J. Willis, Phys. Rey. 116, 753 (1959). 

27 Leonard S. Rodberg, Phys. Rev. Letters 3, 58 (1959). 
*8 Jerrold Franklin, Phys. Rev. 105, 1101 (1957). 

2 Emil Kazes, Phys. Rev. 107, 1131 (1957). 
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among the different angular-momentum states of the 
interaction. Each inelastic parameter was assumed, in 
turn, to have a value sufficiently less than unity so as 
to account for the entire 1-mb cross section (all the 
other inelastic parameters remaining at unity). Equa- 
tion (7) of Willis?® was used in order to calculate these 
values. For each assumed set of inelastic parameters 
and for each solution considered, the computer re- 
determined the values of the ; ase shifts yielding the 
minimum magnitude of M (this general procedure was 
discussed briefly in Sec. III-A). We conclude from the 
results of this investigation that, if inelastic-scattering 
processes could properly be taken into account, any 
changes in the quoted values of the phase shifts would 
probably be well within the corresponding errors given 


in Table X. 


B. Comparison of the SPDF Fermi- 
Type Solutions 


Let us examine more closely the two SPDF Fermi- 
type solutions, both of which are excellent fits to the 
data. Both sets are reasonable from the point of view 
that the F-wave phase shifts are small compared with 
those related to the D wave. We are unwilling to discard 
the Fermi-II solution on the basis of lack of continuity 
with results of phase-shift analyses at other energies 
because we believe these other analyses may suffer the 
same uncertainties as our SPD results. In the remainder 
of this section, comparisons between the two SPDF 
Fermi solutions will be made in an attempt to eliminate 
one of these two sets of phase shifts. 

Both solutions give Re[_{(0°) |= —0.686+0.012 in 
units of #/uc (u denotes the z-meson rest mass) where 
Re[_/(0°)] is the real part of the forward-scattering 
amplitude, for *+—p nuclear elastic scattering, in the 
c.m. system. The result, —0.686, was calculated by 
inserting the nuclear phase shifts of Table X into Eq. 
(12) of Anderson and Davidon.® (The value computed 
for Re[_{(0°) ] is almost independent of the number of 
partial waves assumed to be affected by the nuclear 
interaction.) We obtained the error by using the error 
matrices in Tables VIII and IX. The sign of Re[f(0°) | 
is determined by the absolute sign of the set of phase 
shifts used, which in turn is determined by the sign of 
the Coulomb-nuclear interference contribution to the 
DCS. We neglect a small correction (apparently less 
than 1%) to Re[_f(0°) ] arising from the disregard of 
possible inelastic contributions to the total cross sec- 
tion when the computer normalizes the experimental 
elastic DCS to the experimental value of the total cross 
section. If inelastic scattering takes place but is neg- 
lected in the phase-shift analysis, DCS values calculated 
from the resulting sets of phase shifts will be too large. 
Because of the close relationship between Ref[_/(0°) ] 
and the value of the DCS for nuclear scattering at 


*® H. L. Anderson and W 


C, Davidon, Nuovo cimento 5, 1238 
(1957). 
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6..m.=0 deg, the disregard of inelastic scattering causes 
the magnitude quoted for Re{_f(0°)] to be slightly 
too great. 

Our result for Re[_f(0°) ] agrees well with values pre- 
dicted by the dispersion relations and based on other 
experimental data." The curve calculated by Spearman 
gives Re[_f(0°) |~—0.70 for /?=0.08, where /? is the 
renormalized, unrationalized, pion-nucleon coupling 
constant.” Another recent analysis is that by Cronin, 
who predicts —1.35X10~" cm at 310 Mev for the real 
part of the forward-scattering amplitude in the labora- 
tory system (for f?=0.08).* When transformed to the 
laboratory system, our result becomes (—1.36-+0.02) 
<10-" cm, again in good agreement with the disper- 
sion relations. 

When the two SPDF Fermi-type solutions are com- 
pared with the predictions of the phase-shift formulas 
of Chew, Goldberger, Low, and Nambu,™ we find that 
Fermil is in better agreement. The P-wave phase 
shifts of Fermi I are more in accord with the effective- 
range formulas of Chew e/ al. than are the corresponding 
phase shifts of Fermi II. The effective-range equations 
predict approximately —5 deg for P;,,; and 127 deg for 
P33 at 310 Mev. We obtained these results by assuming 
f?=0.08 and w,= 2.1. The quantity w, is the value of w 
at the 3,3 resonance, where w denotes the total energy 
in the c.m. system, exclusive of the nucleon rest energy, 
in units of we®. The effective-range formulas are ex- 
pected to be valid only at low energies. Therefore the 
fact that the Fermi-II set disagrees more noticeably 
with these equations than does the Fermi-I solution 
is not sufficient reason by itself for discarding the 
former set of phase shifts. One often compares experi- 
mentally obtained values of Ps, 
theory by means of the 
(q* cot P3,3)/w versus w, where 


with the effective-range 
Chew-Low plot* [i.e., 
q is the momentum of the 
pi meson in the c.m. system, in units of wc |. The values 
of P33 in both Fermil and Fermi II give results that 
fall below the straight line passing through the low- 
energy points on this type of plot, in accord with the 
results of other experiments at energies near or above 
300 Mev. The D-wave phase shifts in the SPDF 
Fermi-I solution agree in sign and reasonably well in 
magnitude with the theoretical formulas of Chew et al., 
which predict D;,;=+0.3 deg and D;,;=—2.5 deg at 
310 Mev; the D-wave phase shifts in Fermi IT disagree 
in both sign and magnitude. However, these formulas 
do not include the effects of the pion-pion interaction 
and thus may not give accurate predictions. 

The straight-line plot*® 


at low energies of S3, as a 


31 We acknowledge informative discussions with Dr. H. P. 
Noyes, Lawrence Radiation Laboratory, concerning the dispersion 
relations. 

*® T. D. Spearman, Nuovo cimento 15, 147 (1960). 


33 James W. Cronin, Phys. Rev. 118, 824 

4G. F. Chew, M. L. Goldberger, F. E 
Phys. Rev. 106, 1337 (1957). 

35 G. F. Chew and F. E. Low, Phys 

36 Jay Orear, Phys. Rev. 96, 176 
(1956). 


1960) 
Low, and Y. Nambu, 


Rev. 101, 1570 (1956). 
1954): Nuovo cimento 4, 856 
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function of g can be linearly extrapolated to 310 Mev 
and compared with the values of this phase shift in our 
two SPDF Fermi solutions. The extrapolated value ob- 
tained is near —13 deg, and therefore the comparison 
yields the better agreement for Fermi I. Once again, 
this alone is not adequate evidence against Fermi II 
because the linear relationship between S3,; and q prob- 
ably does not extend to energies as high as 310 Mev. 
Although both the SPDF Fermi-I and Fermi-II 
solutions give results that agree with the dispersion 
relations predicting Re[_ (0°) |, these two solutions yield 
contrasting results when compared with the dispersion 
relations for the spin-flip forward-scattering amplitude, 
following the method of Davidon and Goldberger.” 
Dispersion-relation theory predicts that y=/*+Cx, 
where /? is again the pion-nucleon coupling constant, 
C is a constant, x is a given function of the energy, and 
y depends in a stated way on the phase shifts and the 
energy. As shown in reference 23, Fermi-type phase 
shifts that are based on SP analyses over a range of 
energies lower than 310 Mev exhibit approximately the 
predicted y-x linear behavior and extrapolate to a 
reasonable value of f?. (At sufficiently low energies, we 
would expect the SP-type analysis to be adequate.) 
Strictly speaking, the function y depends on the phase 
shifts at all energies. However, for Fermi-type solutions 
and for the region of energies considered in the Davidon 
and Goldberger article, y depends principally on the 
values of the phase shifts at the energy at which it is 
being evaluated and on the behavior of P3,3; at other 
energies, about which reasonable assumptions can be 
made when necessary. Approximate calculations using 
the Fermi-I solution give y~+0.03+0.08; when 
Fermi II is considered, y~ +0.33+0.02. We have in- 
cluded in the errors quoted only the error arising from 
the term Re(a3) in Eq. (2.6) of reference 23. The entire 
error matrices (Tables VIII and LX) were used when 
calculating these errors. Assuming that the other un- 
certainties in the calculation do not greatly change the 
general features of these results for y, we find that the 
Fermi-I solution is in moderately good agreement with 
the straight line of reference 23 (which yields about 
0.15 for y at 310 Mev) but that Fermi II disagrees. 


37 We thank Professor J. Ashkin of Carnegie Institute of Tech- 
nology, Pittsburgh, Pennsylvania, for suggesting the use of the 
spin-flip dispersion relations as a possible means of discriminating 
between the two SPDF Fermi solutions, 
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Relying on the Davidon and Goldberger analysis, then, 
we apparently may say that only the Fermi-I solution 
is admissible. 


C. Concluding Remarks 


Although theory appears to favor the Fermi-I set 
over the Fermi-II, further theoretical evidence and, in 
addition, experimental justification are desirable. Useful 
experimental information could probably be obtained 
by performing supplemental polarization measurements 
at sufficiently small angles. We note in Fig. 4 that 
appreciably different values of the polarization are 
predicted by the two Fermi solutions at c.m. scattering 
angles in the vicinity of 60 deg. If a practicable method 
could be developed for determining the polarization of 
protons with energies approximating 50 Mev, one could 
perform recoil-proton polarization measurements that 
might distinguish between the two SPDF Fermi solu- 
tions. The same data might also provide experimental 
evidence against the SPDF Minami, Yang, and 
Minami-Yang solutions. 

In conclusion, the success of the SPD analysis was so 
striking that an investigation of the effects of F waves 
was in order. The inclusion of F waves has given a good 
fit to the data, but not an appreciably better fit than 
in the SPD analysis. The errors in the phase shifts of 
the Fermi-I type have become very much larger than 
they were before the F waves were added, but because 
many of the correlation coefficients are quite large there 
is still a great deal of information contained in the 
SPDF analysis. It is hoped that this work constitutes a 
significant step in the quantitative study of pion- 
nucleon scattering. 
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The single example of a gravitational manifold which Einstein and Rosen presented in support of their 
modified field equations g*R;,=0 is shown to uniformly satisfy the unmodified field equations R;,=0 and 
hence to provide insufficient logical support for their proposed modification. The demonstration is made 
in the original coordinates used by Einstein and Rosen, by direct calculation of the curvature tensor of 


the manifold. 





I. INTRODUCTION 


HE gravitational manifold discussed by Einstein 

and Rosen in connection with their suggested 
modification’ of the field equations was the following 
transformed version of Schwarzschild’s solution: 


9 


u? 


di? =-— dT*—4(A+4u?)du? 
1+? 
— (A+u?*)?(d@+-sin*@d¢?), (1) 


where A represents the positive constant 2m utilized 
by Einstein and Rosen. There is no indication that 
Einstein and Rosen regarded their manifold as con- 
taining regions not included in the range of real values 
of the four coordinates 7, u, #, ¢, and this interpretation 
of the term “Einstein-Rosen manifold” will accordingly 
be adhered to here. The fact? that this manifold is 
extensible is not relevant to the purpose of the present 
paper, which is to criticize the introduction of the 
modified field equations g*R;,=0 on the basis of a 
simple formal consideration. 

As pointed out by Einstein and Rosen, the metric 
tensor of the manifold (1) has no singularities, but is 
degenerate on the locus w=0 in the sense that the 
metric determinant g vanishes on that locus. (It may 
be interesting to note that without this degeneracy, 
the manifold would not be extensible.) On such a locus 
of degeneracy the field equations R;,=0 may fail to 
be satisfied, because the curvature tensor and its 
contraction, the Ricci tensor R;,, take indeterminate 
forms and may be discontinuous or have other singu- 
larities. Einstein and Rosen noted that this difficulty 
could be avoided by using the modified field equations 
g’Ri.=0, which, being free of g as a denominator, 
would necessarily always remain satisfied across loci of 
degeneracy g=0. Whether this modification of the field 
equations may be desirable in a large class of solutions 
having physical interest is not known at present; 
however, this modification will be shown to be unneces- 
sary in the case of the manifold (1) which Einstein and 
Rosen used as a principal example in support of the 


1 A. Einstein and N. Rosen, Phys. Rev. 48, 73 (1935). 

*D. Finkelstein, Phys. Rev. 110, 965 (1958); C. Fronsdal, 
Phys. Rev. 116, 778 (1959); M. D. Kruskal, Phys. Rev. 119, 
1743 (1960). 


modification, essentially because the indeterminate 
form assumed by the curvature tensor is resolvable 
without discontinuity or other singularity on the locus 
of degeneracy u=0. 


Il. THE CURVATURE FIELD OF THE 
EINSTEIN-ROSEN MANIFOLD 


The regularity of the curvature field of the Einstein- 
Rosen manifold will be studied in the original coordi- 
nates T, u, 0, @ used by Einstein and Rosen. At points 
not on the locus of degeneracy of the manifold (1), 
the nonvanishing components R’,;, of its Riemann- 
Christoffel curvature tensor can be evaluated by direct 
calculation, and are summarized as follows: 


Ron = — RR oi9= —_- ZR? 002 = 2R?, 200—- 2R* 003 
= 2R* 30 
— R= —2R*112= 


—Au?/(A+u*)4, 
2R*121= — 2R* 113 
2R*\33=4A/(A+n7)?, 
2R°oo2= — 2R' 01 (2) 
” 2R's12=A 
— R?393= —2R°339= 2R°393= —2R' 
= 2R'513=[A/| 


R 10> 


R* 503 a 


_ R*,30 = 2R° v0 - 
(A+4u?), 
R*339= 
1+?) | sin’, 


with the assignment (2°,x',2?,2°)=(7,u,0,6). By con- 
sidering the values of the curvature components at 
locations arbitrarily close to w=0, it can be seen that 
these components are finite, single-valued, and contin- 
uous across this locus, and in fact differentiable to all 
orders there. Inspection of (2) now shows that the 
curvature tensor satisfies the unmodified field equations 
Ri,=0 unambiguously, everywhere in the Einstein- 
Rosen manifold. 


Ill. CONCLUSION 


Einstein and Rosen’s suggestion to modify the field 
equations so that they read g?R;,=0 instead of Ri,.=0 
has been shown to be logically unnecessary in the single 
example of a curved gravitational manifold which those 
authors considered. In the absence of any new evidence 
in its favor, this suggested modification can be tenta- 
tively rejected on the grounds that it represents an 
unnecessary weakening of the field equations. 
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The Serber-Pais charged-scalar strong-coupling method is extended to the two-nucleon system. It is shown 
explicitly that whereas the nuclear force depends on the renormalized coupling constant alone at the large 
internucleon separations, its dependence on the unrenormalized coupling constant alone becomes increasingly 


pronounced as the two nucleons come closer together. 





I. INTRODUCTION 


HIS work is motivated by our desire to study 
explicitly and in a consistent manner the long- 

standing conjecture in the charged-scalar strong- 
coupling theory that whereas the nuclear force depends 
on the renormalized coupling constant alone at the 
large internucleon separations, its dependence on the 
unrenormalized coupling constant alone becomes in- 
creasingly pronounced as the two nucleons come closer 
together. If one considers two extreme cases—namely, 
the case of very large separations, in which the nuclear 
force depends on the renormalized coupling constant 
alone, and the case of an exact overlap between the two 
nucleons, in which the nuclear force depends on the 
unrenormalized coupling constant alone (Chapter III), 
one will inevitably arrive at the above conjecture. To 
achieve our objective it is necessary to carry out 
numerous transformations and to examine various 
problems, new and old, which bear physical significance 
by their own rights. 

In this work we make use of the Serber-Pais method, 
a new method in the charged-scalar strong-coupling 
theory, which is powerful in the variational procedure 
and is particularly suitable for the treatment of the 
effects of the quantum mechanical field fluctuations. 

Chapter II is devoted to series of the transformations 
which will bring into evidence the isobaric energy 
spectrum of the system. The fields are then separated 
into a static part (of the order of the coupling constant 
g) and a fluctuating part (of the order of g°) so that we 
may expand the theory in the ratio of the fluctuating 
field and the static field in a strong coupling limit. 
Chapter III is devoted to some customary problems, 
such as self-energy, nuclear force, and isobaric energy. 
It is shown there that the nuclear force, which has the 
exchange characteristics at large separations, becomes 
isotopic spin-independent at small separations. Finally, 
emphasis is given to Chapter IV, in which we study the 
normal modes to evaluate the zero-point energy shift 
of the meson fields due to the presence of the source 
functions. This energy shift of the order of g° combined 
with the self-energy terms of the order of g* exhibits 
explicitly that the dependence of the nuclear force on 
the unrenormalized coupling constant alone becomes 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 


increasingly pronounced as the two nucleons come 
closer together. 
Il, TRANSFORMATIONS 


We write the Hamiltonian for two nucleons, A and B, 
coupled to the charged scalar field as follows: 


H=H est Hint, (1) 


where 


PRES f [iret(t)-+¢e(t)u%Sa(t) lr, 


Hine= (24)'g > Jf loa(eraadale) 


+up(r)rBada(r) |dr, a= 1, 2. (3) 


The operator of total charge of the system is given by 
T=2+43(1+743)+3(1+17:3), 


taal (4) 
= f Lou(e)ra(e)—6s(0)mu(t) Ur 


In the above equations we assume the extended source 
model. The Hermitian fields ¢,(r) and their conjugate 
momenta 74(r) satisfy the usual commutation relation, 


[wa(r),d8(t’) |= —i5.95(t—r’). (5) 


A feature which distinguishes the Serber-Pais method! 
from the customary one lies in the fact that they 
introduce in the theory an arbitrary scalar c-number 
function f, called the “distribution function,” in such 
a way that all the transformations are homogeneous in 
f. Since f can be chosen by any suitable criterion, their 
method opens a general way for the application of 
variational methods. The Serber-Pais method consists 
of two distinct sets of transformations. The first one, 
which is independent of the value of the coupling 
constant or of any nonrelativistic approximations, 
represents series of rigorous transformations which 
bring into evidence the isobaric energy spectrum. The 
second one represents the transformations which 
specifically refer to expansions valid only for the 
extended source model and for large values of the 


1A. Pais and R. Serber, Phys. Rev. 105, 1636 (1957). 
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coupling constant. In the case of a single nucleon they 
start with the separation of ¢ and 7 into a “bound” 
part and a “free” part (marked by a prime): 


f f 
Pa =.'+ — ff Ta=Ta t+ ; fm (6) 
F F 


in which the normalization factor F(= ff?) has been 
so introduced that the bound parts, characterized by 
collective coordinates, 


1 1 
0.= fs. P= [i 
F Fi 


will satisfy the canonical commutation relation 
[ Pa,Oz | 


The transformation (¢,r)— (¢’,r’) is not exactly 
canonical, corresponding to a transition from a com- 
plete to an incomplete set of free-meson states; the 
latter should be supplemented by bound states gen- 
erated by the collective motion: 


= — 15.43. (8) 


[ma’ (8), 6,’ (r’) |= —tbas[6(r—r’)— (1/F) f(r) f(r’) ]. (9) 


Note that the primed variables are orthogonal to f and 
commute with the P’s and Q’s: 


fw fre =(), 


[ Pads’ | 


(10) 


[wa ,Os |=0. (11) 


We now return to the two-nucleon system. In 
analogy to Eq. (6) we expand ¢ and = into a “bound” 
part and a “free” part (marked by a prime): 


1 
[(fa—bfe)Qaat (fa—bfa)Qza|, 


(12) 


1 
ba= ba +- > Ze 
1—b F 


1 1 
Ta=Wa t— —[faPaatfePeal, 
1+5 F3 








A meo= F mes’ +4 2 


1 
F ——(Paa?+Pp?+2bP 1aP 20) 
> L(1+0)? 


b 3 
pee 


1 1 
Hin= Hint’ + (29) '¢- — 


L=2'+(QarPa2—Qa2P ai) + (Os1P 22—Qzs2P 21). 


CHUN 


where 


P= f te= f fu F 4n= J fas b=F iB F. (13) 


The Q’s and P’s are so defined that (P4o,Q04a) 
(Ppa,Qpa) are independently canonical pairs: 


’ 


r g 


1 1 

Osa= a [fat Opa [ tx 
1+6 F! i+d/ 
1 | : 
Fis ain ; [Cs—Ofe Tay 
1—b F? 

= f 
1b Fi J ~ 


[PaaQas|=[PeaOzs | 


Pra (14) 


ip—obd fs lr as 


— 15 43. (15) 


We require that ¢,’ and 7,’ be orthogonal to the /’s: 


J fa8.'= f fu 0, [fore [fone 0. (16) 


The primed variables then commute with the P’s and 


Q's: 


[Pads |=[P eas’ |=’ Oas|=[te’ Ong |=0. (17) 


Note that variables are not 


canonical : 


the primed exactly 


z= 
[ra (r),9'(r’) |= — bua (0-1) 
i—b? F 


X{ (fale) fale) + fa(r) fa(r’)) 


—b( fa(r) fa(r’)+ fa(r) f ey} (18) 


In terms of these variables we obtain 


am | (Que+Onu)( (146) f otf 26 f fuu* fn) +2Q1o0ne( (1 +0) fy 5a" fp —2b f tf) | 


Te 
bai {Qa f 606% fab) +One f de'e 


-* J (esota-t nate) (Osa H0t) fart (Osa O00) fo 


{ fe soon bfa) | (19) 


(20) 


(21) 


? Where variables of integration are omitted they are understood to be the three dimensional volume element dr 
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Introduce polar coordinates : Instead of using the transformations (22), it is more 
Pe ae convenient to use the new canonical variables: 
QOao=Qa sinda, 6=43(64+46s), ¥=43(04—6z), 
P 41= (cos04)P4—(sin64)Qa Pea, Po=(PoatPep), Py=(Pos—Pog), (24) 
P 42= (sin64)P 4+ (cos@4)Qa" Poa, 
QOzi=Qp Ccosbp, 
Op2= Qa sindz, 
P i= (cos6g)P— (sindg)Ose Pog, 


. Along with the transformations (22) and (24) it is 
Pg2= (sin6g)P 2+ (cos@g)Og "Pe ‘ ‘ ; 
a= (sinds) Pat (cosda)Os ve convenient to change the state vector @ into ®’, given by 


where (P¢,@) and (Py) are independently canonical 
pairs: 


[Po6]=(Py]=—i. (25) 


where (Pe4,04), (Pop,0e), (P4,Qa), (Pp,Qz) are in- 
dependently canonical pairs: ©’ = 0410p. (26) 


[Po4,84]=[Pon,62 |= —i, The operators Hines, Hint, and 2, considered to act on 
[P4,04]=[Ps,08 |= —i. (23) ’, then become 


: 4 
H wwes= H ines’ +- ——-{ P.?+4Q0a[ (Pot+Py)?—1]+Ps’?+i08 | (Pe— Py)?—1)} 
2 (1+6)? 
1 ‘ 
+ b cos2y{ P4Pa—4Oa"Oe+3i(Oe Pat+QaPa) +404 "On (PF? —Py)} 
(1+6) 
1 
+-- b sindy{ (P4+3iQa Op (Pe— Py) — (PatdiOe Oa "(Pot Py)} 
2 (1+6)? 


: = 1 
a a = > (e+ 001) ( +0) f forf- 20 f fustfo) +2 cos2¥0sOa( (1+0°) f fas'fa-26 f fut) 


: 3 
—- {04 ft cos(0+W)+¢2’ sin(0+¥) }*(fa—bfa)+0r | [oy cos(@—y) +¢.’ sin(o-W) Ue bfa)}, 


1—0bF! 
(27) 
1 s2x\3 
Ain= Hi + : ( ) | Qalrar cos(0+y)+7 42 sin(0+y) if i(fa—bfs) 


F 


+Os[ra1 cos(0@—y) +742 sin(0—w)]} f wal fab f0)+OaLrn cos(6—y) +B sin(@—y)] f ua fo—bf.) 


+Qua[ ra: cos(6-+yW)+7pe2 sin (040)1 f ual Fa—bf) ; (28) 

T=r'+Pp. (29) 
The variable 6 can be eliminated from the Hamiltonian by applying the unitary transformation 

S,=exp[19($743+3723—2’) |. (30) 


Furthermore, the terms proportional to Qa’, Qs’, QaQz, Qa, Oz, Pa®, Ps’, PaPs, can be eliminated from the 
Hamiltonian through the following transformations: 


a ~§ » 3 
raha b mica bfe)Qat (fo—bfa)Oe] cosy, eslitiaai i mic Fa bfa)Qa— (fa— bfa)Qz] siny, 
(31) 


4 ; 4 
wy =9;'+— —(faPatfePs) cosy, w= 42 -+— —(faPa—fePs) siny, 
1+6 F! 1+6 Fi} 
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which give the following anomalous commutation relations: 


. 1 sin*’y 
[m1 (r),o1"(r’) J= if s(r-1)-— | ts (r) fa(t’)+ fa(¥) fa(r’) ]—bL fa(e) fa(r’)+ fal) fale’) nM} 


1 cosy F 
—{Ufa(r) fa(t’)+fe() felt’) ]—dLf a(t) fale’) +fa(r) fa(r’) »} (32) 


[are”’ (r),b2"’(r’) |= bee - 
i-P 


cosy siny 
[ara (1) 2” (e’) |= [are (8) 1" (8 vp fa) fa(r)— fa(r) fa(e’) |—bLfa(r) fa(t’)— fe(t) fat’) }}. 


With these new variables, we obtain 
1 


1 
A nco= A mes’ + * Va (Pet Py— ras— $TB3— “"2— 1 | 
(1+)? 


1 
+e Op *T (Pe— Py—}37r43—-3 27B3~— "2—1 | 
8 (1+6) 
3 
(1+) 
1 1 
a = 
2 (1+5)? 


b cos2y{—Q. 1Op 3+21(Op"PatQu 'Pp)+OQa ‘Op  (Pe—4ras—4re3— 


b sin2y{Qe—(P4t+4iQa) (Po— Py—4r43—}723— 2”) 
—Qa"(Pat+3iQs") (Pet Py- 
Hine= Hine”, 


?., D 1 1 
= Po— 37 A3— 43783, 


where 
1 


l tw a 
Q,4=—— — f face.” cosy+@.” siny), Qs=— favo ’ cosW— 2” sin), 
1+6 F? 1+6 F! 
1 


_bF! =| (cose ffuns’siow ffu0s”)—6( cose f funs+sine f fans”) | 

1 

eae — | (cos f fans ‘—siny Jf ford ')- 4( cosy fs 17 sing ffx ") 
" 1-bF , 


Following the customary procedure in the strong- field fluctuations in this case give the perturbation 
coupling theory, we are going to diagonalize the inter- series with an expansion parameter 1/g’xa, a being the 
action Hamiltonian. Before doing this, however, it is source size. Since the theory is not more singular than 
necessary to discuss more about the distribution the self-energy singularity (~ 1/a), the perturbation 
function, f, whose significance was mentioned earlier. series will be valid only if the condition g«1/xa in 
We may greatly narrow down the choices of f if we addition to the usual condition g*>>1, is satisfied. The 
try to develop a self-consistent procedure, starting with conventional procedure thus faces serious divergence 
that part of the Hamiltonian which is expected to give difficulties in the limit of vanishing source size.~* On 
the leading contributions for a given region of coupling, the other hand, it is shown that the choice of f=», the - 
and for that part making a best choice for f. At this _ self-field, gives results in which the perturbation series 
point the choice of f is not unique. For instance, the are given in terms of the expansion parameter 
choice of f=, the source function, will reduce the (1/g*) In(1/xa). Furthermore, it is shown that the re- 
theory into the customary one. In this case the inter- normalized coupling constant contains terms which have 
action Hamiltonian (34) will be diagonalized in a logarithmic dependence on the source size, and if the 
representation in which 7,4; and rg; are diagonal if we ———— ; 
write S,=exp{i[}r43(0-+y)+4723(0—y)—63'J} in Eq. *H. Nickle and R. Serber, Phys. Rev. 119, 449 (1960). 


, 4G. Wentzel, Helv. Phys. Acta 13, 269 (1940). 
(30). However, the effects of the quantum-mechanical 6‘ G. Wentzel, Helv. Phys. Acta 14, 633 (1941). 
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expansion is expressed in terms of the renormalized 
coupling constant, then, aside from the self-energy 
terms, the theory becomes independent of the source 
size.* Here lies the physical significance of the choice of 
f=v. Hereafter we will adhere to this choice. 

The interaction Hamiltonian can be diagonalized by 
rotating the secular components of the nuclear isotopic 
spins 74; and rg; to the direction of the vectors fus¢” 
and /up¢", respectively. This is accomplished by a 
unitary transformation 


i 
S.=exp| | rasta fst” / fusds”) 
+7B3 tan-( fue” / f unos”) (37) 


The interaction energy is then diagonalized in a repre- 


N Ny 1 ¢ 
+—)- I f water” cosy +2” siny)| 
W ;? 8 FW! 


1 
 ines= H mea!’ + ( md 
s\Wwy 


be of 
+ Se 
8 (1+)? 


1 1 
Qu (Pst Py- 2" 1} + — 
8 (1—- 


sentation in which 74; and rg; are diagonal: 


H int= (2m) *g (7 41Wat+reiWs), 


rol(fooe) (foo) 
rol (fone) “(foe 


Since we are considering the lowest energy states of the 
system, we consider only the lower state (r41=—1, 
Tpi=—1). The upper states (ta.=+1, rm=+1; 
T4i=+1, ra:=*1), which are separated from the 
lower state by the energy gap of the order of g*/a, the 
magnitude of the self-energy, have completely different 
characteristics from those of the lower state. In this 
work we will consider neither the upper states nor the 
interference between lower and upper states. 
We also obtain 


(38) 


where 


39) 


2 


9 1 2 


q 
=| f ua($1" cosy—¢2” siny) 
8 FW 


—Op~*{ (Po— Py—2")?— 1} 


b*)? 


> 
——b cos2y-[—404-0s"+ (Qa Ps + Ou P 4) +4040 (Ps—2")"— Py} ] 


+ 
2 (1+)? 


1 
Spin 
2 (1+6) 


D oe 1 1 
z= Po- 27 A3— 37B3, 


where 


In Eq. (40) the off-diagonal terms (linear in 743 and 
Tp3) coupling widely separated states are neglected. 

Our next step is to split the field into a quasi-classi- 
cally determined self-field (~ g) plus a field of free 
mesons and fluctuations (~ g°) so that we can expand 
the theory in the ratio of free field and self-field : 


$1 =¢1'"" + (va+0p) cosy, 
2” =o2'"" + (v4—vp) siny, 


1 
——b sin2y-[Os-(Pa+4iQu) (Po— Py") — Oa (Pa + FiO) (Pe + Py—2")], 


(40) 


(41) 


where ¢;’" and ¢2”” are the fluctuating fields, v4 and 
vp, the self-fields of nucleon A and B, respectively. The 
above transformations correspond to a_ contact 
transformation 


S.exp| —i f Ce"(oa+e0 cosy 


+’’(v4—vg) siny]}. (43) 


The triple-primed variables obey the same commu- 
tation relations as those obeyed by the double-primed 
variables (32). With these variables, to the order of 
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g?, we obtain 


1 1 
H= (2r)'g(ras.WatraiWe)+ ; J eastoat- fenton tcos2y f vaste 


17 N N 
+f cosy +¢2 sinp)toat f ( cosy — 2 siny)w*vp + (- + 7 
8 ’ ° fs 


1 1 1 
+ - Ox 2 (Pe+Py—z)?—-1]+ Op 1 (Pe— Py—z)?-1 
8 (1+6)? 8 (1+8)? 
1 
+ 7 
2 (1+)? 


: 7 
+ b sin2y[Qz 1(P4+4iQu 1)(Pe— Py—Z2)—Qa \(Pp+4iOg ) ( 
2 (1+6)? 


b cos2y[—4047108 + (Qa Pa t+On Pa) +3040n '{ (Pe—Z)P— PY} 


W?= | fustot0c i+vz) cosy] +| fruste. + (v4—vg) siny | ; 


W ;*= | foto: +(v4+0p) cost} +| [votbe+ (exon) siny | , 


; 63 
Os=- | festoate cosy) + f ral cosy +¢2 sing) | 
1+6 V3 


t J 
Oz=- | fentoeto, cos2y)+ { tn(61 cosy—¢: siny | 
i+) V3 


V= fre= fre Van= f cave 


In the above equations we omit all the triple primes. 


III. SOME OLD PROBLEMS 


We are now ready to examine some old problems.*~* 


1. Self-Energy 


In the strong-coupling limit, the leading contributions to the Hamiltonian come from the terms quadratic in 


the coupling constant: 
1 1 
H,=—- (29)'g(Wat+Wa)+- frst st- ff exsten-tcosay: f 10° 
2 2 


—g(P+J2+21J cos2p)'+4¢2(I+J cos2y), 


a4 f us "u ed eres a, 
«R 


¢ 
Jat f stun f stua~ — (for R>a). 
R 


6S. M. Dancoff and R. Serber, Phys. Rev. 63, 143 (1943). 


where 





THEORY FOR 


H, represents the static self-energy and the nuclear 
force of the system, whose dependence on the separation 
R between the two nucleons comes through J. In the 
above equations v4 and vg are determined from the 
condition that v4 and vg be chosen so as to minimize 
the static part of the Hamiltonian. To the first approxi- 
mation we obtain w*v4=(2r)!gu4 and w*vg= (27) igup 
in the limit that (Pes/g)<<1 and (Pop/g)<1. 

For large g, ¥ will adjust itself so as to minimize H;: 
(47) 


cos2y=1, y=0 or gf, 


and 


A,—— —32¢(I+J). 


(cos2y—1) 


(48) 


When the two nucleons overlap each other exactly, 
i.e., R— 0, J — 1, the self-energy becomes 


H, —> —gl=-—g*/a, 


(R-0) 


(49) 


which is four times as large as in the case of a single 
nucleon. Physically this comes about due to the fact 
that the coupling constant in this case is effectively 
twice as large as in the case of a single nucleon. 

The condition cos2¥=1 corresponds to the “freezing 
of the isotopic spin” at small separations. In this case 
the nuclear force appearing in (48) through J is isotopic 


spin-independent. A question naturally arises at what 
separation the “freezing of the isotopic spin” sets in. 
This question can be answered in a semiquantitative 
way by considering the situation from the other side 
of the extreme case of R=, when the variable y is 
completely unspecified. As the two nucleons approach 
each other, H in Eq. (45) can be expanded as 
H,= —(g*/2)(I+J cos2y), the term —(g?/2)J cos2y 
thus appearing as correction to g? term; a correction 
term also appears in the isobaric energy, which, how- 
ever, is small down to separations of the order of «~. 
Thus, one may roughly estimate the critical separation 
from the relation x/g*=g*J/2, or 2/g'=e-*®/KR. 


2. Nuclear Forces at Large Separations 


We next consider the case of separations larger than 
the critical one discussed above. In this case the 
Hamiltonian can be approximated as a sum of the 
isobaric terms of the individual nucleon and H;: 


> 


ry 1 | 
H=——(I+J cos2y)+—(Pé+P,). (50) 
2 4V 


It is found that the treatment of — (g?/2)J cos2y as a 
perturbation to (1/4V)P/ leads to the exchange forces. 
By making use of the unperturbed stationary states 
consisting of the symmetric (cosmy) and the anti- 
symmetric (sinmy) isotopic spin states, where m is the 
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charge differences between the two nucleons, we obtain 
the following characteristics of the nuclear forces: For 
n=O (p-p, or n-m) the perturbation vanishes in first 
order. For n=1 (n-p), in the case of deuteron, the 
perturbation energies are given as Vr(triplet)=g*J/4 
and Vs(singlet)=—g*//4. The factor 1/4 appearing 
in the perturbation energies has significant physical 
meaning in a sense that g?/4—> g,? (g,: renormalized 
coupling constant) to the extent that we neglect here 
the logarithmic dependence of g, on the source size. 
Thus we may write 

Vr=grJ, Vs=—g-J. (51) 
The two nucleons thus feel each other through the 
renormalized coupling constant at large separations. 
The nuclear forces discussed thus far cannot escape 
from the usual criticisms that (1) they are independent 
of the isotopic spin inside the radius of the critical 
separation, and (2) the singlet state is lower than the 
triplet state at large separations. 


3. Isobaric Energy 


Next we consider the region in which the separation 
R is of such a magnitude that the Hamiltonian is mini- 
mized, to first order, by minimizing the terms pro- 
portional to g’. In this region y is in the neighborhood 
of 0 or z, so that cos2y and sin2y may be expanded, 
taking only the leading terms in the expansion in the 
Hamiltonian. Replacing Q4 and Qz by their equilibrium 
value Qo, 


V3, (52) 


we may write the Hamiltonian to the order of g* as a 
sum of the self-energy and the nuclear force Hs, 
normal modes Ho, and isobaric energy Hr: 


H=Hs+Hv+H1, (53) 


where 


g + al I 
Hs=— —(I+J)+ ! ’ 
2 g 1+(J/T) 


2r | . , ss 
sha hts TS (fr :) +( fumes) , (54) 


(Pe—z)?-1 1—b 
a ER, SES YS 
4V(i+d) 4V(1+0d)? 
The terms linear in the coupling constant, /(¢1 cosy 
+2 siny)w*v, and /(¢; cosy—¢e siny)w*vg, in Eq. 


(44) cancel out exactly by the expansion series generated 
by the interaction energy, — (27)'g(W4+Wa). 





980 a as 


In the above equations (2/g*)//[1+ (J/J)*] is a g? 
correction to the self-energy and the nuclear force. 
The normal modes, Ho, which will be discussed in 
detail in the following chapter, diagonalize the free- 
field terms of the order of g° in the lower states. The 
terms, 

1—b 
——_——P#+gJ¥, 
4V(1+5)" 


in H, represent the linear harmonic oscillations of y 
about the “frozen” position. The amplitude of the 
oscillation is 


Yn = 


if 2x(1—5) 7 8x lr 
foam 68 


— '=—V=—. 
gL V(1+0)7/ a K 
It should be pointed out that our results in this 
chapter are consistent with those by Serber and 
Dancoff.* However, if we choose f=u, then ¥» will 
have (1/a)' dependence on the source size. Thus in 
this case y,, will face physically unreasonable divergence 
difficulties in the limit of vanishing source size. 


IV. NORMAL MODES 


In this chapter we will study the effects of quantum- 
mechanical field fluctuations by examining the normal 
modes which are chosen to diagonalize the free-field 
terms of the order of g® in the Hamiltonian. 

The renormalized coupling constant g, is obtained 
from the relation g,/g=(N|7_|P), the matrix element 
of r_ taken between physical proton and neutron 
states.’* To the order of g’, g/ is given by® 

gP=4h[ e+ (2/2) InxA], a=2A(1+«KA)*. (56) 

Thus the study of the nuclear force to the order of 
g, requires a thorough knowledge of the terms of the 
order of g°. 

We will restrict our attention here to the region in 
which the isotopic spin is completely frozen, i.e., 
cos2y=1. Naturally this restriction greatly simplifies 
our calculation. In this region the normal modes are 
represented by 


Hy Han] ( fusts) +( fee) | (57) 


The field equations are given by 


ba(t,t)=iLHooa(t,t)], wa(t,t)=iLHowa(r,t)]. (58) 


Using the anomalous commutation relations (32), we 


7T. D. Lee, Phys. Rev. 95, 1329 (1954). 
* H. Jahn, Fortschr. Physik 7, 451 (1959). 


CHUN 
obtain the equations of motion’: 


oi(r,t)=m,(r,0), ¢oo= r2(r,!), 
01 (r,t) = —wop*i(t,/), 


%2(r,t) = —wop*2(r,!) 


4dr 
+ E fu sot f nbs] 
I+J 


Eliminating 7; and m2, we obtain the second-order field 
equations : 


d, (r,t) +Wop’o1 (r,t) =0, 


$2(1,t)-+wop2ho(r,t) 


dor 
pia E fu 1P2 tn f woe] =(), 
I+J 


Thus in this case the 1-field solutions simply represent 
the free meson states. 

Consider special solutions for the 2-field equations 
of the form 


(60) 


(61) 


$2(r,t) = oy (re, 


where ¢,(r) are normalized such that 
owe (r)oy (r)dr=65(k—k’). 


If we write 


(63) 


fae ous e*, 
)i 


and let #, v% denote the Fourier amplitude of u(r), 


v(r): 


- fa u(r)e~*™:*, 
dr)! 
1 
"y= — farveme ker 
(27)! 


Eq. (60) then becomes 


dr 
(wWop?— wan’ = — asf ipot+Upy fue) (65) 
I+J 


wor =er—T?, w= x?+h? 
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whose solution is readily obtained as 


4dr 4dr 


Ty) (uantta-a-tinntn w+ —yaB(UAnUp +p sx) 

4 J [+J 

éna = cond | 8k =k) }—— $$$ 
I+J 


de \? (dey? 
(1-4) - (= 44) 
I+J I+J 


dor 
= cosd i(k) + —y Uy 
I+J 
4n dor 
(:- ibe y) (et-¥9 mf ite R/2) 4 vy ap(ei(etk’ R/24 ¢ i(k+k’) R/2) 
I+J I+J 





ae ae Pie > hi 
(-= 7) -( van) 
I+J I+J 


1 g UAw’VA—k’ 1 g UAk'VB—’ 
7=—— — +o? f ———dk' |, yas=- —— s+ f — dk’ |, 
(2x) 4 gl 2(2x)! w’?— w? (2m)*gl 2(2x)! w"?— 


1 


where 


1 
“a4=— fa ua(rj)e** $= ue 2, py = 
(2m)! 


fa up(rje~***= u,e** 8/2, 


(29) 
If we expand the fields according to 


dk 


dk 
oo f ——[aa(k)+aat(k) ox (r),  ta= -if ———§T[aa(k)—aa'(k) }ox (r), (68) 
(2w)! (2/w) 


where a@,(k), @4'(k) are the time-dependent annihilation and creation operators satisfying the usual commutation 
relations, [aa (k),ag'(k’) ]|=6.95(k—k’). Ho is then written as 


HAyo= Ff eaCasr(has(h)-+ 021 k)a2(k) Jw+AEF, (69) 


where AE represents the change in the zero-point energy of the 2-field due to the presence of the source functions. 
This energy shift is obtained by quantization in a spherical box’: 


1 ae 1 . w Oh 
AE=— f 5-dk—4x=— dk———, 8=tan~[—A(k)], (70) 
drt) w 2 1+k dk 


where 6 is the phase shift of the ¢,@(r) solutions. 
We are ready now to evaluate AE for few cases of special interest. 


Case 1. R=0 


This is the case when the two nucleons overlap each other exactly. The solution is a spherically symmetric one 
and we need consider S-wave phase shift only. Since yas=y and J=1 for R=0, Eq. (66) becomes 


4 1 1 
d= cos (kk) + res | (71) 
I [1—(42/T)y] wo? 


from which we obtain the phase shifts: 
4r Al 
b= dom tan (2a) 6_/_~—_—_—__—— I. 
rua I [1—(44/D)y] 
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Assuming the Yukawa source function 


: 4 1 
u(r)=—-e"/A, wy, 
4ri? r 
we obtain 


~~ 
4a 


The energy shift AF then becomes 


In2 
AE= {| - a 


wh 


~ (mn)! [1+ (AR)?] 


c 4 
~(in—+1)] 
2r KA 


CHUN 


1 
a=2A(1-+«A)?, 


; E 1 «(2-+KA)—A(3+ 2xA+n2A?)k?— APh4 
. (1-+A)?(1-+A2R?)? 


(75) 


Note that AE in this case is exactly twice as large as the energy shift corresponding to a single nucleon. This is 


physically correct since this is g° correction. 


Case 2. R— ~ 


This is the case when the two nucleons are infinitely far apart from each other, so that we can treat each nucleon 
independently. Obviously AF is then just the sum of the energy shifts of the individual nucleons. 


Case 3. R¥0, cA <«R<1 


In this case we are considering the region in which R is well within the nuclear force range, while it is greater 
than the source size a. Since the solution is not spherically symmetric, we should consider higher partial waves in 


addition to the S wave. 
For the S wave the phase shifts are given by” 


(23k) 


dar 


= (63)s=tan™ 


1 
I+J 


4a dor sinkR 
(:- 7) + YAB | 
I+J I+J kR | 


4a 2 4a 
Paap) Gr) 
I+J I+J 


where, using the Yukawa source function (73), y4z is readily obtained as 


1 1f coskR en*k | 
YAB= {+ ~~ —+e rd 
4n( —- RL(A+-A%R*)?  (1—12A2)? 


The energy shift AE is obtained by inserting (76) into 
(71). The calculations are straightforward, but they 
are extremely tedious. Neglecting the finite and non- 
essential terms, we finally obtain 


(AE) s— (J/2)[(2/m) (InxA—InxR) J. (78) 

We pointed out previously that only the S wave is 
involved in this problem for two extreme cases (i.e., 
R=0 and R= ~). Consequently, any contributions to 
the energy shift AE coming from the higher partial 
waves should vanish as R— 0 and R— , a situation 
which prompts one to assume that the higher partial 
waves play only a minor role in this problem. A careful 
study indeed shows that their contribution to the energy 
shift is finite and nonessential, so that we may neglect 
them in this problem." 

1K. A. Brueckner, Phys. Rev. 89, 834 (1953). 


The energy shift due to the higher partial waves is represented 
by the series of integral equations of the form 


1 1 —( | 1 ) ||} 
—_—_—_-~-— + — ~ 8 
(1—x«7A?)? (1+-A7h?)?> 2A N1—-«7A2  1—A2h? 


We may then write the Hamiltonian to the order of 


gas 


The implication of the above equation is obvious and 
significant. The nuclear force expressed in terms of the 
1 ¥ dx (x?+-42R*) Ix" hig 
R Jo "*+heLan sinx/x+b, cosx P 
‘ », sina 
x] =n +1)a,+6,x7} —+{a,—nb,)} cose |, 
x 

where a, and bd, are finite constants (a, sinx/x+5, cosx+0), n is 
a positive integer (n +0); 49 has very weak dependence on k and 
R, varying slowly from a positive definite at k=0 to 0 at k= =~. 
Obviously the above integral equation is convergent, yielding a 
finite and nonessential result for this problem. 
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renormalized coupling constant is explicitly independent 
of the source size. However, as the two nucleons come 
closer together, the In(A/R) term approaches zero, and 
the dependence of the nuclear force on the unrenor- 
malized coupling constant alone becomes increasingly 
pronounced. This situation is analogous to the case of 
the quantum electrodynamics in which two electrons 
see each other through renormalized charges at the 
large separations, while, as they approach each other, 
they gradually feel the unrenormalized (bare) charges. 


Vv. CONCLUSION 


This work achieves its main objective in that it 
proves explicitly the conjecture that the dependence of 
the nuclear force on the unrenormalized coupling con- 
stant alone becomes increasingly pronounced as the 
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two nucleons come closer together. For this purpose the 
Serber-Pais method turns out to be both powerful and 
consistent. One can expand the Hamiltonian to any 
desired order in the coupling constant through a series 
of unitary transformations, and then one may ask an 
interesting question of whether our conclusion, valid 
for the most significant terms, which are of order g,, 
is also valid to all orders in g,. The answer to this 
question requires some tedious calculations in a most 
systematic way. It is our feeling that our conclusion is 
also valid to higher order terms in g,. 
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Construction of Unitary Scattering Amplitudes* 


R. BLANKENBECLER 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received December 22, 1960) 


A general linear technique is discussed which constructs unitary scattering amplitudes without expanding 
in partial waves and in the presence of inelastic channels. Two- and three-particle intermediate states are 
discussed explicitly, but the method can be extended directly to any finite number of particles. 

A new approximation technique suggested by this formalism is applied to electroproduction of pions 
from pions and pion—K-meson scattering. A form of the impulse approximation is derived for both the 
coupled form factor and the coupled scattering amplitude problems. The nucleon and deuteron form factor 


system is briefly discussed. 


Finally, a model field theory which contains three-particle intermediate states is formulated and solved 
by the linear technique for purely pedagogical reasons. 


I. INTRODUCTION 


HE conjecture of Mandelstam' concerning the 

analytical structure of the scattering amplitude 
has led to considerable insight into the interrelation of 
the various strong interactions. This representation 
has been verified in perturbation theory by Eden? and 
Polkinghorne.*? The work of Chew and Mandelstam‘ 
on the low-energy pion-pion system utilized this 
analyticity together with unitarity in the form of an 
expansion in partial waves to develop a set of dy- 
namical equations for the determination of the scat- 
tering amplitude. This program has met with diffi- 
culties, not the least of which is the fact that the 
partial-wave expansion cannot converge along the 
negative cut, and if the series is terminated beyond S 
waves, false divergences are introduced into the equa- 
tions. In order to make progress here, one must evi- 
dently learn how to calculate the inelastic contributions. 


*This work was supported in part by the U. S. Air Force 
Office of Scientific Research. 

1S. Mandelstam, Phys. Rev. 112, 1344 (1958); 115, 1741, 
1752 (1959). 

2 R. Eden, Phys. Rev. Letters 5, 213 (1960). 

3 J. C. Polkinghorne (to be published). 

4G. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960). 


This work has led to considerable interest in reactions 
where a final-state pion-pion interaction is important 
and perhaps observable. The partial-wave approach 
has been applied to a variety of processes; the most 
important for our later purposes are the photoproduc- 
tion of pions from pions®* and pion—K-meson scat- 
tering.” The Chew-Mandelstam program has been 
extended to multichannel situations by Bjorken® and 
Nauenberg.’ This generalization will be of particular 
interest to us in a discussion of the impulse approxi- 
mation. 

A related but different approach to the problem of 
the coupling of processes has been developed by 
Cutkosky.” His approach is a graphical calculus which 
uses the techniques of analysis of the singularities of a 
Feynman graph developed by Landau" and Bjorken.” 
This type of consideration will undoubtedly be an 


® Gourdin and Martin, Nuovo cimento 16, 78 (1960). 

°H. S. Wong, Phys. Rev. Letters 5, 70 (1960). 

7B. W. Lee, Phys. Rev. 120, 325 (1960). 

8 J. D. Bjorken, Phys. Rev. Letters 4, 473 (1960). 

* M. Nauenberg, thesis (unpublished), and to be published. 
 R, Cutkosky, Phys. Rev. Letters 4, 624 (1960). 

LL. D. Landau, Nuclear Phys. 13, 181 (1959). 

2 J. D. Bjorken, Stanford University, 1959 (to be published). 
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important computational tool. Such techniques could 
be used with the results of this paper to develop a 
nonperturbation scheme for the calculation of the 
scattering amplitude. 

Our purpose here is to discuss a generalization of the 
Chew-Mandelstam approach which does not involve 
any illegal partial-wave expansion. Even though this 
extension is quite trivial for the elastic intermediate 
states, it does seem to have many formal as well as 
practical advantages. It yields equations which are 
highly reminiscent of Heitler damping theory, but the 
knowledge of the analyticity of the scattering amplitude 
is incorporated in an explicit manner. It is a simple 
matter to discuss many-channel problems with this 
method and it leads naturally to a generalization of 
the impulse approximation. Finally, anomalous thresh- 
olds can be discussed, without expanding in partial 
waves, in a straightforward fashion by analytic con- 
tinuation in an appropriate variable.”-™ 

The point of view adopted here suggests a type of 
approximation in which unitarity is satisfied approxi- 
mately but crossing symmetry is treated exactly. Such 
a procedure should be adequate except in the case of 
an elastic scattering resonance. This approach gives, 
for example, a more satisfactory derivation of the 
comparison function method,'® which has already been 
applied to photoproduction’® and electroproduction'’ 
of pions from nucleons. Application of a generalized 
version of this technique to the problems of pion—K- 
meson scattering and photoproduction and electro- 
production of pions from pions will be made here. A 
sketch of the problem of the electromagnetic structure 
of the deuteron and nucleon will be presented in order 
to illustrate the ease with which a unified treatment of 
these problems can be made. A new formulation of the 
impulse approximation is presented which has no off- 
energy-shell ambiguities. Finally, a model field theory 
which contains inelastic reactions is exhibited and 
solved in the two- and three-particle sectors in order 
to demonstrate the general method. 


Il. ANALYTICITY AND UNITARITY 


The application of the unitarity condition to the 
four-point scattering amplitude seems to take its 
simplest form if one chooses as variables the energy 
and angle. The singularities of the transition amplitude 
as a function of the energy at fixed angle have been 
well discussed on the basis of the Mandelstam repre- 
sentation.'* The essential result that we need is that 


~ 13 §, Mandelstam, Phys. Rev. Letters 4, 84 (1960). 

4R. Blankenbecler and Y. Nambu, Nuovo cimento (to be 
published). 

15 R, Blankenbecler and S. Gartenhaus, Phys. Rev. 116, 1297 
(1959). 

16S, Gartenhaus and R. Blankenbecler, Phys. Rev. 116, 1306 
(1959). 

17R, Blankenbecler, S. Gartenhaus, R. Huff, and Y. Nambu, 
Nuovo cimento 17, 775 (1960). 

18 M. Cini, S. Fubini, and A. Stanghellini, Phys. Rev. 114, 1633 
(1959). 
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in addition to the expected physical branch cut when- 
ever the energy is such that a real physical intermediate 
state can be created, there are other cuts coming from 
the possible “crossed” intermediate states. These cuts 
are, in general, in the complex plane, but in the case of 
equal mass particles they lie on the real axis below the 
physical threshold. We will refer to these as crossed 
cuts. 

In order to treat the contributions of the inelastic 
intermediate states in the unitarity condition, it is 
necessary to make rather definite statements concerning 
the analyticity domain of the production amplitudes. 
It will be assumed that as a function of the square of 
the center-of-mass energy of any pair of particles, for 
fixed, physical values of the other variables, this 
function has a physical cut. Other arbitrary singularities 
may be present. These are, however, disconnected from 
the physical cut. In the general case, the physical cut 
must be extended below the normal threshold when the 
other variables range over their possible physical values. 
We will assume that the physical amplitude can be 
found by analytic continuation in the external masses 
and energies, in the same manner as found in the 
anomalous threshold problem.'*:'* 

Armed with these reasonable assumptions, we can 
proceed with the construction of a unitary scattering 
amplitude. In order to develop an understandable 
notation to be used in more interesting cases, the 
scattering of scalar particles of equal mass will be 
considered in detail. 

Let us explicitly deal with the two- and three-particle 
intermediate states only. The following discussion 
could be extended to any finite number of particles 
without any new difficulties arising, at least if our 
assumptions are correct about the singularities of the 
production amplitudes. The notation is that the 
incoming (outgoing) particles have four-momentum 
k; (k,’). Intermediate particles will have momentum 9. 
Now introduce the scattering matrices: 


M 22= (4ey'wo') Ry’ Ro' | 71" (0) | Re) (2w2)!, 
M 23> (2eay’) Ky’ | 72’ (0) | Rikoks) (Swywows)!, 
M33= (Be1'w2'ws") (Ry ko’ ks’ | 71° (0) k2k3) (4wows)!, 


(2.1) 


and also M32, which is, of course, Mo; with the initial 
and final variables interchanged. It should be stressed 
at this point that the functions defined here contain 
disconnected graphs. For example, M3; contains a term 
of the form 
5(Rs’ —ks)(ky’ ke’ qi ko). 

The nonanalyticity implied by the delta function is of 
a trivial nature and can be readily dealt with. 

We would like to construct a solution of the unitarity 
relations below the four-particle threshold: 


[M os*(t)— Moz (t) )/ 2x 
= 2M 25 (t)Mox* (1) +2 M3" ()M3:2* (0), 
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CM os*(t)—Mog-(t) 2m 

= 2M ox (t)Mo3* (1) +2 Mos (1)Mas* (0), 
[Mast (t)—Mas-(t) 2 

= 2M 32 (t)Mos* (t()+2M 33 (t)Msst (0), 


(2.2) 


where 
M, *(t)=M,;(t+ie), 
(=—(Y kP=—-Loi ki’ P=-?P, 


and 


N 


N 
>I fen. 6(p°)6(p?+M*) (n) |an 0 pi— P). 


i=l 


With the M~ instruction under the 2’s on the right 
is an implied complex conjugation of the suppressed 
intermediate variables. Also, N is the number of 
particles in the particular intermediate state in question 
and P is the total available center-of-mass momentum. 
The integrations involved in = are over the suppressed 
intermediate variables. 

Consider the integral equations 


1 1 
= M 20(t)—Do2(t) +2M 23(t)—D32(t) = N22(), 
p2 P3 


1 1 
DM 29(t)—Deo3(t) +2 M 23(t)—D33(t) = No3(t), 
pe P3 


1 1 
=M 32(t)—Deo2(t) FEM 33(1)—Daa(t) = N32(), 
Pr Ps 


1 1 
DM 32(t)—Do3(t) +2M 33(t)—D33(t) = N33{0), 
pP2 P3 


where ¢ is the square of the center-of-mass energy of the 
initial and hence final particles in the various M,;. 
The other independent variables have been suppressed. 
The N;,(t) will be chosen to have crossed cuts in ¢ 
corresponding to those in M;;(t), and, in addition, the 
physical cuts arising from intermediate states contain- 
ing four or more particles. V;;(/) might in some cases 
have kinematic cuts coming from the three-particle 
phase-space integral of a trivial nature. These will be 
discussed in more detail later. In order that N have 
these properties, D,; is defined as 


16M2 
Ds()=6.~ f dt’ p(t) Ni ()(—d)-, (2.4) 


where the lower limit is either 4M? or 9M? depending 
on whether i is two or three. The delta function, 4;;, 
if formal and is actually a Dirac delta function in all 
the suppressed intermediate variables. Then the 
condition 


1 
=M ;;(t)—6;;= M;;(t) 
Pj 


(2.5) 
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determines the p; as functions of the intermediate 
momenta. The p’s are, of course, real along the physical 
cut. This condition insures that the iteration of these 
equations will yield a normal perturbation series. For 
example, if the Born approximation is inserted for the 
N,;, then we require that to lowest order, M;;=Nj;. 
This is assured by the condition (2.5). 
Explicitly, the two-particle phase-space factor is 


1 t—4M?2\} 
>.(t) | aol . +) @(t—4M?"), (2.6) 
8(27)* l 


where Q is the relative coordinate between particles 
one and two. The three-particle phase-space factor is 
expressible as 


1 
2()=—— fap. 0(p.)8(0F +") 


(2m) 
XE2(t-+M2— 29,9). (2.7) 


If we choose as independent variables the set Qa, 23, 
P,?, then 
3» 


1 


— J exaaosip. O(p:°— M) 


23(t)= 
16(27)° 


xe(t— 3M?— 2p3°t! ) { [ (p;°)??— M? | 
< [¢—3.M?— 2p,°t! [t+ M2— 2p, }}h. 


Instead of p;°, it may prove convenient in some cases 
to choose the center-of-mass energy of the (1-2) pair 
as a variable. It should be pointed out that in both the 
>. and the Y; terms, there is one trivial azimuthal 
variable. For reasons of symmetry, it is convenient to 
keep this redundancy in both integrals. 

Using this set of variables, we find 


b22= 6 (Qe’ —QQ), 833 <a 5(Q2’ —Q)b (Q;’—Q3)5 (ps — p), 


Av : ; 
) @(t—4M?2), 


3= -— 3°)?— M? |[i—3M?2— 2p," 
p (ane I ps°t*] 


and 


(2.8) 


X (t+ M?— 2p! J} 40 (p.°— M) 
XO0(t(—3M2—2p;%). (2.9) 


Therefore, the three-particle contribution to the Moe 
equation can be written explicitly as 


1 x 
> Mo3—D32(t) = faxaa, f dp; 
P3 M 


XK Ma3(t > Q;; Qe, Qs, petite) dt’ (t'—t)> 


9M? 


Xps(t',ps°)Ns2(t’; Qe, Qs, psFie; 2). 
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The (P;°+ie) instruction is to be particularly noted, 
as well as the fact that the lower limit on the ?/’ inte- 
gration is actually 


[pe+ (3M?+ (ps°)?)* P, 


instead of 9M*, due to the theta function present in p3. 
This particular choice for ps3 has the advantage that 
possible kinematic cuts coming from the three-particle 
intermediate state do not occur. These would occur, 
for example, if ps was chosen to be given by Eq. (2.9) 
without the theta functions. Then the limits of inte- 
gration of P;° are functions of ¢ with square-root type 
singularities. Below the three-particle threshold, one 
is also forced into an analytic continuation in these 
limits. 

By taking the discontinuity of (2.3) across the 
physical cut and by using (2.2), it is seen that any 
solution of (2.3) will satisfy unitarity. Therefore, this 
is a generalization of the procedure used by Chew and 
Mandelstam to discuss the elastic unitarity condition 
for the partial-wave amplitude.‘ The Castillejo, Dalitz, 
and Dyson” ambiguity due to the zeroes of Mj; is 
present here, as it must be in any such formulation. 
This approach does clarify the effect of a CDD zero in 
a coupled situation. 

A solvable field theory is discussed in the Appendix 
to clarify the structure of these equations and their 
physical content. 

Let us now rewrite the linear unitarity relations in a 
more concise notation which can be readily generalized 
to multichannel situations. The matrices M, N, D, and 
the diagonal matrix p are introduced*® in an obvious 
fashion. The unitarity relation then takes the form 


M*(t)—M~(t)=29iM-()M+(t), (2.10) 


where the > on the right-hand side of this equation has 
been suppressed, as it is to be implied by the matrix 
multiplication. The integral equation for the scattering 
matrix takes the familiar looking form 


Mp"D=N, (2.11) 


where 
16M2 


D= i-f dt’ (t'—t) p(t) N(t'). (2.12) 


Along the crossed cuts and above the four-particle 
threshold, define the discontinuity function A as 


M+(t)—M~(t)=2miA (t). 
Then 


veo=| f +f fare —o-sae*DO) (2.13) 
—2 16M? 


Let us prove that if A is a symmetric matrix in all its 
variables, including the suppressed ones, then the 
solution to (2.11) will satisfy time-reversal invariance, 
that is, M will also be symmetric. Now, if M is sym- 


9 Castillejo, R. Dalitz, and F. Dyson, Phys. Rev. 101, 453 
(1956) ; referred to hereafter as CDD. 
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metric, then the matrix (7 means transpose in all 
variables) 
D'p"*Mp'D 


will certainly have the same property. This, in turn, 
requires that 

D'pN (t)=N?7 (Op D. (2.14) 
Since Eq. (2.14) must hold between two analytic 
functions of /, it is sufficient in this case to prove that 
the equality is satisfied at the singularities of each. 
Using the definition of D, Eq. (2.14) is readily seen to 
be satisfied along the two- and three-particle physical 
cuts. If A is symmetric, then it is satisfied along the 
remaining cuts as well. Thus M is unitary and satisfies 
time reversal invariance if A is chosen symmetric. 

The relation between this formulation of the unitarity 
condition and the partial-wave procedure of Chew and 
Mandelstam is easily made apparent. If the inelastic 
contributions to unitarity are neglected, and the first 
equation of (2.3) is expanded in partial waves, one 
finds the standard N/D result. However, if one imagines 
that the functions A;,; are given, then (2.3) allows a 
concise statement of unitarity including the inelastic 
contributions for all partial waves. Equations (2.3) 
bear a very close relationship to the Heitler integral 
equation, which is essentially a linear unitarity require- 
ment. 

The Mandelstam representation for M22 allows one 
to express the negative energy part of the function A 
in terms of the absorptive amplitudes for the crossed 
reactions. This then allows one to develop a dynamical 
set of equations since the same type of unitarity 
equations as (2.11) can be written down for each of the 
variables describing the energies of the three possible 
reactions implicit in M22. At present, our knowledge of 
the structure of the five- and six-point functions does 
not allow such definite statements to be made, so that 
we do not yet have a complete dynamical scheme. It is 
clear that this state of ignorance will not last.2” How- 
ever, the possibility of using (2.11) as the basis for 
approximations on the three-particle contributions is 
very appealing. 

One might entertain the possibility in practical 
calculations of replacing the inelastic N’s by simple 
functions with a few adjustable parameters in the spirit 
of an effective range approach. This procedure will be 
illustrated in a later section, where the nucleon and 
deuteron form factors are discussed with emphasis upon 
the effect of the three-pion state. 

The form factors corresponding to the external 
current J are readily obtainable in terms of the scat- 
tering solutions. Introduce the row matrix F, where 
the elements are labeled by the channel to which they 
refer, i.e., 


F;=(0|J|1). (2.15) 


See, for example, the work on the five-point function by L. 
Cook and J. Tarski, Phys. Rev. Letters 5, 585 (1960), and by 
Y. S. Kim (to be published). 
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Also, introduce the row matrix g, which has constant 
(or polynomial) elements for the two-particle channels 
and perhaps crossed cuts in the three-particle channels. 
As we shall see in an example, in a certain approxima- 
tion these are determined by an analytic continuation 
of the Mandelstam representation for the four-point 
function. Then a solution for F which satisfies unitarity 
is 
Fp D(t)=g(?). (2.16) 

This result will be discussed further in Sec. IV B. It 
can be interpreted as a type of impulse approximation 
for the coupled-form-factor problem. 

Let us now turn to a brief discussion of the relation 
of this method to perturbation theory. 


Ill. PERTURBATION THEORY 


In order to clarify the physical content of this 
generalized matrix approach to unitarity, let us attempt 
to reconstruct the perturbation series for M22 from the 
set of equations (2.3). Much of the following discussion 
was first given by Mandelstam.' It is reproduced here 
for completeness. 

Through sixth order, which means that the four- 
particle states are neglected, we find 


h 99°) = N22, 


(3.1) 


1 
M 22 = No —2IM 2—D22, (3.2) 


pe 


1 1 
M 26 => No = IM 2—Do.” — 2M 2—D.. 
p2 p2 


1 
—>M2;%—D;., 
Ps 


(3.3) 
(3.4) 


M,; _ N23; = N32, 
where the superscripts refer to the order in perturbation 
theory of the function involved. 

The difficulty in this procedure is that we must 
imagine that only Ne (or equivalently A22°) is 
given as input information, since it corresponds to the 
Born approximation. In terms of the two appropriate 
variables, energy and angle, Eq. (3.2) can be written 
explicitly as 


M 2 (5,213) = Noo (s5u)— f dn, N22 (s,212) 


xf ds’ (s’—s)poNo9 (s’ 293). (3.5) 
4m? 


In order to determine N22“, one uses the fact that a 
dispersion relation in s for fixed ¢ holds if ¢ is sufficiently 
small. This will determine V2.“ except for terms with 
denominators of the form (i/—¢) and/or (u’—). In 
order to determine these contributions, one must repeat 
the procedure using the unitarity condition in the ¢ or 
u reaction. Now imagine that this has been carried out 
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to fourth order. Then in sixth order in the s reaction, 
one must determine two functions, No. and N2;®, 
by the same requirement of a fixed ¢ dispersion relation. 
This procedure is almost identical with that of Mandel- 
stam! in his iterative construction of the scattering 
amplitude. 

The new point here is the possibility of using these 
equations for a nonperturbative construction of the 
scattering amplitude. There seems to be no obvious 
difficulty in doing this except for the technical problem 
of solving these nonsingular integral equations. The 
scheme presented here would, in principle at least, 
augment the partial-wave approach with a procedure 
that does not inherently contain false or unphysical 
divergences. In practice, it seems very difficult to use 
this approach as a dynamical tool in most physically 
interesting problems even if one neglects the inelastic 
contributions. It is quite useful in relating one process 
to another, and we will now turn to this particular 
application. 


IV. APPLICATIONS AND APPROXIMATIONS 
A 


As the first application of this method, let us consider 
electroproduction of pions from pions. In this discussion 
we will follow closely the notation of Gourdin and 
Martin.® The squares of the center-of-mass energies in 
the three reactions described by the Green’s function 
of interest are called s, ¢, and u. They are connected 
by the relation 


stit+u=3+ », (4.1) 


where the pion mass has been set equal to unity and A 
is the mass of the virtual photon. It is convenient to 
introduce a symmetry point by 


So= lo= uo= 1422/3. (4.2) 


The matrix element has the form 


1 €PiuPovP3p 


M= —€apyl (s,t,u), (4.3) 


ge ie 
21” "L16pr'psprpe} 
where a, 8, and y are the isotopic labels of the pions 
and F is a completely symmetric function of its argu- 
ments. It is easily seen that the final pions are in a 
T=1 isotopic state and hence their relative angular 
momentum is odd. The unitarity condition then forces 
F(s,t,u) to have the phase of the T=/J=1 state in 
pion-pion scattering if higher angular momentum states 
are neglected. 

Using the matrix formulation for two channels, and 
neglecting higher order electromagnetic effects, we have 


fan, F(s,212)Dyx(S,223) = N (s,213), (4.4) 


for the reaction described by the energy s. It is con- 
sistent with the neglect of rescattering in the higher 
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angular momentum states to approximate D,, by 
Der(S,Z23) = 5(Q.’—Q;)e~4™, (4.5) 


where 


x 


ra()= f ds’ 5(s’)[(s’—s—ie)*— P(s’—50)], 
4 


and 4(s) is the J=7T=1 phase shift and P means 
principal value. Actually, any function of angle and s 
with the required analyticity can be used in place of 
the delta function. Then, restoring the original vari- 
ables, F achieves the form 


F(s,t,u) = f(s,t,u)ee™. 


Since F must be symmetric in all variables, the simplest 
function satisfying this crossing condition is 


F(s,t,u) = gs expLA(s)+A(t)+A(w) ]. 


We will assume that g; has a weak dependence on 2? 
[see Eq. (4.14) ]. 

A comparison with the results of the partial-wave 
method for \?=0 can easily be made by expanding 
about the point s=4. The result, using the same phase 
shift as in reference 5 but with the new Frazer-Fulco 
parameters, is 


F=(constant)[1— A (s—4)/4] exp[A(s) ], 


where A=0.38. The numerical evaluation by Gourdin 
and Martin® of their partial-wave equation yields 
A=0.31. The result of Wong’s® one-pole approximation 
is A=0.41. Thus, the agreement is quite good. If 
\?0, one should replace the coefficient of A/4 by 
(s—4—)?). 

The three-dimensional solution (4.6) can be used in 
the description of electroproduction of pions from 
nucleons and the process virtual photon — 31, which 
arises in the problem of the isotopic scalar nucleon 
form factor. It would seem quite difficult to use the 
partial-wave approach in the present stage of approxi- 
mation to the latter process. In order to apply any 
solution for F to this three-particle production process, 
the photon mass \* must be continued analytically 
above 9. Thus all three variables, s, ¢, w, approach their 
cuts from the same half-plane, which insures that the 
three-particle state will satisfy the final-state phase 
theorem. This point will be discussed further in part B 
of this section. 

The comparison function method'® can also be 
derived in a very simple manner. Consider, for example, 
a two-channel problem in which the final state inter- 
actions are important in only one of the channels. The 
transition matrix Mj, satisfies the unitarity relation, 


(4.6) 


Now assume that rescattering in only one angular 
momentum state, /, is important. Then approximate 
Dee by 

D2=622—[1—exp(Ax(s)) JAi, 
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where A; is a projection operator for the /th state. 
The transition amplitude becomes 


My2= Nyt My'[1 —exp(—A,(s)) }. 


Applying A; to this equation yields a relation between 
My. and Nz which leads to the result 


M,.= NiyotN2'[e4—1). (4.7) 


If Ni2 is chosen so as to have the cuts and poles coming 
from the Born approximation and the crossed rescat- 
tering process, one achieves the type of solution given 
explicitly in reference 15, but with the assurance that 
no spurious singularities occur. 

Let us now consider a slightly different type of 
example, that of pion-kaon scattering. To reiterate, 
our philosophy here is to treat crossing symmetry 
exactly but to take into account approximately, if 
necessary, the lowest possible partial waves in each of 
the three reactions. The notation of Lee’ will be fol- 
lowed, for ease in reading. 

The square of the energies for the three possible 
reactions are again called s, ¢, and u, where ¢ is the 
energy squared for the annihilation process r+ — k 
+k. Following Lee, we will assume that as long as 
baryon loops are neglected, there is no splitting of the 
two isotopic spin states. Thus, the invariant amplitude 
is assumed to be of the form, 

M =6,8A(s,t,u), (4.8) 
where a and 8 are the pion isotopic labels and 
A(s,t,u)= A (u,t,s). 


The unitarity relation for low energies in the ¢ reaction is 
fama (1,212) D2 (t,223) = N (t,213), 


where D,, involves only the T=0 states of the pion 
system. Making the same type of approximation as 
before, we find that 


A(s,t,u)=a(s,t,u)eA™, 


(4.9) 


where the relevant +—z phase shift is that in the 
T=J=0 state. We are now in a position to satisfy the 
unitarity condition in the s and mu reactions for the 
J=0 partial waves by the approximate solution 


Ao p® dx p(x) f(x) 
A (0) = Ae} 1— “f —-- - 


mw (Mii? (x—So) 
S—So U—U : 
ao 4 (4.10) 
x—-S x—4U 
1 


f(x)= if dz exp[ A(t(x,z)) ], 
1 


where 


t(x,2) = — 2¢2(1—2), 
@=([x—(M+1)"][x—(M—1)"//4z, 


So= Uo, 
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and 
p(x) = q(x)/4aat. 


Unitarity is approximately satisfied since near threshold 
the angular dependence of the denominator is weak. 

The subtraction points are arbitrary, but in order to 
improve the agreement with unitarity near the threshold 
for s or u, it is convenient to choose 


So Uo = (M— 1)?, tb =4M. 


B 


In order to illustrate the application of the matrix 
approach, let us consider the form factors of the 
deuteron and the isoscalar nucleon. This coupled 
system is assumed to consist of: four channels: 1— 
deuteron pair, 2—nucleon pair, 3—three-pion state, 
4—nucleon pair plus pion. If Eq. (2.15) is written out 
in component form, the result is 


LF iDis/ pi t2F2Do/p2t+ ZF 3Ds:/ps 
+2F Dai/pi= g(t), 


LF Do2/p2+ZF 3D32/ps= go(t), 
ZF 3D33/ps=gs(t), (4.14) 
LF D24/p2t+2F Das/pa= galt), (4-15) 


where the effect of the deuteron and nucleon pair 
states have been neglected in the less massive channels. 
It should be noted that the g’s are polynomials, except 
for gs and gy which may have crossed cuts. 

An approximate solution to (4.14) for Fs was given 
in Eq. (4.6). It corresponds roughly to using the fact 
that D33 contains disconnected parts which allows the 
interactions to be between only two pions at a time. 
The explicit three-pion interaction terms which do not 
come from iterated two-particle interactions were 
neglected. This is the physical statement implicit in 
our final-state theorem. 

The form factor F, is an analytic continuation of 
electroproduction of pions on nucleons.'’ It was found 
in a certain approximation to involve the nucleon form 
factor F2(t) as simple factor. This contribution corrects 
the zero-range wave function character of the term D2; 
for effects due to the finite range of the binding po- 
tential, as has been discussed in references 10 and 14. 

The anomalous thresholds present in F; are in the 
terms Do,’ and D4’. Their contribution is found by 
standard continuation methods." 

In order to calculate F,(F2), it is convenient and 
obviously sufficient to approximate D;(D22) by 511(522). 
It is now necessary to evaluate Ds, in the particular 
angular momentum state J which is projected out by 
the integrations. In order to evaluate the matrix D/, 
one must supply NY. This, in turn, is best expressed 
in terms of the matrix A’ [see Eq. (2.13)]. 

Thus, the problem of calculating F), Fs, and Fs is to 
choose a suitable symmetric matrix A’, solve for the 
matrix D/ and then to evaluate (4.12)—(4.14) with a 


(4.12) 
(4.13) 
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A... 
Avs: 
A 23: 


Ava: 


A;;: 


Fic. 1. Graphs contributing to the nucleon, deuteron, 
and three-pion form factors. 


-—- + --=— 


~-- + efC. 


suitable subtraction or assumption about the behavior 
of F for large t¢. 

A sketch will now be made of how one might carry 
out an approximate but ambitious evaluation of this 
system of equations. We will assume that F; and F, 
are known. This implies a knowledge of D33, Dos, and 
Ds. The choice of the matrix A’ is essentially a 
decision as to what types of graphs are to be considered 
in the calculation. The graphs that will be considered 
here are shown in Fig. 1. Thus, A’ is chosen to be of 
the form, 

Ais 


Aw 0 
Ass Ax 


> 
qua |Av 0 
s 0 Aoz Azs O 
A 14 A 24 0 0 
The superscript J will be omitted from now on. The 
explicit functional form of A is to be found by examining 
perturbation theory or the Mandelstam representation 


for the graphs considered. 
The N’s are therefore 


U 


Na= fo aDyt+A 2D |, 
(’—1) 


dt’ 
(i’—2) 


dt’ 
Nam fi a «Da ), 
'—t 


, 


N3= f [A 32D 0+. 1 33D 32 |, 
(’—2) 


where the summation over intermediate variables in 
the three-particle states has been suppressed. When 
these relations are inserted in the definition of the D’s, 
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coupled integral equations result which are difficult to 
solve analytically. 

If the solution to Eq. (4.14) is used as a guide, 
approximate solutions for the D’s involving the three- 
pion state are readily constructed : 


Ds,(t)= —exp[A(s1)+A(4)+A(m)) J 


® 


xf dt’ (t'—1) nf dx(x—l') A 32D; (x), 
9 


wn 


Dso(t)= —exp[A(s1) +A(4)+A (a) | 


@ 


xf dt’ (t'’—1)"p3N32°(t’), 
9 


where 


N3°(t)= f dac(x—t)-1A40(x), 


and the variables (s1,¢:,4:) are the relative energies 
(squared) between the three pions. They satisfy the 
relation s;+/;-+4)=3y?+1. 

In this approximation, for example, the nucleon form 
factor becomes 


F,(t) = go(t) + 2¢3p3" exp[A(s; ) +A(t ) +A(u, ) ] |2 
x faxte- t) “193 (x) N32"(x). 


A similar but more complicated result holds for 
F,(t). The customary choice for g; is, of course, zero. 
One interesting point is that if A3o(¢) is strongly peaked 
about some point {=¢o, then to a good approximation, 


Ds (t) = D32(t)Doy(to). 


If this is put into Eq. (4.12), then explicit reference to 
F; can be eliminated in favor of F; by using Eq. (4.13). 

The impulse approximation for scattering processes 
also arises naturally in the matrix formalism. Consider 
nucleon-deuteron elastic scattering, and neglect the 
pionic effects. Setting Di=451:, an excellent approxi- 
mation, yields 


M(t) = N(t)—2M 22(t) ps" Day (t) (4.16) 


Now this must be continued to the region where ¢ is 
space-like and s describes the energy of the scattering. 
The usual formulation of the impulse approximation 
follows by assuming that Ms is a slowly varying 
function of the energy s and the crossed energy wu. If 
this is the case, then the factor M 22 can be taken outside 
the integration, and one achieves the form 


Mo(s,t,u) = Nay (s,t,u)+M 22(51,t,u1)F (0), 


where 


(4.17) 


F p(t) = — Zp 'Da(t), 


and s; is an appropriately chosen energy variable with 
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the restriction that 
$y +u,+2M p?=s+ut2m’. 


Fp is recognized as the form factor of the deuteron. 
The term N2; is conventionally dropped, but there is 
no compulsion to do so here. This term is necessary in 
order to satisfy unitarity in the s reaction. In addition, 
Nx also contains the exchange graphs which involve 
both intermediate nucleons in an inseparable manner. 
Notice that no ambiguities associated with off-energy- 
shell effects arise in this approximation. These effects, 
of course, show up in higher mass states, which corre- 
spond to the shorter range forces. 


V. DISCUSSION 


The generalized matrix formulation of unitarity 
described here allows the coupled nonlinear unitarity 
conditions to be replaced by a set of coupled linear 
equations. These equations involve the discontinuity 
of the relevant scattering amplitudes across their 
crossed cuts and above the highest mass intermediate 
state considered explicitly. Thus in this sense it is 
similar to the program of Symanzik™ and Zimmerman.” 
The main point which must be understood before these 
relations form a complete dynamics concerns the 
location of the crossed singularities of the multiparticle 
amplitudes and the expression of the resultant discon- 
tinuities in terms of physical processes. In spite of these 
shortcomings, the use of these methods in an approxi- 
mate treatment of the inelastic contributions to scat- 
tering amplitudes is very appealing. A model field 
theory involving inelastic reactions was formulated and 
solved in the Appendix as an illustration of our method. 

The possibility of breaking away from a partial-wave 
expression of unitarity suggests a new approximation 
scheme which was applied in this paper to electro- 
production of pions from pions and pion—K-meson 
scattering. The solutions thus obtained seem to have 
an interesting structure and the agreement near 
threshold with the partial-wave treatment is quite good. 

Finally, an impulse approximation for the coupled 
form factor and scattering amplitude problem was 
formulated and discussed by means of an example, the 
nucleon and deuteron system. 

It is clear that the generalized matrix approach does 
not make the three-particle contributions trivial to 
evaluate. It does seem, however, to build into a calcu- 
lation the purely geometrical restrictions of unitarity. 
It therefore serves as a convenient base for approximate 
calculations. 
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CONSTRUCTION OF 
APPENDIX 


In order to illustrate the utility of the matrix method 
and to clarify its physical content, let us attempt to 
solve a model field theory in which no more than three 
particles are allowed in any intermediate state. One 
such example is supplied by the Lee model in the 
(V—8®) sector. The solution for (V—®) scattering has 
recently been given by Amado.” Rather than solve 
this problem, which can be done with the matrix 
approach, it is perhaps equally instructive to solve a 
model field theory in the sense of Zachariasen.™ In 
this type of model, all particles are treated relativisti- 
cally but crossing symmetry is completely destroyed. 

The model theory will consist of three types of 
particles with masses M, M’, and u. Since the particles 
will be scalar, we are free to introduce the following 
four types of point interactions: 


Interaction Coupling constant 
2M’ = 2M’ a 
2M =2M b 
2M = 2M'+u c 

2M’+p = 2M'+yu d 


The renormalized coupling constants will be defined 
in terms of the appropriate scattering amplitude at 
zero energy. 

The notation to be followed is that the momenta of 
the M’ particles are to be called k;, that of the M 
particle p,, and the » momenta gq;. The scattering 
amplitudes on the energy shell are introduced as: 


Mi=(hy' | je| Riks*)(- ++), 
M22.=(p1' | jo| Pips*)(- ++), 
Mo3=(p1' | jp| Rikegt)(---)}, 

M o3= (~ pr’ po’ | jq* | Riket)(-+-)}, 
M33= (~hy' ke’! | jt | Rikst)(-- +). 


Now the N’s must be chosen in such a way as to be 
consistent with unitarity. If the k, particle in the 
second form for M9; is contracted, the unitarity relation 
leads immediately to the conclusion that M23(s,w*), as 
a function of the variable w*= — (k,+2)*, has the phase 
discontinuity of (M’+M’) scattering. Thus w* is a 
convenient variable to hold fixed in the discussion of 
unitarity in s. A similar statement can be made about 
the w* and w” dependence of M33(s,w’?,w*). 

We choose the N’s and thus define the model as 
follows: 

Niu=a, 

N2= b, 

N23= N 32(s,w?) =C/ Di (w*), 
N33= d ‘Dy (w") Dy (w*). 


*8R. Amado (to be published). 
* F. Zachariasen, Phys. Rev. 121, 1851 (1961). 


UNITARY SCATTERING 


AMPLITUDES 


The definition of the D’s lead to 
Dy,(s)=1—sal2(s,M’), 
De2(s)=1—sbI2(s,M), 

Do3(s,w) = —sNo3(w)I2(s,M), 
D32(s,w) = —sN 32(w)I3(s,w), 


D33(s)=6(w’ —w) —sN33(w’ ,w)13(s,w’), 


where 


x 


T,(s,M)= J ds'p»(s’,M)[s’(s’—s) J, 
4M? 


I;(s,w)= ds'p;(s’,w)[s’(s’—s) 7. 
(2M’+p)?* 

The p; here differ by trivial factors of 44 from the 
ones introduced in the text. These factors come from 
the angular integrations. 

The function p3; is the three-particle phase-space 
factor, including the theta functions, which can be 
found from Eq. (2.9) by using (in the center-of-mass 
system of s) the relation 


w=s+pi— 2st. 


If the matrix system for the M’s are written out, the 
integral equations in the variable w are directly solvable 
because the kernels are separable and only s waves 
interact. This is, of course, what the model was designed 
to do. The solutions are 


M33(s; w’,w)=[N33(w’ w) — M32(s,w’)Deo3(s,w) |D3“(s), 


M, (Ss; w= [No3(w)— M x(s)Do2(s,w) |D37 (s), 


2 ey 
Mo(s)= Naf xis (1 —- )puis)+= | 
db db 


-1+D (0) 3 
Mi(s)=Nu/Di(s), 
where 
D;(s)=1—sdI,(s), 


Lis)= f 


(2M’+p)? 


a 


[s’(s’—s) 7? 


dq 
x f ao — orion) Dy,(w)|~. 
dw 


The finite range of the w integration arising from 
the theta functions in p; is from 2M’ to (s’!—y). The 
interested reader can easily check that these functions 
satisfy unitarity by taking the s discontinuity of 
M33D3, for example, assuming that M32 satisfies uni- 
tarity, and then rearranging to yield the discontinuity 
of M33. 

The structure of these solutions may well hold true 
in a more realistic field theory. Their form is certainly 
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correct if the crossed cuts in the N’s were given func- 
tions. It is interesting to note that, depending on the 
coupling constants ¢ and d, the inelastic contribution 
to M2: can have a very large effect on the position of a 
resonance, even if it has an energy considerably below 
the inelastic threshold. Another amusing point is the 
possibility of a bound state in the (M’—M”’) system 
of mass My which should yield a two-particle cut in 
M>», starting at (Mo+u)*. Continuing analytically in 
the coupling constant a, one sees that this cut arises 
from the J,(s) terms in M2(s). The procedure for 
performing this continuation has been described else- 
where.*® The essential point is that since D,, develops 

*5R. Blankenbecler, M. Goldberger, S$. MacDowell, and S. 


Treiman (to be published). For a preliminary account see R. 
Blankenbecler, Proceedings of the 1960 Annual International 
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a zero at the bound-state mass, the s’ integral in J, 
must be deformed to avoid the resulting singularity 
of the integrand. This procedure then yields an ‘“anom- 
alous threshold” beginning at the point (Mo+ )*. By 
picking out the residue at Mo in the variable w, one 
can calculate the processes (Mot+u— Mo+u) and 
(M+M — u+M,) from M3; and M23, respectively. 

One final observation concerns the possibility of a 
three-particle bound state. This occurs when the 
denominator in M2. develops a zero below the point 
4M?. The bound-state pole is also seen to be present 
in Moz and M3; due to the general structure of the 
solutions. 


Conference on High-Energy Physics at Rochester (Interscience 


Publishers, New York, 1960). 
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Self-Consistent Field Theory of Nuclear Shapes* 


MICHEL BARANGER 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received December 27, 1960) 


The Hartree-Fock equations are generalized to include pairing effects on the same footing with field- 
producing effects. In addition to the Hartree potential, there enters a pairing potential. When applied to a 
spherically symmetric shell-model Hamiltonian, these equations may possess deformed solutions. Appli 
cation is made to pairing plus quadrupole forces, with results identical to those of Belyaev and Kisslinger 
and Sorensen. The spherical shape becomes unstable when some collective vibration of the spherical nucleus 


reaches zero frequency. 


1. INTRODUCTION 


HE question to be considered here is the calcu- 
lation of nuclear shapes starting from a spheri- 
cally symmetric Hamiltonian. In a Hartree-Fock type 
of theory, all nuclei are deformed except at closed shells. 
It is well known that residual interactions tend to keep 
nuclei spherical for a while as one goes away from closed 
shells. Since a, prominent effect of residual interactions 
is to produce pairing correlations, one might think that 
the inclusion of pairing' effects together with the 
Hartree-Fock field would be able to give realistic 
estimates of shapes. 

This problem has been treated by Belyaev,? who 
gave it an approximate solution for the case where the 
single-particle levels are degenerate and the two-body 
force is a combination of pairing force and quadrupole 
force. In this paper, we would like to consider the more 
practical case of nondegenerate single-particle levels 
and also to develop a, formalism which can be used with 


* This work was supported by the Office of Naval Research. 

1 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957), referred to in the following as BCS; A. Bohr, 
B. R. Mottelson, and D. Pines, Phys. Rev. 110, 936 (1958). 

*S.. T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 31, No. 11 (1959). Some of Belyaev’s results were derived 
in a different way by A. Kerman, Ann. Phys. 12, 300 (1961). 


any two-body interaction. The inclusion of a general 
two-body interaction was also considered by Belyaev 
at the beginning of his paper, but his solution involves 
three successive canonical transformations, which 
makes it of limited practical value. In the present work, 
a single transformation is made, the generalized 
Bogolyubov transformation.’ It differs from the more 
familiar Bogolyubov-Valatin transformation‘ in the 
following way. In the latter, a specific assumption is 
made about the bound state (the Cooper pair) into 
which pairs of particles are allowed to condense; for 
instance, in the application to spherical nuclei,®* the 
two particles are assumed to have opposite angular 
momenta. On the other hand, in the generalized trans- 
formation, the bound-state wave function is left com- 
pletely arbitrary and is determined by minimizing the 

3N. N. Bogolyubov, Uspekhi Fiz. Nauk 67, 549 (1959) [trans- 
lation: Soviet Phys.—Uspekhi 67(2), 236 (1959) ]. See also Y. 
Nambu, Phys. Rev. 117, 648 (1960). 

4N. N. Bogolyubov, Nuovo cimento 7, 794 (1958); J. G. 
Valatin, Nuovo cimento 7, 843 (1958). 

5 L. S. Kisslinger and R. A. Sorensen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 32, No. 9 (1960). 

*M. Baranger, Phys. Rev. 120, 957 (1960). We follow many 
of the notations of this paper. See also R. Arvieu and M. Vénéroni, 
Compt. rend. 250, 992, 2155 (1960) ; T. Marumori, Progr. Theoret. 
Phys. (Kyoto) 24, 331 (1960); G. E. Brown, J. A. Evans, and 
D. J. Thouless (to be published). 
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energy or by a self-consistency requirement. There 
results a set of equations (Sec. 2) which we call the 
Hartree-Bogolyubov equations and which generalize 
the Hartree-Fock equations. Although these equations 
arise naturally in the consideration of the general 
self-consistent field problem including pairing effects,’ 
they do not seem to have been written down previously 
in their full generality. They contain two potentials, 
the usual Hartree-Fock potential and another which 
describes pairing correlations and which we shall call 
the “pairing potential.” Thus, these equations describe 
in a self-consistent manner what Bohr and Mottelson® 
have called the two main effects of nuclear forces, the 
field-producing effect and the pairing effect. Other, less 
important effects are left in the residual interaction. 

Although these equations always have a spherically 
symmetric solution, they also often possess in addition 
one or several deformed solutions. It is the solution 
with the lowest total energy which provides the stable 
shape of the nucleus. Hence, one is in possession of a 
framework which can allow one, “in principle,” to 
answer such difficult questions as which nuclei are 
spherical, which are deformed, and whether the de- 
formed ones are axially symmetric. The reader is re- 
ferred to Belyaev’s paper® for some very interesting 
qualitative discussions of these points. The answer that 
one expects is that nuclei are spherical at both ends of 
a shell, but strongly deformed in the middle. 

In Sec. 3, we apply our formalism to nuclear forces 
consisting of a pairing force and a quadrupole force. 
The usefulness of this combination of interactions has 
been demonstrated in the recent work of Kisslinger and 
Sorensen.® We find that our method, for this particular 
choice of forces, is identical to theirs and to Belyaev’s. 
The deformations are quadrupolar, although not 
necessarily axially symmetric. We also investigate the 
stability of the spherically symmetric solution against 
small deformations. As a shell is being filled, the tran- 
sition from spherical to deformed shape occurs exactly 
at the stcge where the collective vibrations of the 
spherical nucleus, as calculated by the method of 
linearized equations of motion,® reach zero frequency. 
Actually, this result is not dependent on the special 
forces assumed and we prove it in general. It is of 
interest in connection with the general theory of the 
stability of many-body systems. Unfortunately, nuclei 
are so small that nonlinear effects and zero-point motion 
are very important. Hence, it is expected that the 
vibrational frequencies computed on the spherical side 
and the deformations computed on the deformed side 


’ For instance, the solution of this problem by the method of 
reference 3 is actually equivalent to solving the Hartree- 
Bogolyubov equations, but the latter yield some additional 
information, namely, the single-particle excitations. 

8 A Bohr, invited talk at the 1960 Spring meeting of the American 
Physical Society (unpublished); B. Mottelson, Proceedings of the 
International Conference on Nuclear Structure, Kingston, Canada, 
1960 (University of Toronto Press, Toronto, 1960), p. 525. 
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will both be rather bad approximations near the 
transition. 


2. HARTREE-BOGOLYUBOV EQUATIONS 


Our point of departure is a spherically symmetric 
shell-model Hamiltonian with chemical potential 


KHR=H-rAN 
=> (€a—A)Ca*Cat zx Vapytla"Cp*CaCy. (1) 


aBys 


The c’s and c*’s are a set of fermion creation and 
annihilation operators. We assume that the potential 
U is sufficiently smooth to be treated by a Hartree-type 
approximation. In other words, we shall assume that 
problems associated with the repulsive core and the 
relationship of the effective two-body force to the 
observed nucleon-nucleon scattering have been solved. 
It is essential for the manipulations that follow to keep 
in mind the following symmetry properties of VU, 


Vapys= —Vga7s= — Vasey = Vysap*- (2) 


The generalized Bogolyubov transformation® consists 
in re-expressing 3C in terms of a new set of fermion 
operators, the quasi-particle operators, which are the 
most general linear combination of c’s and c*’s, 


a*= > 4 (Aa'ta*+Ba'ta). (3) 


Thus, every quasi-particle i possesses two wave func- 
tions: Aq‘, which is the wave function of its particle 
part; and B,‘, which is the wave function of its hole 
part. The requirement that the a’s also form a set of 
fermion operators entails the orthogonality relations 


Da (Aa*A a+ Ba" Bat) =54j, (4a) 
Ya (AaiBait+BaiAa)=0, (4b) 
Di (Aa‘Ap"+ Ba" Bs‘) = dag, (4c) 
Di (Aa'Bs" +B." As')=0, 
and the inverse relations 
Ca= Di (Aa'dit+ Ba" a;*). (5) 


When expressed in terms of quasi-particle operators, 
5 consists of four parts, 


H=Hit Hot KH: +H. (6) 


The last term, 34, contains products of four operators 
in normal order’; to avoid having to write 16 terms, we 
put it in the form 


Ha= Do VapysN (ca*ca* cacy), (7) 
apys 


where it is understood that the normal ordering symbol 

9S. S. Schweber, H. A. Bethe, and F. de Hoffmann, Mesons and 
Fields (Row-Peterson and Company, Evanston, Illinois, 1955), 
Vol. I, p. 203. 
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N refers to the a’s, not the c’s. 5C; contains products of 
two creation or two annihilation operators; we require 
that it vanish identically. 3¢. contains products of one 
creation and one annihilation operator; we require that 
it be of the form 

H.=)_; E,a;*a;, (8) 


with positive EZ; We use these two requirements, 
together with orthogonality relations (4), to determine 
the A’s and B’s. Finally, K is just a number. The 
significance of the various terms is clear. The vacuum 
of the quasi particles is taken as an approximation for 
the ground state of our system, a generalization of the 
BCS ground state, and its energy is 3(;. The energies 
of the elementary excitations, or quasi particles, are 
given by £;, while 3, is the residual interaction between 
quasi particles. 

When the details are worked out, one finds that A 
and B must obey the equations 


E:Aa'=(€a—d)Aai+Diy Pay y't+¥p AasBs', 
Ejl a= _ (€2—A)B,'-—>, l'o,*B,'—> 2 Aap*A 3’, (9b) 


(9a) 


which are easily seen to be compatible with the orthogo- 
nality relations. The quantities [ and A are defined by 


Aap= — Aga=2 > 78 Vapysk ys, 
See ee 5 
Pay=T ye =4 >} 9s Vasyspas, 

ot ae * 
Kya — Ky = (Cx) =>: As'B,", 


Pps= pas* = (ca*cs)= >i Bs'B;”, 


(10a) 
(10b) 
(11a) 
(11b) 


where the symbol (---) denotes ground-state expec- 
tation value. The expression for 3C; is 


Ki= ys (€a—A)Paat2 


Dd VasysParPps 
aBys 


+ 2) Vapyskas*kys. (12) 
aByé 

As usual, the chemical potential is determined by fixing 

the average number of particles 


ee (Nt) ag Le Paa- 


We have assumed that there was only one kind of 
particle, but one can easily generalize. 

We see that I’,, is the familiar Hartree-Fock self- 
consistent potential: pgs is the density of particles in 
the ground state, and I’,, is the potential arising from 
this density. On the other hand, x«,, is the wave function 
of the Cooper bound-pair state and gives rise to the 
other potential, A.g, which couples together the particle 
and the hole parts of the quasi particle. It is a generali- 
zation of the quantity A (or ¢, half the energy gap) 
occurring in the BCS theory. Without it, Eqs. (9) 
would just be the Hartree-Fock equations. The addi- 
tional potential As introduces pairing effects on an 
equal footing with the Hartree field. We call it the 
“pairing potential” and we call Eqs. (9) the “Hartree- 
Bogolyubov equations” (to be abbreviated in what 


(13) 
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follows as HB equations). They are well suited to 
nuclear applications since the self-consistent fied and 
the pairing seem to be responsible for a large fraction of 
systematic nuclear phenomena." 

There are many other ways to derive the HB equa- 
tions. For instance, one can use a Green’s function 
method.” One can also show that 3(;, as given in Eq. 
(12), is stationary against small changes in A and B 
about the solutions of the HB equations. It is clear 
that, te every solution with positive #;, there corre- 
sponds another with energy —£;, but the latter is of 
no physical interest. Like the Hartree-Fock equations, 
the HB equations are nonlinear, of course. To solve 
them, one procedure consists in picking two potentials 
r and A, calculating the corresponding A’s and B’s, 
using them to calculate new potentials, etc., . . . until 
the sequence of iterations converges, as in the usual 
Hartree procedure. Another method consists in picking 
a set of p’s and x’s containing some parameters and 
obeying the supplementary conditions® 


>. y (PayPyB—Kay*ky8) = Pas, (14a) 


>. (KayPyetKpyPya)=0, (14b) 
and minimizing 3C; to determine the best p and x. 
Those can then be used to determine the best I and A 
by Eqs. (10). The supplementary conditions (14) 
follow easily from a consideration of ground-state 
expectation values of products of four c or c* operators, 
or from the orthogonality relations (4). One way to 
make sure that they are satisfied is to construct the 
trial p and «x from a set of A’s and B’s which are them- 
selves solutions of some HB equations with arbitrary 
potentials. 

The point of this general formalism is that, in addi- 
tion to their spherically symmetric solution, which is 
the one for which the usual BCS theory is suitable, the 
HB equations may also have deformed solutions, i.e., 
solutions for which the potentials and A are not 
spherically symmetric." If the value of 3C; for such a 
solution is lower than that of the spherical solution, 
the corresponding nucleus will be deformed. Then, the 
HB equations give us the intrinsic excitations of this 
deformed nucleus. The moment of inertia may be 
obtained by the cranking formula” and the collective 
excitations by the method of linearized equations of 
motion.* Thus, this formalism is capable of giving a 
unified description of spherical and deformed nuclei, 
the same shell-model Hamiltonian being used as starting 
point in both cases. 


10 L. P. Gor’kov, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 735 
(1958) (translation: Soviet Phys.—JETP 34(7), 505 (1958) ]. 
See also footnote 17. 

1 The situation is similar to that pointed out by A. W. Over- 
hauser [Phys. Rev. Letters 4, 415, 462 (1960) ]; namely, for an 
infinite system, the Hartree-Fock equations may have solutions 
which are not translationally invariant. 


21D. R. Inglis, Phys. Rev. 96, 1059 (1954). 





SELF-CONSISTENT FIELD 


3. APPLICATION TO PAIRING PLUS 
QUADRUPOLE FORCES 


The rotational invariance of the interaction V will 
now be explicitly exhibited. There are two ways of 
proceeding,® one being in terms of a rotationally in- 
variant particle-particle matrix element G, 


Vasys= — 32 Lua GlabcdJ)C(jajrJ ; mampM ) 


XC(jcjaJ;mymsM), (15a) 


the other in terms of an invariant particle-hole matrix 
element F, 


Vasys= —} Dow F(acdbJ')s,C(jajeJ'; ma—m,M') 
XseC(jajrJ’; ms—mgM"), (15b) 
with 


Sy= (—)47-™, 


(16) 


The relation between G and F involves a Racah co- 
efficient. It is immediately seen that form (15a) is the 
convenient one to use in Eq. (10a), because the sum- 
mation there is over y and 6, while form (15b) is suitable 
for Eq. (10b) where the sum is over 6 and 6. Our two 
potentials T and A are thus decomposed into their 
tensor components. 

The assumed force has two parts. The pairing part 
is given by 


G(abcdJ) = gbar0cads0(jat4)*(je+4)*. (17) 


To this value of G, there corresponds also an F; but 
the recoupling spreads the strength of the latter over 
many angular momenta and it can therefore be neg- 
lected whenever it appears. On the other hand, the 
quadrupole part of the force is 


F (acdbJ) = 3x5 3200 aQap, (18) 
where Q is defined by 

(a|r?V ox (0,¢)|¥)=QacSyC(jajc2; Ma—m,M), (19) 
and satisfies 


Qac= (—)*ticHO.g, (20) 


If relations (2) are to be satisfied, there must actually 
be an additional part to F. But this will again be neg- 
lected, together with the whole quadrupole part of G, 
because the recoupling makes these terms small." 
Therefore, we use Eqs. (15a) and (17) in the expression 
(10a) for A, but Eqs. (15b) and (18) in Eq. (10b) for I. 

These approximations make both G and F separable, 


and therefore the form of the two self-consistent 

potentials becomes immediately apparent. The pairing 

potential can be written" 

Aas=Sa,—p5ad, (21) 

with 

A= —38 Diy Srky-7- (22) 
18 Those are the same approximations that were made in Sec. 

4A of reference 6. 


4 The state —8 is defined as having the same quantum numbers 
as 8, except for the magnetic quantum number which is opposite. 
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One can say that the pairing potential is a constant 
and that every state is paired with its time-reversed. 
This is the same simple situation as in the BCS theory. 
As for the Hartree potential, it becomes 


| Was - —QOac > SHC (fated; m.—m,M )Dx4* 


aon C.- 
mt Pg 2 SeSeh ay es 


(23) 


where the Dyy’s are 5 parameters describing the quad- 
rupolar deformation and defined by 


Du=x D638 OvassC (jo ja2; ma—msM ) pgs 
=(—)”D_y*. (24) 


With the further substitution 


C.'=s.B_.', (25) 


the HB equations (9) become 

E;Aa'=(€a—A)Aa'+207TayAy'+ACa‘, (26a) 

ECa'=— (€a—A)Ca'— Diy PavCyi+A*A a‘. (26b) 

One can take A real and positive without loss of 
generality. Then the solution is 

E;= (q?+A?)}, 

A,'=uW,', C.'=0W.', (28) 

ui=(3(1+9/E)}', 1=(3(1—-g/E)}, (29) 

where g; and W,' (normalized) are solutions of the 

eigenvalue equation 
giW a= (€a—A) Wai +D 7 TV ayWy', 


which involves only the Hartree potential. 

It is clear that, if there exists a solution with Dy+0, 
it must have the appropriate degeneracy to contain all 
possible orientations of the nucleus in space. Therefore, 
we can require that the axes of the deformation be the 
coordinate axes, i.e., assume D,;= D_,=0 and D.=D_» 
(real). Then our solution contains three parameters: 
A, Do, and D2. To determine these parameters, we have 
three self-consistency conditions, obtained from Eqs. 
(22) and (24), namely, 


Li E*=4/g, (31) 

Du=x di v2(W'*|PVom| W*). (32) 

Of course, the problem is complicated by the fact that 
we have to solve Eq. (30), i.e., find the energy levels of 


a particle in a deformed well. A fourth parameter, the 
chemical potential, is determined by Eq. (13) which 


takes the form 
n=); 02. (33) 


Instead of trying to solve the self-consistency con- 
ditions directly, it is probably easier to minimize 3; 
with assumed values of A, Do, and D,. Expression (12) 
for 3C,; becomes in the present case 


51 =E (W*| e—d| W)v2— (gd*/16) (Zs EA)? 
3x Dw (Li XW PV ea W9), 


(27) 


(30) 


(34) 
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where W‘, v2, and £; must be considered as functions 
of A, Do, and D, through Eqs. (30), (29), (27), (23). 
If one uses the self-consistency conditions, 5(; takes the 
simpler form 


i= do; (W*| e—A| W‘)v2—D*/2x—A?/g, (35) 
with 


P= D?+2D-?, (36) 


but expression (34), not (35), is the one that must be 
minimized. 

Numerical calculations based on this method are in 
progress. Even away from the minimum, one can still 
interpret the variational expression (34) as giving the 
energy of the nucleus when a certain deformation and 
a certain pairing potential have been imposed upon it. 
This energy is the same as that derived by Belyaev? 
and Kisslinger and Sorensen’ using a Lagrange 
multiplier. 

To investigate the stability of the spherical solution, 
we can expand Eq. (34) in powers of Dy and 6=A— Ao, 
where Ap is the value taken by the pairing potential for 
the spherical solution. Since there must be no first-order 
terms, the expansion has the form 


KHi=Kit+aD*+ b6+higher order terms. (37) 


The sign of a tells us whether the spherical solution is 
stable against small deformations (6 is always positive). 
If a>0, we cannot guarantee that there does not exist 
a solution of energy lower than 31» with a large de- 
formation. But if a<0, we are sure that the lowest 
solution is deformed. The calculation of @ by the 
methods of perturbation theory is straightforward and 
one finds 

a=4A(1—xA), (38) 
with 


A = ye (Eat E») av? (uate atts)”. 


This result is actually identical with Eq. 
reference 5. 

It is interesting to make a comparison with the 
equation giving the vibrational frequency w of the 
spherical nucleus, as calculated with linearized equa- 
tions of motion, which is'® 


(39) 
(29) of 


(Eat Eo)Qav?(uadet+Vatto)? 
x>o— ——_——=1, (40) 
a (Ept+Es)?—w 


The vibrational frequency is that solution w which is 
smaller than all combinations (E,+£,). It exists only 
if x is sufficiently small or the nucleus sufficiently 
near closed shells. Otherwise, the value of w? may turn 
out to be negative, i.e., w is imaginary. We see by 
comparing Eqs. (38) and (40) that the point at which 
w vanishes to become imaginary is precisely the point 


18 This is Eq. (88) of reference 6, with La,=2071Q,.,?. 
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where a becomes negative and the spherical solution 
becomes unstable against small deformations. 

This semiclassical result, which we verified explicitly 
in the case of pairing plus quadrupole forces, is actually 
much more general and will hold whenever a many- 
fermion system is treated in the self-consistent field 
approximation. The proof is very simple!®*. The linear- 
ized equations of motion used on the spherical side 
are obtained by linearizing'® 


ihdpop/dt= (pop, JC ], (41a) 
thdkop,/dt=[ kop, IC |, (41b) 


about the spherical solution. The HB equations, on 


the other hand, can be obtained from the equations"’ 
Loop, J=0, [Kop ]=0. (42) 


An additional approximation, Hartree factorization,'* 
is used in both cases. Clearly, if the linearized Eqs. (41) 
have a zero-frequency solution, there exist two small 
quantities that can be added to p and « without de- 
stroying the validity of Eqs. (42). In other words, the 
energy surface (as a function of deformation and pairing 
potential, for instance) has an inflexion point there, 
which indicates the boundary between a stable and an 
unstable situation. Thus, the fact that a certain 
oscillation frequency reaches zero means that the ground 
state is about to become unstable against this particular 
kind of deformation, just as it would in a classical 
problem. 

As we mentioned at the end of the introduction, the 
transition region between two different types of ground 
states is complicated by nonlinear effects and quantum 
mechanical zero-point motion. In nuclei, because of 
their small size, this region is particularly large, but a 
proper theory of it does not exist." At the moment, 
agreement must be restricted to rather stiff spherical 
nuclei and to strongly deformed ones and one has to be 
content if the transition calculated by the above 
methods falls somewhere in between the two. A sharp 
transition between two different kinds of nuclei does 
occur in nature, as evidenced by the systematics of 
collective levels,” but it is not clear that this is exactly 
the transition we have been talking about. 
15a Note added in proof. Further discussion of this point has now 
been published by D. J. Thouless, Nuclear Phys. 21, 225 (1960); 
22, 78 (1960). 

16 Tn the following, (pop)ag=Ca*Cg and (Kop) as=CpCa. 

17 This is one of the alternative ways of deriving the HB 
equations. Let us look upon Eqs. (9) as the eigenvalue equation 
for an operator 3C’, whose number of lines and columns is twice 
the number of states. One finds that Eqs. (42), when factorized, 
state that a certain operator involving p and « (the operator K 
of reference 3) must commute with 3’. To find this operator K, 
one must therefore diagonalize 3¢’, i.e., solve the HB equations. 

18H. Ehrenreich and M. H. Cohen, Phys. Rev. 115, 786 (1959). 

19 J. Sawicki (to be published) has drawn attention to the 
problems presented by a nonlinear theory of collective oscillations. 

%” G. S. Goldhaber and J. Weneser, Phys. Rev. 98, 212 (1955). 
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The invariance of various definitions proposed for the energy and momentum of the gravitational field 
is examined. We use the boundary conditions that g,, approaches the Lorentz metric as 1/r, but allow gyy, 
to vanish as slowly as 1/r. This permits “coordinate waves.” It is found that none of the expressions giving 
the energy as a two-dimensional! surface integral are invariant within this class of frames. In a frame con- 
taining coordinate waves they are ambiguous, since their value depends on the location of the surface at 
infinity (unlike the case where g,,»,« vanishes faster than 1/r). If one introduces the prescription of space-time 
averaging of the integrals, one finds that the definitions of Landau-Lifshitz and Papapetrou-Gupta yield 
(equal) coordinate-invariant results. However, the definitions of Einstein, Mller, and Dirac become 
unambiguous, but not invariant. 

The averaged Landau-Lifshitz and Papapetrou-Gupta expressions are then shown to give the correct 
physical energy-momentum as determined by the canonical formulations Hamiltonian involving only the 
two degrees of freedom of the field. It is shown that this latter definition yields that inertia! energy for a 
gravitational system which would be measured by a nongravitational apparatus interacting with it. The 
canonical] formalism’s definition also agrees with measurements of gravitational mass by Newtonian means at 
spacial infinity. It is further shown that the energy-momentum may be invariantly calculated from the 


asymptotic form of the metric field at a fixed time. 





I. INTRODUCTION! 


GREAT number of different forms for the stress- 

tensor of the gravitational field have been given 
since Einstein’s original pseudotensor.? While it may be 
argued whether the energy-momentum density is mean- 
ingful locally, one would at least expect that the inte- 
grated value, i.e., the total energy-momentum P* of a 
system, would have an unambiguous significance. The 
total P* of an isolated system should be a physically 
measurable quantity; for such a system, space is 
asymptotically flat, and one can then measure P* by 
conventional methods entirely at spatial infinity. On the 
other hand, one does not have any clear-cut definition 
for P* in situations where one cannot introduce 
asymptotically rectangular coordinate frames. Thus, we 
shall require g,, to approach the Lorentz metric n,, at 
spatial infinity. More precisely, we shall require here 
that gy»—u»~1/r, since in that case we shall see that 
the energy is finite. [Note that we also forbid a behavior 
of the type gy.—w»~t/r since g,, would not approach 
Nu» at spatial infinity in every Lorentz frame. Similarly, 
t/r* is considered to go as 1/r._] Further, one desires that 
P* be invariant under all coordinate transformations 
which preserve these boundary conditions and do not 
involve Lorentz transformations at infinity. Of course, 
under rigid Lorentz rotations of the asymptotic frame, 
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(ITI); 118, 1100 (1960) (IV); Nuovo cimento (to be published) 
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P* should transform as a four-vector. Our boundary 
conditions have not stated that g,»,« should behave as 
1/r* at infinity; in fact, it is most natural simply to re- 
quire that g,,,4 also vanish as 1/r. For example, we thus 
allow the metric to decrease as (e*?*)/r. 

The asymptotic domain, as employed here, is defined 
by letting r approach infinity for fixed time, and is a 
region in which there is a negligible flux of gravitational 
radiation. By contrast, in a previous paper, IVb, a wave 
zone was defined in which asymptotic relations were 
also studied. There, however, since the flux of radiation 
was the object of interest, one had to verify that 
asymptotic expressions were good approximations for 
values of r where radiation was significant. To achieve 
desired accuracy, it was often required to move out 
along the light cone, which meant increasing ¢ as well as 
r. In this paper we are dealing with the region beyond 
the wave front, this boundary representing the largest 
distance at which the flux is appreciable. Such a bound- 
ary must, of course, exist in order that the energy of the 
system be finite. 

Let us now examine the various proposed expres- 
sions?-* for P# within the above framework. A common 
characteristic of all® these is that they can be cast into the 

s See reference (6) for the surface integral form of the Einstein 
expression. 

’L. Landau and E. Lifshitz, The Classical Theory of Fields 


(Addison Wesley Publishing Company, Inc., Reading, Massa- 
chusetts, 1951), Sec. 11-9. 

* A. Papapetrou, Proc. Roy. Irish Acad. A52, 11 (1948). Also 
S. N. Gupta, Phys. Rev. 96, 1683 (1954). 

°C, M@ller, Ann. Phys. 4, 347 (1958). 

6 J. N. Goldberg, Phys. Rev. 111, 315 (1958). 

7P. A. M. Dirac, Phys. Rev. Letters 2, 368 (1959). 

8 The canonical formalism’s expression derived in IV. 

® We do not treat in this paper energy expressions which do not 
obey the differential conservation law 7*”,,=0. An expression with 
covariant differential conservation has been given by L. Bel, 
Compt. rend. 248, 1297 (1959). 
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form of a two-dimensional surface integral at spatial 


infinity. 
p= $ as, H**(ga8,8v0,7)- 


Physically, this property expresses the fact that the 
total energy can be measured by gravitational means, 
e.g., from the Newtonian potential at infinity. This 
surface integral form allows one to discuss invariance 
questions using only the asymptotic forms of the trans- 
formations. Similarly, H** may be expanded in terms of 
the asymptotic values of g,, and g,»,«. The leading term 
is, in all cases, linear in g,,»,2. Clearly, this term must go 
as 1/r? in order that P* be at all defined. In Sec. II, we 
shall show that, in spite of the fact that gy,«~1/r, the 
linear term in most of the proposed expressions does 
behave as 1/r? (the 1/r parts having cancelled out). This 
will be seen to occur as a consequence of the field equa- 
tions. However, one must clearly also examine the 
quadratic terms in H** since they too contribute 1/r? 
terms in the surface integral. These quadratic terms are 
important in investigating the invariance of P*. We 
shall find that none of the proposed surface integral ex- 
pressions are then invariant. However, it will be seen 
that a prescription can be given for some of these ex- 
pressions which does make them yield an invariant value 
of P* in any allowed frame. This prescription will in- 
volve averaging over spatial (and in most cases also 
time) regions at infinity so that the effects of “coordi- 
nate waves” (which we will see g,,—n,»~e'?’/r intro- 
duces) are eliminated and the integrals become well- 
defined. Section 3 is devoted to showing that the P* thus 
defined is indeed the correct energy-momentum vector of 
the system. We shall start from the basic definition of 
the energy of any physical system, which is provided by 
the numerical value of the generator of time translations 
for a given field configuration. For such a generator to 
represent the energy of a system, it must, of course, be 
given in a “Heisenberg representation.” This last term 
is used in the same sense as in quantum mechanics to 
indicate that the field variables carry all the time de- 
velopment of the system, in contrast to the Hamilton- 
Jacobi (“Schrédinger”) representation. (Thus, in the 
latter, where H=0, one does not associate the Hamil- 
tonian with the energy.) A Heisenberg representation is 
normally defined in terms of the variables appearing in 
the original Lagrangian, i.e., those which have primary 
measurable significance (for example, in terms of rods 
and clocks). In general relativity, these variables are the 
components g,, of the metric (and not some canonically 


(1.1) 


10 Greek indexes run from 0 to 3, Latin from 1 to 3; ordinary 
differentiation is denoted by a comma or the symbol @,. We use 
units such that 167yc~*= 1=c, where y is the Newtonian constant. 
Notation differs in one respect from that of previous papers: If it 
is necessary to avoid ambiguity between three- and four-dimen- 
sional quantities, metric quantities will be marked as in *g*i 
(which means the reciprocal of the three-dimensional metric g; ;) 
rather than marking all four-dimensional quantities as in other 
papers. 
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transformed variables). However, since g,, involves 
information about the coordinate frame (see ITT) as well 
as the dynamical variables, the idea of a Heisenberg 
representation in general relativity is more complicated 
(and, in fact, allows certain types of coordinate waves to 
be present). In IVa, such questions were discussed in 
detail. It was shown there that in all Heisenberg repre- 
sentations, the numerical values of the respective Hamil- 
tonians (which then represent the energy) agree for a 
given physical situation. From this basic definition of 
the energy and momentum, we will see here that an 
invariant expression for energy and momentum can be 
obtained directly from the asymptotic form of the 
metric. It is then shown that this P* is indeed the same 
as that given by the surface integral expressions which 
are invariant when the averaging prescription is im- 
posed, justifying the validity of the latter. 


II. SURFACE INTEGRALS FOR P» 


As mentioned in Sec. I, all expressions for P* can be 
written in the surface integral form, Eq. (1.1), where the 
integrand H*‘ must be considered up to quadratic terms 
in gy»—yu»- We begin, therefore, by examining the 
coordinate transformation properties of the linear terms, 
restricting ourselves to P® for simplicity. All but 
Mller’s definition yield, to this order, 


(2.1) 


Pp - $ a5. rs 


while Mgller’s expression is 


P= $ dS i— 201.0). 


Under the coordinate transformation x’*=x4*+&(x), 
the metric, to first order, changes to gy’ = gu»— Eu,»— fo, 
(where ¢,=7,,¢’). Thus, the integral (2.2) remains un- 
changed for transformations involving only x‘, which 
was Mller’s purpose in constructing it. However, for 
transformations involving the time as well, expression 
(2.2) can be altered by arbitrary amounts even if the 
Zur, in the two frames are asymptotically O(1/r’). The 
change in Eq. (2.1) to first order is 


p dS (—&:,; £5,1) j= fer-s. re; ij =(), (2.3) 


so that for any &*, Eq. (2.1) is unaltered. To first order, 
it is not necessary to transform the 0, in Eqs. (2.1), 
(2.2), since they contribute quadratic terms only. How- 
ever, to consider correctly the transformation properties 
of even the linear formula (2.1), it is necessary to include 
quadratic terms in the transformation law. The rigorous 
transformation is given by 


, € ya « 
Luv Sur tia’ E* vthay'é at . 
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where /ty,’= gy» —Ny». The boundary conditions on g,» 
and g,,’ require that ¢*,=O(1/r) asymptotically. 
Before discussing the effects of quadratic terms in P®, 
we will show that the surface integrals for P® are finite 
even in frames with gyy.2~1/r. Clearly the quadratic 
contributions to H*‘ (which go as 1/r*) give finite sur- 
face integrals. It is necessary, therefore, to consider only 
the linear terms given by Eq. (2.1). The right-hand side 
of Eq. (2.1) is invariant to first order, and the quadratic 
terms in the coordinate transformations give at most 
1/r* contributions (and thus again finite effects in the 
surface integral). Hence, one need only prove the 
finiteness of the right-hand side of Eq. (2.1) in one 


frame to establish the theorem. We use as the reference . 


frame with coordinates x“’, one whose properties have 
been studied in previous papers. It is defined by the 
coordinate conditions" 


soe _ i / ; , a, 
£ij3,5 =O=2" 5 —2" 55, (2.5a) 
where 


rv= (—4g)§[41 rm — 2 1m To .. 3g pa fgil agim (2.5b) 


is essentially g;;,o. In terms of the orthogonal decomposi- 
tion (see, for example, ITT) 


his=hiyt +h? + (hij t+h;,:), (2.6) 


and h;;7=4[6;;h7 —V—h’ ,,; |, the coordinate conditions 
(2.5) read h,’=O=27’. The constraint equations G°, 
= R°,—46°, R=0 determine h”’ according to 


— VT =3Lh 657? P+ (wtiTP’)2I4+---, (2.7) 


where cubic and higher terms are indicated by --- 
Inverting V? in this equation, it is clear that the com- 
ponent 47” of the metric cannot fulfill the 1/r boundary 
conditions unless #;;77’ and w*/7?" fall off faster than 
1/r}. Then, Eq. (2.7) shows that h?” is static” and ~1/r, 
and that h?,,’~1/r? but not necessarily static (for 
detailed proof, see Appendix A of IVb). If we now insert 
Eq. (2.6) into Eq. (2.1), we find that the right-hand side 
reduces to — f£dS,‘h", / which is finite. Note that for the 
class of frames in which g,,,2 goes faster than 1/r (as has 
been assumed in most previous discussions) the quad- 
ratic parts of H*‘ will not contribute to P*; because one 
factor in each such term is differentiated, all these 
parts of H** go faster than 1/r*. Further, all the defini- 
tions of P® reducing to Eq. (2.1) are coordinate-inde- 
pendent within this class of frames. For the £*,, which 
enter in these transformations go faster than 1/r, so that 
quadratic terms in the transformation of Eq. (2.1) are 
also negligible, while the linear invariance has already 
been demonstrated. 

In treating coordinate transformations through quad- 
ratic order, it is necessary to consider not only the 
_ "As was shown in III, this frame may be constructed at least 
in an iteration expansion. 

12 That the coefficient of 1/r in 47’ is independent of time follows 
from the fact that it represents the total Hamiltonian which is a 


constant of the motion (see III). An alternate derivation of this is 
given here at the end of Appendix C. 
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quadratic terms in the transformation law (2.4) and in 
the various expressions H“‘, but also transport terms 
which arise in taking the integrals of H*‘ over different 
surfaces in different frames. In order to consider these 
systematically, it is helpful to first outline the calcula- 
tion for a general H“*. We wish to compare the expres- 
sion for P* in an arbitrary frame x“, with that in the 
reference frame (2.5), denoted by x“ = x*+ &#(x). In the 
general frame, P* is given by 


pe= gas. Hei, 


where the surface is taken over the sphere of radius r= R 
at time ‘=0. This surface may be specified by the 
equation «“= f#(6,¢). In the reference frame, one has 


pw = r dS! H»’, 


where the integration is over the surface x“ = f#(0,¢) 
which is again a sphere of radius r’=R at time /’=0. 
When the equations of the respective surfaces are 
substituted into the integrals (2.8), one sees that 
dS ;(6;¢)=dS;'(0,¢). The integrands can be related as 
follows: 


(2.8a) 


(2.8b) 


H¥i(¢=f)=H*" (y =f4e)+(AH)*', — (2.9a) 


where (AH)*‘ stands for all tensor transformation terms 
through quadratic order. We shall view it as a function 
of g,»’ and £4. Note that all functions in Eq. (2.9a) are 
evaluated at the same point, i.e., «“= f* which is also 
x” = f¥-+£#, Since, in Eq. (2.8b), H*” (x= f) appears, 


we expand to obtain” 
H*‘(x=f)=H*" (x =f) 
+ &*H#* q(x’ =f)+(AH)**. 


Inserting Eq. (2.9b) into (2.8a), one finds 


(2.9b) 


Pu= Pot rs dS; H*,,'§°4 ¢ dS (AH)*, (2.10) 


Thus one has an invariant P* only if the last two terms 
in Eq. (2.10) vanish. 

In computing the terms in Eq. (2.10), we will find it 
convenient to distinguish two classes of functions, 
“static” and “oscillatory.” These terms denote, re- 
spectively, functions whose derivatives go faster, on the 
same order, respectively, as the function itself, e.g., ¢/r 
or e‘%*/r. In particular, the requirement &*,,~1/r is 
consistent either with a static ¢* such as“ ¢*~x4/r or 


’ 


18 More precisely, for ‘‘static’”’ & (defined in the next paragraph), 
which do not vanish at infinity, one should keep all terms in the 
Taylor expansion, since the transport is now a finite distance. 
However, the higher terms can be treated precisely like the first 
order term retained in Eq. (2.9b). Alternately, one can treat 
directly the finite quantity H+*’(f+£)—H**’(/). 

44 For example, the type ¢*~x*/r occurs in transforming be- 
tween isotropic and Schwarzschild coordinates. 
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Inr, or with oscillatory £* like e***/r which is the 
prototype of a coordinate wave. Upon transforming 
away from the reference frame (2.5), where h;,;’=O0=27", 
one has 


hij~ ii, ri? ~ —2¢° 1, 


which shows how coordinate waves may make a 1/r 
contribution in gy»... 

As the first example, we consider the Einstein 
pseudotensor,’ where the full H°* is 


(H')e= (—g)*gorLg(gg—grig™) Je. (2.11) 


We start with the (AH)** term. Our procedure will be to 
begin in the reference frame (2.5) and transform out of 
it. The quadratic terms arising upon transforming g;; in 
the linear part (2.1) from the frame (2.5) to any other 
frame have the form of a divergence, e.g., (£*, Ea, ;),;- 
For static £*, such terms are clearly 1/r°*. For oscillatory 
&*, one would obtain (e'¢*/r) ; which is ~1/r’ for g¥0. 
Such a coordinate wave term makes a nonvanishing, 
finite, but ambiguous contribution in P®. This contribu- 
tion is not well defined because P® depends on the space- 
time position of the surface at infinity. However, if one 
invokes the ad hoc prescription (to be justified in Sec. 3) 
that one averages over oscillatory terms, these terms are 
set to zero. Of course, oscillatory £* may have a non- 
oscillatory contribution in the product (£* ;f.,;) due to 
the cancellation of phases, but then the outside deriva- 
tive makes the term ~1/r* (this is exemplified by the 
case g=0 above). Thus averaging will remove all 
quadratic divergence terms. However, there are quad- 
ratic terms which are not divergences. The simplest of 
these arise upon transforming 0,’ in H*”. Here we need 
only consider the linear parts of H®”, since the trans- 
formation produces a coefficient £*,,~ 1/r. However, the 
linear part of H°®” is h? ,’~1/r’, so that these terms are 
always negligible. The remaining nondivergence terms 
of (AH)®' arise from the quadratic nondivergence parts 
of H®*: 


hoo(hit, j—h1j,1)—hoshiirothorkij,o 
+hojhori- hihi. 


Before discussing the transformation of these terms, we 
note that they do not contribute to P®” in the frame 
(2.5). As we saw previously, 4;;77’ goes faster than 1/r! 
and h” ,’~1/r*, so h’ ;;,, goes faster than 1/r. As shown 
in Appendix C, ho,’ ,4, Aoo’ ,;, and h;,’ 9 also go faster than 
1/r. Hence, all g,,’ « of frame (2.5) go faster than 1/r (at 
infinity) with the exception of goo’ o. Consequently, the 
terms of Eq. (2.12) go faster than 1/r* in the frame 
(2.5). However, there exist (oscillatory) transforma- 
tions leading out of the reference frame which give a 
well-defined nonzero value to this part of dS; AH. 
For example, choose =0 and 


§:~r"[a, cosk: r+-,(a-r)r sink: r], 


(2.12) 


(2.13) 


with a-k=0. In the next paragraph we will see that the 
third term (the transport term) of Eq. (2.10) does not 
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contribute to P* upon averaging. Thus, under coordi- 
nate wave transformations, the Einstein pseudotensor 
does not give an invariant P“, even after averaging, due 
to the presence of terms (2.12). 

Before turning to the other P* definitions, we prove 
that the transport terms do not contribute in any of the 
cases under consideration. From the general form 
£t*H*' .'dS;, we first see that the quadratic terms in 
H*‘ ,' cannot contribute. For H“',,’ is a divergence, and 
hence is 1/r° if the quadratic part of H*' is static, or 1/r° 
if oscillatory. In the latter case, only an oscillatory 
could prevent the product from averaging to zero, but 
such a £* is itself 1/r (e.g., e*¢*/r). The linear terms in 
H»** are always derivatives of g,,’, but for the cases we 
are considering [ the right-hand side of Eq. (2.1) and the 
corresponding forms for P‘] never involve goo’ 0; hence 
by Appendix C this part of H*” goes faster than 1/r. 
Consequently, if &*~1/r, the product again vanishes 
faster than 1/r*. If, on the other hand, £* is of order 
unity (e.g., &*~x*/r), it must be static; in this case the 
oscillatory terms in the linear part of H*',,’ vanish upon 
averaging while the static terms of this part of H**,,’ are 
derivatives (0,) of static g,,’., and hence go faster than 
1/r?. In Appendix A, an alternate proof that the trans- 
port term gives no contribution is given, based on the 
behavior of the linear terms of H*" as determined by the 
field equations. 

We turn next to the definition of P* given by Landau 
and Lifshitz’: 

(H**)pr=[ (—g) (g@g2'—g*ig’*) | .. (2.14) 
Here, we note that H**' is itself a divergence, so that its 
quadratic terms all vanish on averaging by the foregoing 
discussion. Note that a total time derivative is as 
effective as a spatial divergence for this purpose. Thus 
the P* of Landau-Lifshitz is indeed coordinate invariant 
upon averaging. 

The above discussion shows that, when H*? is a total 
derivative, the quadratic terms do not contribute to the 
averaged P*, so that the total P* it defines is invariant 
provided the linear parts are invariant. This is a case for 
the definition of Papapetrou-Gupta‘ (P-G) for the P° 
derived by the canonical formalism’ (C), as well as for 
the Landau-Lifshitz definition (2.14). We list the first 
two: 

(H*')p.a=L(—g)*(gn* 
+52! — gen” —g*'yf*) Ja, (2.15) 
(A) c= £55,;—-81i, j= A’ (2.16a) 


The canonical formalism’s H*‘ expression, 


(1%) ¢=—2r*? (2.16b) 


is not a total derivative. However, upon transforming it 
from the frame (2.5) according to its definition, one finds 
that the averaged (P‘)¢ is invariant, as is shown in 
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Appendix B. The last-mentioned three definitions of P*, 
when averaged, are all equal.'® 

The Dirac’ H®*, 

(A) p= — (g)-¥Cg 9), 
clearly is not a divergence. By an analysis similar to the 
one performed on the Einstein H®*', one sees that the 
quadratic terms here can also contribute arbitrary 
coordinate-dependent amounts after averaging. This may 
again be shown by the coordinate transformation ex- 
ample of Eq. (2.13). Geldberg® has recently discussed 
generalizations of the Einstein and Landau-Lifshitz 
definitions which involve different density properties. 
For the Einstein class, one again finds that the quadratic 
structures are not invariant. For the Landau-Lifshitz 
class, the generalized (H®*) 1 linearizes to 


(2.17) 


n 


h? + (h;;— hoo). i, 
2 


< 


(2.18) 


(where » is any number) and is coordinate-dependent 
linearly,'® except for the original Landau-Lifshitz defini- 
tion, »=0. One may also generalize the Papapetrou 
stress tensor to an infinite class. The T“’ corresponding 
to Eq. (2.15) is simply G“’"=R*’— 3g" R, linearized in 
terms of q“"=(—g)!g*’. One can see immediately that 
this expression must be conserved by considering a 
frame where gag,e=0 at a point; then the Bianchi 
identities G“’,,=0 imply that the linear terms in G*’ 
have identically vanishing ordinary divergence. Thus by 
linearizing G*’ in terms of g*”"= (-—-g)"/g’, one obtains 
the conserved expressions J») "”= H,»)'"Ill 15, where 


H, a) [u8) [vo] — ge ?n?8 + greene” — gene — g’®n*= 


1—n 
(= )arn 
1—2n 


X (#2? — nen), nx}. (2.19) 


All these tensors give rise to P* having the same 
coordinate invariance properties as Papapetrou’s (n= 1), 
since their H,»)“'=H,,) 4], are divergences, and 
have the same linear form. 

Let us summarize the essential arguments of this 
section. For the Einstein and Dirac surface integral 
expressions, an oscillatory coordinate transformation 
(2.13) has been given which maintains the rectangular 
boundary conditions but which, in flat space, leads to 
a nonzero result for these averaged surface integrals 
(due to the form of the quadratic terms in their H**). 
For the Papapetrou and Landau-Lifshitz surface inte- 
grals, the quadratic terms in H“‘ are divergences and so 


‘8 The analysis given in IV established the equality (without 
averaging) of various energy expressions in frames without 
coordinate waves. It did not consider the more general coordinate 
systems treated in this paper. 

16 Tt is clear that the reason Eq. (2.18) yields incorrect Schwarzs- 
child energies in isotropic coordinates (reference 6) is that the 
additional terms there are not coordinate-invariant even linearly. 
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vanish upon space-time averaging. The linear terms of 
their H** are the entire H“‘ of the canonical expressions, 
and their finiteness and invariance after averaging are 
therefore established together with those of the canoni- 


cal expressions. 


Ill. IDENTIFICATION OF ENERGY-MOMENTUM 


In the previous section it was seen that the usual 
surface-integral expressions for P* were neither well 
defined.nor invariant under admissible coordinate trans- 
formations leaving gy»— nuw»~ 1/r. However, the Landau- 
Lifshitz, Papapetrou, and canonical formalism defini- 
tions could be made invariant (and equal) if one 
eliminated the ambiguous terms by a space-time 
averaging at infinity. We shall now see that with this 
averaging prescription, the above definitions of P* give, 
in fact, the physical energy and momentum of a system. 

As stated in Sec. I, the energy of a system is the 
numerical value of the Hamiltonian (i.e., the generator 
of time translations) in a Heisenberg representation. At 
the end of this section, we shall see that the total energy 
of the full theory as defined in this way agrees with the 
energy as measured by experiments which can be ana- 
lyzed in Newtonian terms." As was shown in IVa, all 
Heisenberg representations yield the same value for the 
energy of a system. In particular, we shall arrive at the 
energy in terms of the frame (2.5), which, with the 
canonical variables g;;77 and ‘7? gives a Heisenberg 
representation. In this canonical formalism, the Hamil- 
tonian density — 7%, is —V*h™ when the latter quantity 
is expressed in terms of the canonical variables by means 
of the constraint equations G®,=0 (see III). Thus, 
hT = + (1/V?) T%~ (1/4er) f'd*r(— 7%), and one can 
read the energy E= fd*r(— 7) from the asymptotic 
form of hk? according to 


h?~E/4ar. (3.1) 


Note that the constraint equation leads to expression 
(3.1) since 7% falls off faster than 1/r? [see discussion of 
Eq. (2.7) | and guarantees the coefficient of 1/r to be 
angle-independent'*. Having now one unambiguous 
method for computing the energy, i.e., using Eq. (3.1) 
after transforming to the frame of Eq. (2.5), we next 
wish to see how this same energy may be obtained with- 
out going to this particular frame. We see immediately 
from Eq. (2.4) that the 1/r part of 7 is unaffected by 
any coordinate transformation preserving the asymp- 
totic boundary conditions gy,—ny»~1/r (even though 
£uv,a~ 1/r in the new frame). Thus Eq. (3.1) provides an 
invariant way of computing the energy. (As mentioned 
in the introduction, frames where gy,a~1/r are of 
physical interest since there are Heisenberg representa- 
tions where coordinate waves exist with this boundary 
condition. An example is given in Sec. 2 of IVa.) 

It is now easy to establish that those surface-integral 


17 That it also gives the correct inertial definition of energy is 
shown in Sec. IV. 
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expressions for P® which are invariant when averaged, 
correctly give the energy £. By invariance, one need 
only check this in the frame (2.5). As was shown in Sec. 
II, all these expressions then reduce to Eq. (2.1). The 
latter can be converted to a volume integral: 


feres.ss-eusd= far—wHn 
= fan T), (3.2) 


and the last member is correctly the energy. 

We next establish that the momentum, as defined by 
the generator of spatial translations may be obtained in 
any coordinate frame (with g,,—,»~1/r) from the 
asymptotic form of x‘. As for the energy, this will then 
allow us to justify that those definitions of P* which are 
invariant when averaged correctly give the momentum. 
In III it was seen that the momentum density 7°; and 
x‘) are related, in the frame (2.5), by 


—Je1i =e i 
Qn) j= —2r* 5; 


—2r) ,;= 7 [ gt? TT |. 


(3.3) 


Equation (3.3) is also obtained by solving the constraint 
equations, G°,=0. This equation for r* is essentially a 
Poisson equation, and the asymptotic solution is de- 
termined by the monopole moment of the source, 
JS dr T°;=P’*. As was the case for the energy, the mo- 
mentum P' is also a constant of the motion. One finds 


ri~ (1/4er)(1/12)[5P'+0;;P4], (3.4) 


where Q;;=}(3x‘x4-*—5,;). Thus in frame (2.5), the 
momentum is read off from the 1/r part of x*. However, 
it is shown in Appendix B that x‘ is invariant to order 
1/r, and hence Eq. (3.4) holds in any frame where 
£u»—Nu»~1/r. Next, to show that the averaged surface 
integrals of Sec. II yield the momentum, we need again 
merely to establish this in the frame (2.5). In this frame, 
the quadratic terms of any H* are negligible, and all the 
H* expressions which lead to invariant P*’s when 
averaged differ from —2x‘? by quadratic terms. We 
have then 


f as(-26)= far(—2e, - [er T®;. (3.5) 


In Sec. II, the invariance of the averaged P* was 
established for all transformations not involving Lorentz 
rotations at spatial infinity, while in this section we have 
identified P* with energy-momentum. However, the 
Landau-Lifshitz and Papapetrou P* are manifestly 
Lorentz four-vectors. This ensures that the energy- 
momentum [ defined by Eqs. (3.1), (3.4) ] has the proper 
Lorentz transformation properties. 

We turn now to the relation between the P* defined 
by the canonical formalism and asymptotic measure- 
ments of energy and momentum performed according to 
Newtonian definitions, since the latter must be correct 
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in the weak-field region at infinity. Our method is to 
use the acceleration of a test particle at infinity to 
measure the gravitational mass of the system, which, 
also within the Newtonian framework is equal to the 
inertial mass. In any frame, the acceleration of a test 
particle in general relativity is governed by the geodesic 
equation, 


d*x"/dr?+T "43(dx*/dr) (dx8/dr)=0. (3.6) 


To analyze this motion by Newtonian means, several 
restrictions must be imposed, however. First, as is the 
case for our discussion, the metric must be sufficiently 
weak, which is a restriction not only on the physical 
situation but also on the coordinate system (since the 
Newtonian formulation presupposes a rectangular back- 
ground frame). Furthermore, the time derivatives of the 
field must be much smaller than space derivatives, since 
Newtonian theory is a static approximation. Next, in 
Newtonian theory, the Poisson equation states that, 
asymptotically, the field of any system is spherically 
symmetric. The last requirement is that the velocity of 
the test particle be small, i.e., dx‘/dr=0. The geodesic 
equation now reduces to 


d*x*/dt?= (— goi,ot+3200, J Z00 (3.7) 


since go;,o is negligible by the static requirement. 
Writing —goo~1—m/8xr, we see that the mass is the 
coefficient of 1/827 in goo. The quantity goo which yields 
the energy according to the Newtonian definition is 
indeed invariant under the class of transformations 
maintaining Newtonian conditions. Its change is (as- 
ymptotically) 2£° o, so that £° would have to be ~t/r to 
affect goo to ~1/r. This is not permitted, since then 
Zoi, would be O(1/r’), i.e., the same size as space 
derivatives of the metric. However, a wider class of 
asymptotic transformations (which we are considering 
here) is permissible in relativity. We therefore exhibit 
a quantity which agrees with goo to order 1/r in New- 
tonian frames and is invariant under the wider class; 
this quantity will be seen to be the invariant 47. Under 
the above assumptions that the metric is static and 
spherically symmetric, it follows that the asymptotic 
form of the metric is the Schwarzschild solution in a 
static frame. Since goo is invariant in all Newtonian 
frames, we relate it to h7 in a particular one, namely 
isotropic coordinates, where the Schwarzschild metric is 
asymptotically 


gij~b,;(1+m/8rr), (3.8) 


Since h? is defined to be h;;— (1/V?)8?; ;h,; (see IIT), we 
find for h? asymptotically'* h7’~m/4ar~ 2(goot+1). This 
establishes that the canonical formulation’s definition of 
energy [Eq. (3.1)] gives the mass as measured by 
Newtonian experiments. By the equivalence principle, 


go — 1+m Srr, £0i™ 0. 


18 Tt is shown in Appendix B of IVb that the operator (1/V*)d*;; 
occurring in the definition of 4k? preserves the leading asymptotic 
form of h;;. Thus one can get h? asymptotically by inserting the 
asymptotic form of g;; in the formula for h7. 
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this mass is the total energy of the system, and must 
therefore be, by special relativity, the fourth component 
of the energy-momentum vector. Since this mass is also 
the E of Eq. (3.1), which we have seen to be the fourth 
component of the vector P* [with P* defined by (3.4) ], 
P* is thus identified as the physical momentum. The 
above identification of the canonical P* with that ob- 
tained from Newtonian definitions was made for sys- 
tems which had asymptotically Newtonian metrics; it is 
an interesting question whether every metric which goes 
to my, as 1/r is asymptotically Newtonian in a suitable 
lrame. 


IV. DISCUSSION 


A number of different expressions for “energy” have 
been proposed in general relativity in the past. These 
have been based on the desire for a simple conservation 
law of the form (T¢"’+ Tar””),.=0 in which Ty,*’ is the 
stress tensor of the sources which appears in the 
Einstein equations, while Tg”’ is a quantity which does 
not involve matter variables. 

The richness of Riemannian geometry allows many 
possibilities which exhibit various features of energy in 
Lorentz-covariant theory. Thus, requirements such 
as symmetry, time derivatives entering only in first 
order, expressions having more coordinate invariance 
than just Lorentz invariance, and use only of the metric 
(without explicit dependence on the Lorentz metric), 
have all been factors in defining such Jg¢*’. However, 
such requirements do not of themselves lead to an ex- 
pression which arises from the basic physical meaning of 
the energy of a system. Physically, the energy of the 
gravitational field must agree with the definition of 
energy of all other nongravitational systems. Thus, if 
two systems interact, and in the first gravitation is 
negligible before and after the interaction, then the 
change in energy of the other system (including all 
gravitational effects) must agree with the change in 
energy of the first (test) system. Since the meaning of 
the word “energy” in the test system is unambiguous 
(because it is in flat space before and after its inter- 
action), one is led to an unambiguous definition of the 
gravitational system’s energy based on this physical 
conservation condition. 

A necessary demand in the definition of energy has 
thus been that, asymptotically, space is flat (and so, of 
course, that the gravitational system is bounded). Since 
the reference system’s energy is defined by Lorentz- 
covariant concepts, it is not, for example, invariant 
under arbitrary curvilinear transformations out of the 
Cartesian frame, and thus one cannot require this for the 
gravitational energy. [Of course, Lorentz-covariant 
formulas can be written in an appropriately modified 
form so as to hold in curvilinear coordinates ; however, 
this corresponds to no increased generality of the defini- 
tion since it does not preserve form-invariance. ] 

This unambiguous physical definition of energy can be 
translated into a formal one: One may define the energy 
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to be the numerical value of the generator of time 
translations in a Heisenberg representation of the dy- 
namics of the gravitational field. This means that, once 
the field has been cast into canonical form in terms of its 
true (unconstrained) degrees of freedom, its energy is 
just the Hamiltonian. The requirement that one use a 
Heisenberg representation, is, of course, equally vital 
for all other dynamical systems, to exclude, for example, 
Hamilton-Jacobi representations in which the Hamil- 
tonian is mol the energy. For general relativity, 
Heisenberg canonical formation is defined by a relation 
of the form gy,(t)=gyl_p(t),q(t)] not depending ex- 
plicitly on time, and such that the field equations then 
become Hamilton equations for g(/) and p(t), which are 
therefore true canonical variables of the gravitational 
field. ‘The lack of explicit time dependence in gys[ p,q] is 
essential in excluding Hamilton-Jacobi like representa- 
tions. As in other physical systems, all Heisenberg 
representations yield the same numerical value of the 
Hamiltonian for a given physical situation and this 
value is conserved (see IVa). It is now easy to see that 
the above construction of the Hamiltonian properly 
corresponds to our physical energy. For, when a non- 
gravitational system is coupled to the field, the coupling 
leaves the Heisenberg relations g,,=g,y»(p,g) unaltered 
(since the canonical variables are, of course, unchanged 
—see IV and V), while the addition of the Hamil- 
tonian is the generally covariant generalization of the 
matter Hamiltonian; i.e., Hu[pm,qm3 Mur] becomes 
Hulpm,qm3 Zu»). The total Hamiltonian is therefore 
still conserved, precisely because g,,[ p,q] brings in 
no explicit time dependence. Before and after the 
interaction of the matter system with the gravitational 
field, the former may be assumed to be at spatial 
infinity and thus the total (conserved) Hamiltonian is 
Hoet+Hwlpm,qm3 Mu] (bearing in mind the asymptoti- 
cally flat boundary conditions on our system). Thus Hg 
represents the gravitational energy. Concretely, in the 
Heisenberg representation governed by the coordinate 
conditions (2.5) with g, p corresponding to g;;77, ‘#77, 
we have seen that Hg is — f-d*r T%[_g77,r77 | and thus 
E=— fd'r V*h™ in this frame. 

Having established the correct definition for the 
energy, one may then ask the (secondary) question of 
how it may conveniently be read off in any frame (which 
is asymptotically flat). One may also then investigate to 
what extent various expressions proposed for “energy” 
agree with the basic one—in particular, in what class of 
frames this may be the case. The most convenient way 
of obtaining the energy (i.e., the most invariant) was 
then found to be from the coefficient of the leading 1/r 
term in the asymptotic expansion of 47. Due to the 
invariance of hk? to order 1/r, any frame in which 
Luv— Nyy ANd Byr,e ZO as 1/r may be used here. Another 
useful expression is the surface integral form, fh? dS ;, 
which is invariant for frames with g,,,« going faster than 
1/r; for the more general case, however, it was found 
that the effect of ‘coordinate waves” could be removed 
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only upon performance of an averaging procedure at 
infinity. It can be shown that spatial averaging is suffi- 
cient for the canonical energy-momentum integrals 
(2.1), (2.16). Note that both prescriptions share the 
property of extracting the energy from knowledge of the 
field configuration on a single space-like surface. With 
respect to the earlier prescriptions proposed by various 
authors (all of which are of the surface-integral type), it 
was found that they varied considerably in applicability. 
We discuss here the energy-momentum expressions, but 
for simplicity use the word energy to stand for P*. Thus, 
in one case it was found that the expression was in- 
variant only under static coordinate transformations not 
involving the time, and that it yielded the energy only 
for systems which admit of Newtonian frame, in which 
Luv, i>>£as,o SO that (goot+1)~ 5h". The original definition 
of Einstein was invariant, and gave the energy, only 
within frames with g,,,« going faster than 1/r. For 
coordinate waves, the expression could not be kept 
invariant; the same was found for Dirac’s expression. 
The surface-integral prescriptions of Landau-Lifshitz 
and Papapetrou closely resemble the $dS; h™ ,; one, and 
therefore are invariant linearly. In the presence of 
coordinate waves, however, invariance can be achieved 
here only if a time as well as a spatial averaging was 
performed. In this sense, their prescriptions require 
more than the field configuration at a given time. Similar 
results were found for the momentum vector, with 7‘ 
playing the role of h7. 

Finally, we mention that two required properties of 
the energy were shown explicitly to hold for our defini- 
tion. The first, conservation, 0;$dS;h7,;=0 follows 
from the asymptotic form of the 47.9 field equation 
(Appendix C). The second is that the inertial definition 
of energy discussed above is equivalent to the definition 
of energy in terms of Newtonian measurements at 
spatial infinity for situations in which the latter is well 
defined. 


APPENDIX A 


We give here an alternate proof that the transport 
terms in Eq. (2.10), 


g dS; §°H*,.!, 


do not contribute to P*— P»’. As mentioned in text, the 
quadratic terms in H** ,’ give negligible contributions in 
the frame (2.5) since they are divergences. We first con- 
sider only the energy contribution, .=0 in (A.1). All 
H°” (which are linearly invariant) reduce to g;;’,;—g’ j;.; 
=—h" / linearly. We must therefore show that h7.;.’ 
goes faster than 1/r’ since £* need not vanish at infinity. 
The constraint equations G°,=0 determine h7’ ac- 
cording to V*h?’=7%,' (see III). In the frame (2.5), 
JS d'r(— To’) is the Hamiltonian, and hence is bounded. 


(A.1) 
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Consequently, the equation has the solution” 


1 
wm (—f rye’) -+0Lf()/r'+*],  (A.2) 
4rr 


, 


In the gradient h”’,;’, therefore, the higher terms 
OL f()/r'+*] are negligible, and so Ah”, ,’~(x‘/4ar') 
XS Tod'*r. It is clear, therefore, that 47,;;’ goes faster 
than 1/r?, and one need only consider 


h? io'~ (x* tar)au( f rer). 


It was shown in III, however, that the Hamiltonian was 
conserved in time in this frame, so that this last term is 
zero (an alternate proof of conservation is given in 
Appendix C). 

The transport contribution to the momentum integrals 
vanishes in the same fashion, due to the conservation of 
Pi= fT"; d*r in the canonical theory. All linearly in- 
variant H’‘ differ from (H**)¢=—2xr‘’ by quadratic 
terms which are negligible in the transport integral. We 
need, therefore, only examine 7‘’,,’£*. In the breakup of 
x‘ into rtiTT’+ (+ ,’+-27,,’), Eq. (3.4) shows that r*, / 
goes as P‘/r?+O(r-*-*). Since P‘ is a constant of the 
motion, the contribution of (* ;/+-7’,,’),. is negligibie 
(faster than 1/r). In the remaining part, r‘’77,,’&*, the 
factor r‘#77’ can go no slower than r~!* [ see discussion 
following Eq. (2.7) ]. Since oscillatory &* go as 1/r, only 
the static type need be considered. For static r*/77’, its 
derivatives are 1/r*** and are negligible. Finally, oscil- 
latory w‘/7? ,’ cancel upon averaging with the static &*. 
[Note that the averaging definition being used here, 


1 t+T 1 2R 
a dt f dr rs dS; fi, (AA) 
R,T«© 2T Jy_7 Rvp 


gives zero for any oscillatory f; which vanishes faster 
than 1/r. ] 


(A.3) 


APPENDIX B 
In this Appendix we show that, although (H*‘)¢ 


=—2z‘/ is not a divergence, its surface integral is in- 
variant upon averaging. This is due to its special 
structure. We shall also show, as required in Sec. ITI, 
that 2‘ is invariant to O(1/r). 

In examining the invariance of the surface integral 
£x'dS ;, we proceed as usual, transforming from the 
reference frame (2.5). The transport terms are negligible 
as mentioned in Appendix A, and one need only consider 
the transformation of x*/ itself through quadratic order. 
This is obtained from the definition (2.5b) of 2‘? 
in terms of the metric. The linear contribution, 
FAS ;(€°, 4;—8;;€", 12), is identically zero as may be seen 

19 The terms of higher order than 1/r are not necessarily the 
usual multipole series since T°’ was not assumed to vanish outside 


a finite region. The general form of the higher order terms is 
discussed in Appendix A of IVb. 
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by converting it to a volume integral. The quadratic 
contributions are of two types: those involving the 
product of a £ times a metric quantity, and those 
quadratic in £*. The former may be simply disposed of. 
They have the characteristic form wr!’ & _ or him’ £° j; 
(this last type arising from the inhomogeneous term in 
the °;; transformation). In the r’”& , example, £* a 
goes as 1/r, while x'™ goes faster than 1/ri. This be- 
havior of 7'’™ is obtained from the fact that 2'” 
= alm TT 4 (a! on! +a™ 1’); the x77’ must vanish faster 
than 1/r! [see discussion following Eq. (2.7)], while 
wr! » ~1/r from Eq. (3.4). Thus this type does not 
contribute. In the i’ £° |; type, £°,:; again can be ~1/r 
and oscillatory or 1/r? and static. The latter case does 
not contribute, 4:»’ being at least ~1/r. To treat the 
oscillatory £ ;;, we note that Aym’=him?™’+him?’. 
Again him??’ may be oscillatory, but goes at least as 
1/r***, and hence cannot produce a contribution. The 
him™’ part is static to order 1/r [from Eq. (3.1)] and 
hence, its product with the oscillatory 1/r part of ££ 
vanishes when averaged. 

The remaining transformation terms are then quad- 
ratic in £*. They are: 


£2 EF REF )— (69 a5E* tb 9s€ 40) 
HLE* 556 1 — 8 0b cp (East cE cé4 sd) 
— (£9 E" m— ge 1E! mm 2E° rk! on |. 


In spite of the fact that w‘” is not a divergence, it is easy 
to see that each bracket in Eq. (B.1) is. All these terms, 
therefore, vanish upon averaging by the analysis of 
divergences following Eq. (2.11). It is interesting to note 
that a critical factor in this proof was the position of the 
indexes on +‘. Thus, if one had used either x‘/' or 2;;/ on 
the surface integral [these being numerically equal 
asymptotically in frame (2.5) ], the analog of Eq. (B.1) 
would fail to be a divergence, and the averaging would 
not yield a coordinate-invariant result. 

To show the invariance of x‘ in order 1/r, we write the 
transformation law for x*/ in the form (2.9a), 


(B.1) 


wi? (x0 = ae) =m (gy = ae) + (£9 55-845") | z=a 
+r"? .'(x’=a)tt+ {ar E* him’ €° 55} 
+ (€° mt", n),2. 


The terms in the brace are symbolic for quadratic terms 
which are products of metric quantities and £, while 
(£° mé* n),2 stands for the divergence (B.1). We now 
calculate how x‘,; transforms from (B.2); we will see 
that its change is oscillatory in order 1/r?, so that the 
change in 7‘ from these terms is still oscillatory and 1/1’, 
while the other terms in w‘,; are faster than 1/r? and 
cannot affect x‘ in order 1/r. To obtain x‘; from x‘/, one 
applies a linear operator as follows (see ITI): 


mw 5= (1/9) 0, jr**§—3[(1/V") 85 (1/9?) 0? rm jr 
=0Q;,0'). 


Equation (B.2) relates functions of a“; all & are taken 


(B.2) 


(B.3) 
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at x*=a*, while the unspecified metric quantities are 
taken at «’*=a*+£#(a). The operator Q;,; constructed 
from 0;= 0/da‘, gives rise to r*,; at «*= a" when applied 
to r'’| -., and gives r‘ ;/=0;'x" at x’=a when applied 
to r‘?’| ,_4. By inspection, this operator annihilates the 
term (£ ;;—6,;£ 22) of Eq. (B.2). As is proven in 
Appendix B of IVb, Q;,; maintains the leading asymp- 
totic character of any power through 1/r? and gives no 
1/r’ terms from functions decreasing faster than 1/9?. 
By Appendix A, and the present Appendix, all the re- 
maining terms in Eq. (B.2) are of order 1/r#+* (or 
higher) and oscillatory through order 1/r?. One has then 


wr j=2' /+0(e%97/r* 9), (B.4) 


and thus r'=2x+0O(1/r!**) provided the O terms have 
spatial (and not merely time) oscillations. To see that 
this is the case, note that in Eq. (B.2), the terms 
wil’ge ~1/ri+s, while in Aym'£«; and (£° mé*,n),2, the 
derivatives of & are all spatial and thus in the absence 
of net spatial oscillations in these terms they would fall 
off faster than 1/r*. Finally, in the transport terms, 
mw‘? ,/&*, the contribution from 2‘,’ is negligible (as in 
Appendix A), leaving only ‘/77,,/¢*. In w*i77’, time 
oscillation necessarily implies spatial oscillation since 
n‘iTT obeys the wave equation in leading order. The 
proof of this is identical to that given in IVb for the 
wave zone (where r‘/77~e‘*=/r). In IVb the nonlinear 
terms in the Einstein equations were O(1/r*) while past 
the wave front they are shown in Appendix C to be 
O(1/r***). With the replacement of O(1/r*) terms in 
IVb by O(1/r***), then, the IVb proof can be applied to 
m‘iTT past the wave front directly. 


APPENDIX C 


It is established here that, in the frame of Eq. (2.5), 
all gu,a except goo,o go faster than 1/r asymptotically. 
We will also show directly that the canonical formula- 
tion’s surface-integral definitions for P* are constants in 
time. It was seen in text that g;;,. goes faster than 1/r; 
there remains to establish this property for gi;,0, goo, 
and goi,e In gijo=hij7? ot+Ai;7,0, one knows that 
hi;77 9 goes as 1/r4*® by the discussion following Eq. 
(2.7); further by Eqs. (A.2), (A.3), 4:;7,0 goes faster 
than 1/r. The behavior of go,,2 is determined by the 
coordinate conditions. We apply these to the field 
equations; for this purpose we revert to the three- 
dimensional notation of IVb: 


8ij,0= 2N (°g)-¥ (et — 3g "r) + ijt iii, 
—N (*g)\CR— Bg R) 
+3N (8g)-*g (4! n— 37") 
—2N (8g)-3 (9x, — Sar) 
+ (%_) (N15 — ginny) 
8mm (ag m— me” —7?\ma™*), (C.1b) 
where 7:=g0i, N=(—g™)-!, r=gi;r") and the vertical 
bar means covariant differentiation with respect to the 


(C.1a) 


rr? o= 
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three-metric g,;;. In using these equations to determine 
Nia and N., it is important to remember that ‘#77 
goes as 1/r#** (and may be oscillatory in this order), 
while the remainder of 2’, i.e., x‘, ;, is of order 1/r? (see 
Appendix A). Separating out the linear part of Eq. 
(C.1a), one has 


£15,085" 7 ot gi57 o= Qn tT T2559! 


+ (2m *+-93) 5+ (24'+0;) +0(r- 9, 


where the O represents the nonlinear terms. These are, 
typically, (V—1)r*#7? and ,1"';;. Equation (C.2a) 
yields directly the stated behavior of 9;, since g;;,0, 
wiiTT, x! ; are all faster than 1/r. In fact, by applying 
the linear operator Q;,; of Appendix B, one finds 


265 +05,0= —2 (Ht 5+), +0; — WB imt* 2+ O(r- 4) J. 


The property of Q;,; (derived in Appendix B of IVb), 
relevant to our present purpose, is that the asymptotic 
expansion of Q,, ;{_f'™] can be obtained from the asymp- 
totic expansion of f’" to within terms of order 1/r*. One 
finds that, if f'*"~1/r", then Q; { f ]~1/r" for 3>n>0; 
for n= 3, Q;,{_f ]~ (Inr)/r, and for n>3, Qi, f ]~1/r'. 
Hence, 7;,; goes as 1/r’, and to this order is determined 
by w‘,;. Thus, we may write »;~ P*/r+O(r-*-*) where 
the first term indicates a formula like Eq. (3.4) but with 
slightly different numerical coefficients. Clearly, 7;,0 
then goes faster than 1/r, since P‘ is a constant of 
motion. | We might note that this result for n;,o has been 
obtained for the minimal behavior for the canonical 
modes, i.e., 1/r*®. If one has the slightly more rapid 
behavior of 1/r?, then 7;,o also goes as 1/r*. ] To obtain 
Na, we turn to Eq. (C.1b), where we again separate 
linear terms: 


wtiTT 0+ (x' j+727,,) 0 
= $V"gij7 7 —L6:5V°(N +48”) 
— (N+4g7) 5 J+0i1(-*9+02(1r-* 9). 


(C.2a) 


(C.2b) 


The leading nonlinear terms in O,, typified by ‘’77 ,.9™, 
are 1/r*** and oscillatory. The leading static term, Oz, 
is of order 1/r***. Such terms can come from (x‘/77)? 
with cancellation of phases in oscillations. [The order of 
the term (V—1)*Rij~ (N—1)V°g,;77 is @ priori 1/r*** 
by boundary conditions on V=(—g®)-?. It could only 
be static if g;;77 is oscillatory and (N—1) is oscillatory 
in 1/r. But this possibility for N is contradicted by the 
fact that the term (6;;V?— d*,;;)N would be order 1/r and 
no other term in (C.2b) is of this order. ] Applying the 
operator Q;;7 defined by (see ITI) 


Qii7L fim J= fis? = 4(645;— (1/V?)d?;; | 
XCfu— (1/9?) fim, im | 


to Eq. (C.2b), we obtain 
0= (6,;V’— 8; ;)(N+4g7)+0.(r i )+02(r *). 


(C.3) 


(C.4) 


since the operator Q;;7 shares the asymptotic properties 
of Q;,; (see also Appendix B of IVb), in that it leaves the 
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behavior of the oscillatory 1/r*** terms unchanged and 
can produce ~ 1/r* terms from terms that are static and 
asymptotically 1/r***. Such 1/r*® terms, however, are 
necessarily of the quadrupole form Y2»,r? (as follows from 
Appendix A of IVb) and so have vanishing monopole 
moment. Contracting on i and j and differentiating once 
yields 


V?(N+327) :=01,:+0s2, i. 


Hence (N+3g7),,; and thus J, itself falls off faster than 
1/r. This follows from the fact that 1/V? of the oscil- 
latory structure O;,; maintains its asymptotic order, 
while 1/V? of the static O» ; goes faster than 1/r since the 
monopole moment of the source O»,; vanishes. (A more 
detailed proof of this follows directly from Appendix A 
of IVb.) On the other hand, while }g7 9 does indeed go 
faster than 1/r, (since g?’~P°/r) it is clear that the 
above argument does not hold for N o, since Oz, is not a 
spatial divergence. As in the NV; case, O;,o produces no 
1/r terms; O2,9 can still have a 1/r* part, if it is time- 
oscillatory. Due to the fact that this part is proportional 
to VY 2m, no Inr/r terms arise upon inverting V’, as only a 
Yoo term could produce a Inr/r (see Appendix A of 
IVb). Thus, (V+4g7),o may start as f(t)/r with f(d) 
oscillatory; hence N differs asymptotically from —}g? 
by f(é)/r terms. [Such a term, of course, would not 
destroy our boundary conditions on g,,—n,, which an 
f(t)~t would. | The f(t)/r behavior of No was all that 
was required for any of the proofs in the text. It is 
interesting to note, however, that /(t)/r can easily 
be removed by a coordinate transformation where 
~f' dt f(t)/r. In this new frame one does have N 
going faster than 1/r. 

Finally, we show directly that the canonical formal- 
ism’s expressions for energy-momentum in the frame 
(2.5) are constants of motion. One merely computes 
FdS (—gt,:),o and $dS;(—2zx**) o. This is done easily 
from the asymptotic field equations. One has from 


Eq. (C.2a) 


gt o> gee,oc=L2N (8g) ix! a 2g" ‘at 2nee Ji 


(C.5) 


(C.6) 


From the above discussion, the third member of Eq. 
(C.6) goes at least as 1/r***, so that the surface integral 
vanishes. Similarly, one may evaluate r‘’o from Eq. 
(C.2b). One has 


$i, 2%.0= $ UV R,7T—L v2(N+427) 


—(N+4g7) +; ]}dS;, (C.7) 
and the right-hand side vanishes identically upon con- 
verting to a volume integral, since both terms in it have 
vanishing divergence.” 


Note that the above proof is essentially the converse of the 
results of Appendix A, that A”, ;9 goes faster than 1/r? if P¥ is 
conserved; of course, the constancy of P* was not assumed in 
estimating the behavior of the right-hand side of Eqs. (C.6,7). 
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